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Torque Sensorless Decentralized Position/Force Control for Constrained 
Reconfigurable Manipulator via Non-fragile H∞ Dynamic Output 

Feedback 
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Abstract – This paper studies the decentralized position/force control problem for constrained 
reconfigurable manipulator without torque sensing. A novel joint torque estimation scheme that 
exploits the existing structural elasticity of the manipulator joint with harmonic drive model is applied 
for each joint module. Based on the estimated joint torque and dynamic output feedback technique, a 
decentralized position/force control strategy is presented. In order to solve the problem of controller 
parameter perturbation, the non-fragile robust technique is introduced into the dynamic output 
feedback controller. Subsequently, the stability of the closed-loop system is proved using the 
Lyapunov theory and linear matrix inequality (LMI) technique. Finally, two 2-DOF constrained 
reconfigurable manipulators with different configurations are applied to verify the effectiveness of the 
proposed control scheme in numerical simulation. 
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1. Introduction 
 
Free motion control and constrained motion control 

are two basic strategies in the control of reconfigurable 
manipulators. Most of the existing researches for 
reconfigurable manipulators are carried out under the space 
which was totally free of environment constraints [1-4]. 
Actually, in most practical applications such as polishing, 
grinding, crawling, assembling etc., the manipulator may 
inevitably contact environments or manipulating objects 
[5-6]. Hence, position/force control is an important 
research topic in the domain of reconfigurable manipulator, 
particularly for applications in human environments and 
space. 

In recent literatures, some researchers have paid much 
attention on controlling constrained manipulators [7-10]. 
Hybrid position/force control and impedance control are 
two basic strategies in the position/force control of 
constrained manipulators. The objective of hybrid position/ 
force controller is to track a position (and orientation) 
trajectory in the position subspace and a force (and 
moment) trajectory in the force subspace. The impedance 
control of robot manipulators is to adjust the end-effector 
position in response to satisfy the target impedance 
behavior. In [11], a hybrid position/force trajectories control 

method for a robot manipulator interacting with a stiff 
environment is offered. A robust adaptive hybrid force/ 
position control method for robot manipulators is presented 
in [12]. A force and position control method of parallel 
kinematic machines is discussed in [13], meanwhile, the 
artesian space computed torque control is applied to achieve 
force and position servoing directly in the task space. In 
[14], an impedance control strategy is presented to regulate 
both position and contact force of a piezoelectric-bimorph 
microgripper for micromanipulation and microassembly 
applications. In [15], continuum manipulator is designed to 
operate in constrained environments that are often unknown 
or unsensed, relying on body compliance to conform to 
obstacles. However, the aforementioned methods have 
been concentrated on the centralized control. For practical 
purposes, a centralized controller designed on the basis of 
an entire system may not be applicable for reconfigurable 
manipulators system due to its high computation costs, 
robustness, and complexities. Compared with centralized 
control, decentralized control scheme is more suitable for 
reconfigurable manipulators as it can effectively reduce the 
computational burden of centralized control structure. It 
should be stressed that, how to obtain each joint torque of 
constrained reconfigurable manipulator is a crucial issue 
for the purpose of achieving force decentralized control. 
Several techniques of direct joint torque sensing are 
proposed in the literatures [16-18]. However, using joint 
torque sensor measurements directly is known with many 
drawbacks and may degrade the reliability, ruggedness and 
simplicity of robot manipulators. Most robot manipulators 
are not equipped with joint torque sensor, and it is difficult 
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to add them due to mechanical design constraints. To avoid 
these problems, this paper proposes a novel decentralized 
force/position control method for constrained reconfigure-
able manipulators without using torque sensor. 

Feedback control is predominantly considered as an 
effective technique for improving the performance of 
controller [19-20]. Due to the states of system are not 
always available in practical situations, the output feedback 
control method is developed. Compared with the state 
feedback control, output feedback control problem is more 
challenging because of the limited information of state 
variables. The output feedback can be classified into two 
categories: static output feedback and dynamic output 
feedback. It is well known that the static output feedback 
is easy for implementation, but some strict conditions 
should be imposed on the system. Hence, the dynamic 
output feedback technique is more flexible and the required 
conditions on the considered systems are less conservative. 
In [21], a decentralized dynamic output feedback based 
linear controller is presented, where the feedback gain 
matrices of local controllers are obtained by solving an 
optimization problem subject to linear matrix inequalities. 
In [22], the finite-time dynamic output feedback controllers 
have been designed for linear stochastic systems and 
stochastic retarded systems. A discrete event-triggering 
mechanism is presented in [23] to determine whether or not 
a sampled signal packet will be transmitted for dynamic 
output feedback controller design. However, the controller 
coefficient sensitivity is not taken into account in the 
aforementioned papers. It’s worth noting that relatively 
small perturbation of controller parameters might lead to 
instability of the reconfigurable manipulator system. 
Non-fragile control strategy is a well-known robust control 
approach for systems with perturbation of controller 
parameters [24-25]. In this work, a non-fragile robust 
technique is introduced into dynamic output feedback 
controller to solve the problem of parameter perturbation 
of the controller. Moreover, a novel decentralized position/ 
force controller is designed by combining the joint torque 
estimation method and the non-fragile dynamic output 
feedback technique. Finally, the stability of the closed-loop 
system is proved by using Lyapunov theory and linear 
matrix inequality (LMI) technique. 

