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ABSTRACT. In this paper, we consider three inverse eigenvalue problems for a special type
of acyclic matrices. The acyclic matrices considered in this paper are described by a graph
called a broom on n 4+ m vertices, which is obtained by joining m pendant edges to one of
the terminal vertices of a path on n vertices. The problems require the reconstruction of
such a matrix from given partial eigen data. The eigen data for the first problem consists
of the largest eigenvalue of each of the leading principal submatrices of the required matrix,
while for the second problem it consists of an eigenvalue of each of its trailing principal
submatrices. The third problem has an eigenvalue and a corresponding eigenvector of the
required matrix as the eigen data. The method of solution involves the use of recurrence
relations among the leading/trailing principal minors of Al — A, where A is the required
matrix. We derive the necessary and sufficient conditions for the solutions of these prob-
lems. The constructive nature of the proofs also provides the algorithms for computing
the required entries of the matrix. We also provide some numerical examples to show the
applicability of our results.

1. Introduction

Problems concerning the reconstruction of specially structured matrices from
given information on some or all of their eigenvalues or eigenvectors, are of special
interest in mathematics. Such problems are called Inverse eigenvalue problems
(IEPs). The type of given eigen data and the structure of the required matrices
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determine the level of difficulty of the problems. M. T. Chu in [1] gave a detailed
characterization of various classes of inverse eigenvalue problems. Some special
types of inverse eigenvalue problems were studied in [4, 5, 6, 14, 17]. Many of
these problems considered the matrices to be tridiagonal, Jacobi matrix, or arrow
matrix. Eigenvalue problems for matrices with prescribed graphs have also been
studied in [2, 3, 8, 11, 12]. Sharma and Sen in [15, 16] studied some IEPs where the
matrices to be constructed were described by some special graphs. In particular,
acyclic matrices whose graph is a path and matrices whose graph is a broom were
studied. IEPs occur in various problems in mechanical vibrations, control theory,
pole assignment problems and graph theory [1, 7, 11, 13].

In this paper, we study three IEPs which require the reconstruction of matrices
whose graph is a broom. The eigen data in each of the three problems are different
and so are the structures of the matrices to be constructed. For the first problem,
the given eigen data consists of the largest eigenvalue of each of the leading principal
submatrices of the required matrix. In the second problem, an eigenvalue of each
of the trailing principal submatrices of the required matrix is given in the eigen
data. The third problem has an eigenvalue and a corresponding eigenvector of the
required matrix as the eigen data. We adopt a suitable scheme of labelling the
vertices of the broom in order to express the corresponding matrices in a special
form which simplifies the computation.

2. Preliminaries

Mathematically, we can define a graph with sets. Throughout this paper we
assume that the graphs under consideration are free of multiple edges or loops and
are undirected. With this assumption we have the following description of a graph
: Let V be a finite set and let P be the set of all subsets of V' which have two
distinct elements. Let E C P. Then G = (V, E) is said to be a graph with vertex
set V and edge set E. The vertex set of a graph G is denoted by V(G) and the
edge set is denoted by E(G). If u,v € V and {u,v} € E then we say that uv is
an edge and u and v are called adjacent vertices. The degree of a vertex u is the
number of edges which are incident on u. A vertex of degree one is called a pendant
vertex. A path of a graph G is a sequence of distinct vertices vy, vs, ..., v, such that
consecutive vertices are adjacent. A graph is said to be connected if there exists a
path between every pair of its vertices. A cycle is a connected graph in which each
vertex is adjacent to exactly two other vertices. A connected graph without any
cycles is called a tree.

Given an n x n symmetric matrix A, the graph of A, denoted by G(A), has
vertex set V(G) = {1,2,3,...,n} and edge set {ij : i # j,a;; # 0}. For a graph G
with n vertices, S(G) denotes the set of all n x n symmetric matrices which have G
as their graph. A matrix whose graph is a tree is called an acyclic matrix. We have
considered a special tree, namely broom B, 1,, (Figure 1), which can be obtained
by joining m pendant vertices to one of the terminal vertices of a path on n vertices.