The major contributions of this paper can be 
summarized as follows. (i) it extends the position tracking 
control to position/force tracking control, which adapts to 
the increasing demands of reconfigurable manipulator 
contact to task environments; (ii) unlike previous position/ 
force control which are focused on position decentralized 
control, this paper takes into account the decentralized 
control of position and constraint force simultaneously, 
which has wider application potentials; (iii) The influence 
of controller parameter perturbation is reduced by 
introducing a non-fragile robust method into dynamic 
output feedback controller. 

The rest of this paper is organized as follows. The 

harmonic drive mechanism and the torque estimation 
algorithm are described in Section 2. The nonlinear 
interconnected subsystem dynamic model of constrained 
reconfigurable manipulator is described in Section 3. The 
non-fragile robust dynamic output feedback controller is 
designed and the stability proof is illustrated in detail based 
on Lyapunov theory in Section 4. The effectiveness of the 
presented method is verified by the numerical simulation 
results of two 2-DOF reconfigurable manipulators with 
different configurations in Section 5. Some conclusions are 
drawn in Section 6.  

 
 

2. Torque Estimation Mechanism 
 
Considering the constrained reconfigurable module 

manipulator consists of n -modules, each module provides 
an independently rotating joint with harmonic drive trans-
mission. The graph in Fig. 1 depicts the main components 
of harmonic drives. The wave generator (WG) is connected 
to a motor, the circular spline (CS) is connected to the joint 
base, and the flexspline (FS) is sandwiched in between the 
CS and the WG and connected to the joint output [26]. 

Owing to flexibility of FS and WG, a kinematic 
representation of a harmonic drive is illustrated in Fig. 2. 

Therefore, FS and WG torsion are defined as follows: 
 

 sfi foi f iq q qD = -  (1) 

 
Fig. 1. Exploded view of a harmonic drive showing the 

three components 
 

foiθfsiθ
goiθgsiθ

fiτ

giτ

 
Fig. 2. Kinematic representation of a harmonic drive 

showing the three ports 
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 g si goi g iq q qD = -  (2) 
 

where fsiq and foiq denote the angular position at the 
flexspline gearside (gear-toothed circumference) and the 
flexspline angular position at the load side which is 
measured using the link-side encoder, respectively. goiq  
and gsiq  denote the positions of the wave generator outside 
part (ball bearing outer rim) and the center part (wave 
generator plug), respectively. 

When considering the compliance of wave generator, the 
angular positions at the components of the harmonic drive, 
as explained in [27], can be obtained by using the input/ 
output kinematic relationship as: 

 
 sg i i fsiq d q= -  (3) 

 
When the harmonic drive torsion is assumed to be 

caused by flexspline only, the harmonic drive torsion can 
be obtained by using the following expression: 

 

 sg i
i foi fsi foi

i

q
q q q q

d
D = - = +  (4) 

 
By adding and subtracting the terms fsiq  and goiq  to 

(4), one obtains: 
 

 
      /

goi goi gsi
i foi fsi fsi

i i i

fi gi i erri

q q q
q q q q

d d d
q q d q

æ ö æ ö
D = - + + - -ç ÷ ç ÷

è ø è ø
= D - D +

 (5) 

 
Where erriq  denotes the kinematic error of harmonic drive 
transmission. Based on the assumption that there is no 
relative motion between the wave generator output and the 
flexspline input, we have 0erriq = . 

In order to model the harmonic drive compliance, 
consider its mechanical system analogy two-spring system 
[26]. As indicated in Fig. 3, the local elastic coefficient 
increases with the increase of fst . Let us define the local 
elastic coefficient fkL  as: 

 fi
fk

fi

d
L

d
t
q

=
D

 (6) 

 
Considering the symmetry property of the flexspline 

stiffness and using Taylor expansion, the local elastic 
coefficient is approximated by: 

 

 ( )( )2
1fk fo f fiL L a t= +     (7) 

 
Where foL  and fa  are constants to be determined. If 

0foL ¹ , then the flexspline torsion can be calculated as: 
 

 
0

fi fi
fi

fk

d
L

t t
qD = ò     (8) 

 
Substituting fkL  of (7) into (8), we obtain: 
 

 
( )f fi

fi
f fo

arctan a
a L

t
qD =     (9) 

 
where ( )arctan g  is the arctangent function. As show in Fig. 
3, the harmonic drive torsional deformation can range from 

/ 2-Y  to / 2-Y  at zero torque output, but drops down 
to zero at rated torque, where Y  is the hysteresis loss. In 
order to replicate the hysteresis shape of this stiffness curve, 
the local elastic coefficient of wave generator is modeled 
as: 

 
 g gia

gk goL L e t=     (10) 
 

Where goL  and ga  are constants to be determined. If 
0goL ¹ , then the wave generator torsional angle can be 

calculated using the following relation: 
 

 g 0

gi gi
i

gk

d
L

t t
qD = ò     (11) 

 
Substituting gkL  of (10) into (11), we obtain: 
 

 
( ) ( )g 0

1gi g gigi agi
i

gk g go

signd
e

L a L
t ttt

q -D = = -ò     (12) 

 
Finally, by substituting the FS and WG deformation 

given in (9) and (12) into (5), the total deformation of the 
harmonic drive can be expressed as:: 

 

 
( ) ( ) ( )1 g gif fi gi a

i
f g i go

arctan a sign
e

a a L
tt t

q
d

-D = - -  (13) 

 
Then, 

( )iTorsional angle qD

( )fiTorque t

3L

2L

1L( ) lossHysteresis Y 2fq
1fq

2t1t
 

Fig. 3. Typical stiffness and hysteresis curve of a harmonic 
drive 
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( ) ( )1 1 g gigi a

fi f fo i
f g i go

sign
tan a L e

a a L
tt

t q
d

-
æ æ öö
ç ç ÷÷= D + -
ç ÷ç ÷øøèè

 (14) 

 
where the wave generator torque git  can be approximated 
by the motor torque command. 

By the following formula, one can get the constrained 
torque which is obtained by the constrained force on the 
end-effector of manipulator: 

 
 ci fie fiot t t= -     (15) 

 
where fiot  denotes the joint torque which is obtained in 
free space, fiet denotes the total joint torque in the 
constrained space. The total joint torque fiet  and/or joint 
torque in free space fiot  are directly obtained from 
formula (14) under the condition of constrained space and 
free space, respectively. 

 
 

3. Problem Description 
 
For a constrained reconfigurable manipulator, the motion 

of end-effector is constrained by its task environment. The 
constraint equation can be described as: 

 
 ( ) 0qf =     (16) 

 
Under the environment constraint, the dynamic model of 

constrained reconfigurable manipulator with n-DOF can be 
described as follows: 

 
 ( )( ) ( , ) ( ) , cM q q C q q q G q F q q u t+ + + = +&& & & &

 (17) 
 

where nq RÎ is the vector of joint displacements, 
( ) n nM q R ´Î  is the symmetric and positive definite inertia 

matrix, ( , ) nC q q RÎ&  is the matrix of centripetal Coriolis 
matrix, ( ) nG q RÎ is the gravity vector, nu RÎ  is the 
control torque of output side in harmonic drive 
transmission, ( ), nF q q RÎ&  denotes the joint friction force 
item, n

c Rt Î  is the constrained torque which obtained by 
workspace force. 

In the multidegree-of-freedom manipulator, the 
constrained torque vector for all joint ct  relates to the 
constrained force on the end-effector of manipulator f as 
follows: 

 
 ( )T

c J q ft F=     (18) 
 

where ( )T m nJ q R ´
F Î is the Jacobian matrix. f denotes the 

constrained force on the end-effector of manipulator. 
As the complexity of the reconfigurable manipulators 

system grew with the increase of the number of dof of 
the system model, how to realize decentralized force/ 

position control is substantial important for reconfigurable 
manipulator [28-30]. Considering each of the joint module 
as a subsystem, the dynamics of module i can be expressed 
as: 

 

( )
( ) ( , ) ( )

, ( , , )
i i i i i i i i i

i i i i i ci

M q q C q q q G q
F q q Z q q q u t

+ +

+ + = +

&& & &
& & &&  (19) 

    
1,

1,

( , , ) ( ) [ ( ) ( )]

( , ) [ ( , ) ( , )]

[ ( ) ( )]

n

i ij j ii i i i
j j i

n

ij j ii i i i i
j j i

i i i

Z q q q M q q M q M q q

C q q q C q q C q q q

G q G q

= ¹

= ¹

ì ü
= + -í ý
î þ

ì ü
+ + -í ý
î þ

+ -

å

å

& && && &&

& & & & &  

 
where iq , iq& , iq&& , ( )i iG q , ( ),i i iF q q& , iu  and cit  are 
the i th element of the vectors q, q, q, ( )G q , ( ),F q q& , 
u  and ct , respectively. ( )ijM q  and ( ),ijC q q&  are the 
ij th element of the matrices ( )M q  and ( ),C q q& , 
respectively. 

The constrained reconfigurable manipulator dynamic 
model of nonlinear interconnected subsystem iS can be 
presented by the following state equation: 

 

 
[ ( , )

:       ( )( ) ( , , )]
i i i i i i i

i i i i ci i

i i i

x A x B f q q
S g q u h q q q

y C x
t

= +ì
ï + + +í
ï =î

& &
& &&

    (20) 

 
where

.