The structure of a matrix A € S(Bj,+m) will depend on the way of labelling the
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[ - 4
1 2 3
Figure 1: Broom B, n,
n + m vertices from 1,2,...,n + m as the rows and columns of A will be indexed

by the vertices of B, 4,,. The broom is formed by adjoining m pendant vertices to
one of the terminal vertices of a path on n vertices. We label the vertices of the
broom in such a way that the vertices numbered from 1 to n are the vertices of this
path on n vertices. And then we label the pendant vertices adjacent to the vertex
labelled as n, with the numbers from 1 to m. This system of labelling has been
shown in Figure 1. Under this scheme of labelling, the matrix of a broom By,
will be of the following form :

al b1 0 . 0 0 0 0 N 0
bl az bg . 0 0 0 0 N 0
0 b a3 - 0O 0 0 0 ... 0
A o 0 0 0 An_1 bn-1 0 0 .. 0
o 000 b1 an bn  basi ... bnim—t
0 0 0 0 bn Qng1 0 ... 0
0 0 0 0 b1 0  ani2 - 0
0 0 0 . 0 bn+m71 0 0 N An+m

(n4+m)x (n+m)

where the b;’s are non zero. Here, the matrix corresponding to the subgraph
of Byt formed with the first n vertices is a tridiagonal matrix with all non-zero
entries in the sub-diagonal and super diagonal. And the matrix corresponding to
the subgraph formed with the vertex n and the pendants attached to it is an arrow
matrix with non-zero off-diagonal entries in the first row and first column. If A, .,
is the adjacency matrix, as required in IEPB2 and IEPB3, then a; = 0 for all
i=1,2,...,n+mand bj=1forall j=1,2,...,n4+m—1.

Throughout this paper we shall use the following notation :

1. A; will denote the j x j leading principal sub-matrix of the matrix A, 4.
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2. P;j(\) =det(A\; — A;) for j =1,2,...,n+ m. For convenience of notations,
Py(A) is defined to be 1 for all A.

3. Ajntm denotes the (n + m — j + 1) X (n +m — j + 1) trailing principal
sub-matrix of A, 4.

4 Pjim\) = detOMpsm—ji1 — Ajnim) for IEPBL and Pjim()) =
det(Atm—j+1 — (Ajn+m + Djntm)) for IEPB2 and IEPB3.

3. IEPs to be Studied

e IEPB1 Given n + m real numbers A1, A2, -+, An, A1, -+ 5 Antm, find
a matrix A4y € S(Bptm) such that its diagonal entries are equal to a and
Aj is the largest eigenvalue of A; i.e. of the j x j leading principal sub-matrix

of An+m-

o TEPB2 Given n+m distinct real numbers A1, A2, -+, An, Apg1, o 5 Antm
and the adjacency matrix A, 1, of Byim, find a diagonal matrix Dy, =
diag(ai,az, ..., antm) such that \; is an eigenvalue of A; nym + Djnim, 1.€.
of the (n+m —j + 1) X (n +m — j + 1) trailing principal sub-matrix of
An—i—m + Dn—i—m-

e IEPB3 Given a real vector X = (21,22, ...,Tnim)’, a non zero real number

A and the adjacency matrix A, 4., of Byhim, find a diagonal matrix Dy, 4., =
diag(ay,as, ..., an+m) such that (A, X) is an eigenpair of Anim + Dyptm.-

4. Solution of IEPB1

For solving IEPB1, we analyze the expressions for the successive leading princi-
pal minors of Ay, 4 — Antm and apply Cauchy’s interlacing theorem([8, 9]). The
following Lemmas will be necessary for solving the problem. The main result of
this section is given as Theorem 4.4.

Lemma 4.1. Let P(\) be a monic polynomial of degree n with all real eigenvalues
and A1 and A, be the minimal and mazimal zero of P respectively.

1. If p < A\q, then (—=1)"P(u) >0
2. If > A, then P(u) >0

The proof immediately follows after expressing the polynomial as a product of
its linear factors.