1 2[ , ] [ , ] , ( 1, 2,..., )T T
i i i i ix x x q q i n= = =& is the state 

vector of subsystem iS , and iy  is the output of 
subsystem iS . The matrices: 

 
0 1
0 0iA é ù

= ê ú
ë û

, 
0
1iB é ù

= ê ú
ë û

, 
1 0
0 1iC é ù

= ê ú
ë û

, 

[ ]1( , ) ( ) ( , ) ( ) ( , )i i i i i i i i i i i i i if q q M q C q q q G q F q q-= - - -& & & &
, 

1( ) ( )i i i ig q M q-= , 
1( , , ) ( ) ( , , )i i i ih q q q M q Z q q q-= -& && & &&  

 
The control objective is to design a decentralized 

position/force control scheme for Eq. (20) to make sure 
that the actual position q and the contact force f of the 
reconfigurable manipulator can follow their desired 
trajectories. 

 
 

4. Control Design and Stability Analysis  
 
In this section, a non-fragile robust dynamic output 

feedback controller with additive gain variations is designed 
to insure the asymptotic stability of the reconfigurable 
manipulator system as well as satisfying a predefined H∞ 
performance level. Based on the Lyapunov theory, the 
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proving process of the proposed control method is 
presented. 

An augmented system consisting of the system (20) 
and the integral of the tracking error ( ti id ie y y= -ò ) is 
defined as follows: 

 

 
[ ( , ) ( )( )

                     ( , , )]
i i i i i i i i i i ci

i i id

i i i

x A x B f q q g q u
h q q q R y

y C x

tì = + + +
ï

+ +í
ï =î

& &
& &&

  (21) 

 
where 

 

 
0
0

i
i

i

C
A

A
-é ù

= ê ú
ë û

, ti
i

i

e
x

x
é ù

= ê ú
ë û

, 
0

i
i

B
B
é ù

= ê ú
ë û

, 

0i

I
R é ù

= ê ú
ë û

, 
0

0i
i

I
C

C
é ù

= ê ú
ë û

 

 
Assumption 1: The desired trajectories idq , idq&  and 

idq&&  are bounded. 
Assumption  2: The rigid environmental constraints 

completely known. Moreover, the end-effector and constraint 
surface contact all the time, as well as the friction between 
them is ignored. 

Assumption  3: The reconfigurable manipulator stays 
away from singularities to ensure Jacobian matrix full rank. 

Next, the RBF neural network with appropriate 
dimension is employed to approximate the nonlinear term 

( ),i i if q q& and ( )i ig q as follows [29]: 
 

( ) ( ), , T
i i i if if if i i iff q q W W Φ q ,q e= +& &

1ife e£   (22) 

 ( ) ( ), T
i i ig ig ig i igg q W W Φ q e= +  2ige e£  (23) 

 
where ifW  and igW  are the ideal neural network weights, 

( )Φ g is the neural network basis function, ife  and ige  
are the neural network approximation errors. 1e , 2e  are 
known constants. 

Defining ˆ
ifW  and ˆ

igW  as the estimations of ifW  and 
igW , respectively. ( )ˆ ˆ, ,i i i iff q q W&  is estimation value of 
( ), ,i i i iff q q W&  and ( )ˆˆ ,i i igg q W  is estimation value of 
( ),i i igg q W . ( )ˆ ˆ, ,i i i iff q q W&  and ( )ˆˆ ,i i igg q W  can be 

expressed as: 
 

 ( ) ( )ˆ ˆ ˆ, , T
i i i if if if i if q q W W Φ q ,q=& &

    (24) 

 ( ) ( )ˆ ˆˆ , T
i i ig ig ig ig q W W Φ q=     (25) 

 
Define the estimation errors as ˆ

if if ifW W W= -
%

 and 
ˆ

ig ig igW W W= -
%

. Therefore, 
 

( ) ( ) ( )ˆ ˆ    , , , , T
i i i if i i i if if if i i iff q q W f q q W W Φ q ,q e- = +%& & &   (26) 

 ( ) ( ) ( )ˆˆ, , T
i i ig i i ig ig ig i igg q W g q W W Φ q e- = +%  (27) 

Property [31]: Boundedness of the interconnection term 
( ), ,ih q q q& &&  for reconfigurable manipulator system: 
 

 ( )
1

, ,
n

i ij j
j

h q q q d Q
=

£å& &&
    (28) 

 
Where 1 ...

p p

i j j j jQ q q q q= + + + + +& & , 0ijd ³ , 1p ³ . 
Similarly, using the RBF neural networks to approximate 

the interconnection term as follows: 
 

 ( ) ( ) 3,   T
i ie ih ih ih ie ih ihh x W W Φ x e e e= + £  (29) 

 
where the ihW  is the ideal neural network weights, ihΦ  is 
the neural network basis function, ihe  is the neural network 
approximation errors, 3e is known constant. 

Define ˆ
ihW and ˆ

ihΦ as the estimations of ihW and ihF . 

( )ˆ ˆ,i ie ihh x W  is the estimation value of ( ),i ie ihh x W  and 

it can be expressed as: 
 

 ( ) ( )ˆ ˆ ˆ, T
i ie ih ih ih ieh x W W Φ x=     (30) 

 
Define the estimation errors as ˆ

ih ih ihW W W= -
%

. Then, one 
obtained that: 

 

 ( ) ( ) ( )ˆ ˆ, , WT
i ie ih i ie ih ih ih ie ihh x W h x W Φ x e- = +%     (31) 

 
Defining the approximation error as: 
 

 ( )1i if ig i ciuw e e t= + +     (32) 

 2i ihw e=     (33) 

 1 2i i iw w w= +     (34) 
 
In order to approximate the performance index function, 

the weight vector should be updated as: 
 

 ( ) ( )ˆ ,if if i i i ic if i iW YB x NB x Φ q qh= -
& &     (35) 

 ( ) ( )( )ˆ
ig ig i i i ic ig i i ciW YB x NB x Φ q uh t= - +
&

  (36) 

 ( ) ( )ˆ
ih ih i i i ic ih ieW YB x NB x Φ xh= -
&

    (37) 

 ( )ˆi i i i i icYB x NB xw l= -
&

    (38) 
 

where ifh , igh , iph  and il  are positive constants. 
 
Assumption 4: The error between joint constrained 

torque estimated value and its actual value is small enough 
so that it can be ignored. 

Considering the augmented constrained subsystems 
dynamic model (21), the decentralized non-fragile robust 
dynamic output feedback controller is designed as follows: 
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( ) ( )1 ˆ ˆ, ,
ˆˆ ,

ˆ ˆˆ ( , )

ic i ic i i

i ic i i

i i i i if ci
i i ig

i i ip i i

x A x B y

C x D y

u f q q W
g q W

p e W et

t

w

D D

D D

= +ì
ï

é ù+ïï ê úí ê ú= - -ï ê úï ê ú- + -ï ë ûî

&

&  (39) 

 
Remark: i ic icA A AD = + D , i ic icB B BD = + D  

    i ic icC C CD = + D , i ic icD D DD = + D  
 

where icA , icB , icC , and icD are the nominal controller gain 
matrices to be determined. icAD , icBD , icCD , and icDD are 
unknown matrices representing norm-bounded controller 
gain variations, and are assumed to be satisfied: 

 
ic ia ia iaA L F MD = , ic ib ib ibB L F MD = , 

 ic ic ic icC L F MD = , ic id id idD L F MD =     (40) 
 
Where iaL , ibL , icL , idL , iaM , ibM , icM  and idM  are 

known real constant matrices of appropriate dimensions, 
and iaF , ibF , icF , idF represents an unknown real-valued 
time-varying matrix satisfying: 

 
 T

it itF F I£ ,   , , ,t a b c d=     (41) 
 
Next, define the joint torque error as follows: 
 

 i ci diet t t= -     (42) 
 
Combining Eq. (21) with Eq. (39), one can obtain that: 
 

 ie ie ie ie ie i

ie ie ie

x A x B d G
y C x

= + + Dì
í =î

&
    (43) 

 

where i
ie

ic

x
x

x
é ù

= ê ú
ë û

, i i i i i i
ie

i i i

A B D C B C
A

B C A
D D

D D

é ù+
= ê ú
ë û

,  

i
ie

id

e
d

y
té ù

= ê ú
ë û

, 
0 0

i i
ie

B R
B

é ù
= ê ú
ë û

, 0ie iC Cé ù= ë û , 

( ) ( )( )ˆ ˆ ˆˆ

0

i i i i i i ci i i i
i

B f f g g u h h
G

t wé ùé ù- + - + + - -ë ûê úD =
ê úë û

 

 
Lemma1 [32]: For any appropriate dimensions constant 

matrices D , E and any scalar 0e > , the following 
inequality holds: 

 
 1T T T TD E E D D D E Ee e -+ £ +    (44) 
 
Lemma2 [33] (Schur Complement Formula): For block 

matrix 11 12

12 22
T

A A
A

A A
é ù

= ê ú
ë û

, the following conditions are 

proved to be equivalent: 
 

(1) 0A <      (45) 
(2) 1

11 22 12 11 120, 0TA A A A A-< - <     (46) 
(3) 1

22 11 12 22 120, 0TA A A A A-< - <     (47) 
 
Lemma3 [34]: In the given system, the eigenvalues of 

the system are located in a LMI region in the complex 
plane defined by ( ),D q r  which is defined by merging 
different eigenvalues constraints to produce a ( ),D q r  
region in which q  and r  are the center and radius of the 
disc region. If there exist symmetric positive-definite 
matrices X  and Y and matrices iAD , iBD , iCD , iDD , 
as well as the corresponding LMI such that: 

 