Lemma 4.2. The characteristic polynomials of the j X j leading principal subma-
trices of Apym satisfy the following recurrence relations :

1. Pl()\):)\—a
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2. P]()\) = ()\ — a)Pj_l()\) — bQ

Jj—1

3. Pui(A) = (A= a)Puy;1(N) =07 (A —a) TP (V), 2<j <m

Pia(\), 2<j<n+1

This follows by computing the determinants of the successive leading principal
submatrices of A1 — Aptm.

Lemma 4.3. For any A € R, P;_1(\) and Pj(\) cannot be simultaneously zero,
for2<j<n+1.

Proof. If Pi(\) = 0, then P2(\) = (A —a)P1(\) — b3 = —b? # 0. Thus Pi()\)
and P(\) cannot be simultaneously zero. Now if for 3 < j < n+1, P;(A\) =0
and Pj_1(A) = 0, then from the second recurrence relation in Lemma 4.3, we have
Pj_2(\) = 0. This will ultimately lead to P»(A) = 0 and P;(\) = 0 which is not
possible as argued above. O

Theorem 4.4. The IEPBI has a solution if and only if \y <Xy < -+ < Aptm-
The solution is given by

a = )\1
(N = A)P—1(N) .
bi_ = 2<9< 1
! \/ Pia(Nj) sJ=nT
Potj—1(An+y) .
bpiioql = J— J 2<4<
o \/()‘n-i-j “ A 2P Ongy) T

The solution is unique except for the signs of the off-diagonal entries.

Proof. We first suppose that the problem has a solution. We find the expressions
for a and b;, i = 1,2,...,n+ m. Since A; is an eigenvalue of A, so P;(A1) = 0.
This gives a = A\1. Now for 2 < j <n+1, A; is an eigenvalue of A4;, so

Pj(Aj) =0
= (Aj = A)Pj-1(Nj) = b7 Pj—a(Xj) =0
(A —A)Pj—1(N)

Pi_a(Xj)

2
= bj—l =

Similarly A,+; is an eigenvalue of A,4; and so P4 ;(Ap+;) = 0. Thus,

2. Prjo1(ny)
n+j—1 (AnJrj — )\1)j72pn71(An+j)

Now, for the problem to have a solution, the quantity in RHS of the above expres-
sions for b7 must be positive. First, we claim A\; — A; > 0 for all j = 2,3,...,n.
By Cauchy’s interlacing theorem([8, 9]), the eigenvalues of a symmetric matrix and
those of any of its principal submatrix interlace each other. Since each A; is the
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largest eigenvalue of the j x j leading principal submatrix of A, 4., so it follows
that

(41) )\1 S )\2 S e < )\n+m—1 S )\n—i-m

Thus A\; > Aj—q forall j = 2,3, ..., n+m. Hence \; — Ay > 0 for all
j=2,3,...,n+m. Next we show that the inequality (4.1) is strict. If A\;_1 = X
for some j with 1 < j < n+ 1, then we have P;_1(\;) = 0 = P;(\;) but this is
not possible according to Lemma 4.3. Thus Ay < Ay < .-+ < Apq1. Now if
Antj—1 = Ant; for some j with 2 < j <m, then Pt;—1(Antj) =0 = Posj(An+j)
and by the fourth recurrence relation from Lemma 4.2, we get P,_1(An4;) = 0.
This implies that A+, is a root of P,,_1(A) but A\,,—1 is the largest root of P,_1(\)
and so the inequality (4.1) will imply that \p—1 = Ay = A1 = -+ = Ay
Thus we end up with P,_1(An+;) = 0 and P,(A,4;) = 0 but this is not possible
as they cannot be simultaneously zero, by Lemma 4.3. Hence the inequality (4.1)
must be strict.