 0
X I
I Y

é ù
>ê ú

ë û
    (48) 

 

11 12

12 22
2

2

1

0
0

0 0 0 1
00 0 0

0 0
0

T T
i i i i

T T T
i i i i

c
T

c

A A B R XC XC
A A YB YR C C

I
E E I

I

g
g

e
e

-

é ù-
ê ú-ê ú
ê ú* * -
ê ú

<* * * -ê ú
ê ú* * * * -ê ú
* * * * * -ê ú

ê ú* * * * * * -ë û

 (49) 

 
where 

 
 ( )11

TT
i i i i i iA A X XA B C B CD D= + + +

% %
    (50) 

 12
T

i i i i iA A A B D CD D= + +
% %

    (51) 

 ( )22

TT
i i i i i iA YA A Y B C B CD D= + + +

% %
    (52) 

 
hold, the system is robust asymptotically stable and the H∞ 
performance is guaranteed with an attenuation level g . 

The controller gains can be calculated by the following 
relation: 

 
 i iD DD D=

%
    (53) 

 ( ) T
i i i iC C D C X M -

D D D= -
%

    (54) 

 ( )1
i i i iB N B YB D-

D D D= -
%

    (55) 

 
( )1

                  

i i i i i i

T T
i i i i

A N A Y A B D C X

YB C M NB C X M

-
D D D

-
D D

é= - - -ë
ù- û

%

 (56) 

 
where M and N satisfy TMN I XY= - . 

 
Theorem. Based on Lemma3, given 0g > and 

constrained subsystems dynamic model (21), if there exist 
symmetric positive-definite matrices X and Y and matrices 

iAD , iBD , iCD  and iDD , as well as matrix LMI such that 
(49) holds, then system (21) is robust asymptotically stable 
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and satisfies the H¥ performance indicator as follows: 
 

 ( )2 22 0ti iee d Vg£ +&     (57) 
 

where 12

0
( )

t T
ti ti tie e e dt= ò
& & & , 12

0
( )

t T
ie ie ied d d dt= ò . 

 
Proof: Choosing the Lyapunov candidate as iV =  

1
T
ie iex P x , the time derivative of iV along the trajectories of 

system (43) is: 
 

 

( )

1 1 1

1

      
ˆ ˆ ˆ      

ˆ      
if ig ih

T T T
i ie ie 1 1 ie ie ie 1 ie ie

T T T T
ie ie 1 ie i 1 ie ie 1 i

T T T
if if ig ig ih ih

T
i i i

V x A P P A x x P B d

d B P x ΔG P x x P ΔG

W W W W W Wh h h

l w w

- - -

-

= + +

+ + +

- - -

-

&

& & &% % %

&%

    (58) 

 

Set 1 T

Y N
P

N V
é ù

= ê ú
ë û

, then: 

 

( )
( )     

T T T
i ie ie 1 1 ie ie ie 1 ie ie

T T
ie ie 1 ie i i i ic

V x A P P A x x P B d

d B P x YB x NB x

= + +

+ + -

&
 

( ) ( )( ) ( ) ˆ      ,T T T
if if i i ig ig i i ci ih ih i iW Φ q q W Φ q u W Φ xt w w ùé´ + + + + -ë û
% % %& ie  

1 1 1 1ˆ ˆ ˆ ˆ     T T T T
if if if ig ig ig ih ih ih i i iW W W W W Wh h h l w w- - - -- - - -& & & &% % % %  

( )
( ) ( )

( )

1

  

ˆ      + ,

      

T T T
ie ie 1 1 ie ie ie 1 ie ie

T T T
ie ie 1 ie if i i i ic if i i if if

T
ig i i ic

x A P P A x x P B d

d B P x W YB x NB x Φ q q W

W YB x NB x

h -

= + +

ùé+ - -ë úû
é+ -ë

&% &

%
i

 

( )( )

( ) ( )

( )( )

1

1

1

ˆ       

       + 

ˆ ˆ      

ˆ     

ig i i ci ig ig

T
ih i i i ic ih ie

ih ih i i i ic i i

T
i i i

Φ q u W

W YB x NB x Φ x

W YB x NB x

t h

h w w

l w w

-

-

-

ù´ + - úû
é -ë
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&

&%

 (59) 

 
Substituting (35)-(37) into (59), yields the expression: 
 

 

( )
( )

( )
( )

( )

1

1

       

ˆ ˆ       

   

      

ˆ      

   

T T T
i ie ie 1 1 ie ie ie 1 ie ie

T T
ie ie 1 ie i i i ic

T
i i i i i

T T T
ie ie 1 1 ie ie ie 1 ie ie

T T
ie ie 1 ie i i i ic i

T
i i i

T T
ie ie

V x A P P A x x P B d

d B P x YB x NB x

x A P P A x x P B d

d B P x YB x NB x

x A

w w l w w

w

l w w

-

-

= + +

+ + -

´ - -

= + +

+ + -

-

=

&

&%

%
&%

( )
( )1 ˆ       

T
1 1 ie ie ie 1 ie ie

T T
ie ie 1 ie i i i i ic i i

P P A x x P B d

d B P x YB x NB xw l w-

+ +

+ + - -
&%

  (60) 

By utilizing the adaptive laws (38), one has: 
 

 ( )T T T T T
i ie ie 1 1 ie ie ie 1 ie ie ie ie 1 ieV x A P P A x x P B d + d B P x= + +&  (61) 

 
Given the following index:  
 

 1 2

0
( )

t T T
ti ti ie ieJ e e d d dtg= -ò
& &  

 
Thus, 
 

 ( ) ( )

( )

1 1

1

1

2

0 0

2
10

2

0

( )

( ) 0

( ) 0

t tT T
ti ti ie ie

t T T
ti ti ie ie

t T T
ti ti ie ie

J e e d d V dt Vdt

e e d d V dt V t V

e e d d V dt V

g

g

g

= - + -

= - + - +

£ - + +

ò ò
ò
ò

& && &

&& &

&& &

  (62) 

 
where 

 
( ) ( )TT T T T T

ti ti id i id i id id i id id i i ie e y y y y y y y y y y y y= - - = - - +& &  
 
Let [ ]0E I= , one can obtain: 
 
T T T T T T T T T
ti ti ie ie ie ie ie ie ie ie ie ie ie iee e d E Ed d E C x x C Ed x C C x= - - +& &  

  (63) 
 
Based on Eq.(62), for achieve the required property 

index (59) and stability of the augmented system (39) the 
following inequality needs to be satisfied: 

 
 2 0T T

i ti ti ie ieV e e d dg+ - <
& & &     (64) 

 
By using Eq. (58), Eq. (63) and based on Lemma 2, 

inequality (64) means that the following formula must 
establish: 

 

 2 0 0

T T
ie 1 1 ie 1 ie

T

A P P A P B C E C
E E I

I
g

é ù+ -
ê ú* - <ê ú
ê ú* * -ë û

T
ie ie

  (65) 

 
Inequality (65) can further decomposed as below: 
 

 

[ ]

2 0

0
0 0 0 0 0 0
0 0

T T
ie 1 1 ie 1 ie ie

T

T
ie

A P P A P B C
E E I

I

C
E E C

g
é ù+
ê ú* - +ê ú
ê ú* * -ë û
é ù- é ù
ê ú ê ú é ù+ - <ê ú ë ûê ú
ê ú ê úë ûë û

T
ie

 (66) 

 
On the basis of Lemma 1, inequality (66) is implied by 

the following formula: 



Fan Zhou, Bo Dong and Yuanchun Li 

 http://www.jeet.or.kr │ 425

 

2

1

0
00

   00 0
0

T T T
ie 1 1 ie 1 ie ie ie

T
A P P A P B C -C

EE E I
I

g

e
e

-

é ù+
ê ú* -ê ú

<* * -ê ú
ê ú* * * -
ê ú* * * * -ë û

 (67) 

 
Set [35]: 
 

 1 T

X I
F

M 0
é ù

= ê ú
ë û

,  2 T

I Y
F =

0 N
é ù
ê ú
ë û

 

 
then, it is clear to see that T T

1 1 2F P F= . 
Pre- and post-multiplying inequality (67) by 

1
TF I I I Ié ùë û  and its transpose respectively, yields: 

 

1
2

1

1

0
0 0

0 0 0
0

T T T TT T T T
1 ie 1 ie1 ie 2 2 ie 2 ie

T

F C F CF A F F A F F B
EE E I

I
g

e
e

-

-

ù-é +
úê * - úê - <* * úê
ú* -ê * *
úê * * * * -ë û

 (68) 

 
According to Eq. (53)-(56), it follows that (68) implies 

(49). Therefore, the system satisfies the H∞ performance 
indicator and this completes the proof of Theorem. 

 
 

5. Numerical simulations 
 
To verify the effectiveness of the proposed non-fragile 

robust dynamic output feedback control strategy, in this 
subsection, two 2-DOF constrained reconfigurable 
manipulators with different configurations (see Fig.4) are 
employed. 

Suppose the additive gain variations of the controller are 
expressed by Eq. (40) with: 

 
0.3
0.5
0.1

0.2

ai biL L

é ù
ê ú
ê ú= =
ê ú-
ê ú
ë û

[ ]0.2 0.4 0.1 0.3ai ciM M= = -  

0.1ci diL L= =  [ ]0.2 0.6 0.3 0.5ci diM M= =  
tiF I= ,   , , ,t a b c d=    1,2i =   

 
By using YALMIP Toolbox [36] and selecting LMILab 

solver under the Matlab software, one can obtain the 
controller gain matrices listed below: 

 

1 2

-10.3049 -18.5541 -1.0296 -9.5123
-0.4121 -1.3049 0 0
-0.3600 0 -9.7638 -1.4081
-0.4759 0 -1.7485 -9.4442

c cA A

é ù
ê ú
ê ú= =
ê ú
ê ú
ë û

 

1 2

-2.4495 3.4799 1.7963 3.8811
3.8811 -2.4495 -1.7963 3.8819
1.0297 -1.0297  -1.5868 -0.5360
3.1680 0.1650 -4.9985 -8.7807

c cB B

é ù
ê ú
ê ú= =
ê ú
ê ú
ë û

  

[ ]1 2 -0.6980 0.6980 -0.5111 -0.1360c cC C= =    

[ ]1 2 2.0889 2.0889 -1.6513 -365.30c cD D= =  
 
For the sake of analyzing aforementioned configurations, 

a form of analytic diagram is offered in Fig. 5. 
The control law (39) is applied to the whole control 

system and the initial position and velocity are set as 
( ) ( )1 20 0 1q q= = and ( ) ( )1 20 0 0q q= =& &

, respectively. The 
control parameters are selected as 0.002ifh = , 0.002igh = , 

500ihh = , 0.002il = and the H¥  performance indicator 
is defined as 1.0g = . 

Fig.4 (a) shows the planar graph of configuration a . It 
is assumed that the constrained reconfigurable manipulator 
is simulating a polishing task and the constraint equation 
can be depicted as: 

 
 ( ) ( ) ( )1 1 2 2cos cos 1 0q l q l qf = + - =     (69) 

 
where 1 1l = , 2 1l =  are the lengths of the two robot links. 
The desired position and the desired constraint force are 
defined as: 

 
 ( )1 cos sin( )dq t tp p= +     (70) 

 
( )1 1

2
2

1 cos
arccos d

d

l q
q

l
-æ ö

= ç ÷
è ø

    (71) 

 10df N=     (72) 

  
(a)             (b) 

Fig. 4. Configurations for simulation (a) configuration a
(b) configuration b 

 
(a)              (b) 

Fig. 5. The analytic charts of the configurations: (a) 
Configuration a; (b) Configuration b 
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Position tracking trajectories and position tracking errors 

of configuration a  are illustrated in Fig. 6 where the actual 
and desired trajectories are almost overlap. From Fig. 7, 
one can obtain that mapping the end contact force to joint 
space, the equivalent torque tracking errors can also 
converge to zero. Fig. 8 shows the tracking performance of 
the contact force and the force tracking error curves, in 
which the system converges to an error that can be 
considered as zero (less than 0.01 N). It can be concluded 
that high performance of the simultaneous position-force 
tracking is achieved with relatively smooth control effort. 

In order to further check the effectiveness of the 
presented scheme for decentralized position/force control 
under different configurations, the same controller is used 
to configuration b. Fig. 4 (b) shows that the reconfigurable 
manipulator works in constrained environment such as 
cylinders. The constraint equation can be expressed as 
( ) ( )1 2 2cos 1.5 0q l l qf = + - = . The desired position and 

the desired constraint force are defined as: 

 
 ( )1 cos 2dq t=     (73) 

 2 3dq p
=     (74) 

 6 df N=     (75) 
 
The parameters of the decentralized position/force 

controller in configuration b are chosen as those in 
configuration a. The position tracking performance, 
equivalent torque tracking performance and force tracking 
performance of configuration b  are presented in Figs. 9-11, 
respectively. The numerical simulation results demonstrate 
that the presented decentralized position/force control 
strategy can be used to different configurations of 
constrained reconfigurable manipulators without changing 
any control parameters. This is an important and meaningful 
advantage for control the reconfigurable manipulators with 
a requirement of frequent conversion from one configuration 
to another in order to complete different kinds of tasks in 
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Fig. 6. (a) Position tracking performance of configuration a
(b) Position tracking error of configuration a 
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Fig. 7. (a) Equivalent torque of configuratio n a: (b) 
Equivalent torque tracking error of configuration a 
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different environment. 
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Fig. 8. Force tracking curves and force tracking error of 

configuration a 
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Fig. 9. (a) Position tracking performance of configuration 
b; (b) Position tracking error of configuration b 
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Fig. 10. (a) Equivalent torque of configuration b ; (b) 
Equivalent torque tracking error of configuration 
b  
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Fig. 11. Force tracking curves and force tracking error of 

configuration b  
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6. Conclusion 
 
A torque sensorless decentralized position/force control 

scheme using dynamic output feedback technique was 
presented for constrained reconfigurable manipulator. Torque 
estimation based on position measurements provides an 
advantage of noise immunity to the estimated joint torque 
and reduces the cost of joint torque sensing. The influence 
of parameter perturbation of dynamic output feedback 
controller with additive gain variations has been reduced 
by introducing non-fragile robust method. Moreover, the 
stability of closed-loop system is proved using the Lyapunov 
theory and linear matrix inequality (LMI) technique. 
Finally, the effectiveness of the proposed scheme was 
verified under the conditions of different configurations 
without revising any parameters. 
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