Now since Ay < Ay < -+ < Apym and also each since )\; is the largest root
of P;()), so by Lemma 4.1, we have Pj_o(A;) > 0, Pj_1(A\;) > 0, Po_1(Any1) >
0, P(An+1) > 0. Hence, the expressions for b? are all positive. Thus the solution
of TEPBI is given by

a = )\1
by = W = A)B) 5o et
(4.2) Pj2(X5)
Pn-i—‘—l()‘n-i-‘) .
bnyj-1 = = . ,2<j<m
o \/(/\n+j =AM 2 P01 (M) /
Conversely if Ay < Ao < -+ < Aptm, then by the above argument, the
expressions for b? are all positive, so that the IEPB1 has a solution. o

5. Solution of IEPB2

Lemma 5.1. The characteristic polynomials of the (n+m—j+1)x (n+m —j+
1) trailing principal submatrices of Antm + Dntm satisfy the following recurrence
relations :

L. Pj,n-i-m()‘) =\~ aj)Pj-i-Ln-‘rm()‘) - Pj+2,n+m()‘)a I<ji<n-—-1

2. Ponsm(A) = (A —an) H(A — Opti) — (A= anti)

i=1 G=1i=1,i#j
m

3. P"+j,n+m()‘) = H()‘ - an-i-i)a 1<j<m

i=j



IEPs for Matrices Whose Graph is a Broom 217

This can be proved by computing the determinants of the successive trailing
principal submatrices of A\, 4m — (Antm + Dnym). The following theorem gives
the solution of IEPB2 :

Theorem 5.2. The IEPB2 has a solution if and only if Pjt1 n+m(A;) # 0 for all

j=1,2,...,n—1. The solution, if it exists, is unique and is given by
Ap+j :)‘n-i-ja m2321
a =\, — 27:1 Hzil,i;éj()‘n — Anti)
n = \n
o [T, e — Aard)
P; s
a; _ y, _ Bivznm() n—1>j>1

Pj+1,n+m(/\j) ’

Proof. We first suppose that the IEPB2 has a solution. We derive the explicit
expressions for all the diagonal elements of A1, + Dypym. Since Ajpip, is an
eigenvalue of Apim ntm + Dntmntms 50 Potm.ntm(Antm) = 0. Using the third
recurrence relation from Lemma 4.1, we get (Ap4m — antm) = 0 which gives ay1m =
An+m. Similarly, since A, m—1 is an eigenvalue of Ay -1 n+m + Dntm—1,n+m, SO
Mtm—1 — Gntm—-1)Antm—1 — Antm) = 0. AlSO, Aptm—1 # Antm. So we get
Gntm—1 = An+m—1- Proceeding this way it can be shown that

(5.2) Untj = Angj, m=>j2>1

Next, since A,, is an eigenvalue of A,, ;,1m + Dy ntm, so from the second recurrence
relation in Lemma 4.1, we have

n— Qp H an-l—z Z H ()‘n_an-l-i):()
=t Jj=11i=1i#j
=a, =\, — E;n:l H”le,zyﬁj()\n - )\n-i-i)
which gives
(53) Ap = )\n — Zj:l Hi:l,i;ﬁj()‘n - )‘77,-‘,-7,)

H;11 ()‘n - )‘n-i-i)

which exists as the given eigenvalues are distinct. Again, since A; is an eigenvalue
of Ajrim + Djntms 50 Pjrnym(A;) =0 and so from the first recurrence relation of
Lemma 4.1, we get

Pj+2,n+m ()‘j)

(5.4) a; =\ — ,
J / Pj+1,n+m()‘j)

n—-1>j2>1
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which exists only if Pj41 ntm(Aj) #O0forall j=1,2,...,n—1.

Conversely, if Pji1ntm(Aj) # 0 for all j = 1,2,...,n — 1, then proceeding
as above we can deduce equations (5.2), (5.3) and (5.4), and so the IEPB2 has a
solution. (|

6. Solution of IEPB3
Lemma 6.1. The entries of the matric Antm + Dntm and of the vector X satisfy
the following relations :

1. a1x1 + 292 = A1

2. zj1 tajxy i =My, 2<j<n—1

m
3. Tp_1+ anxy + E Tptj = ATp,
j=1

4. Ty + Qg jToyj = Antj, 1 <j<m
It can be proved by equating the successive leading principal submatrices on

both sides of (Aptm + Dyntm)X = AX. The main result of this section is given in
the following theorem :

Theorem 6.2. The IEPB3 has a unique solution if and only if x; # 0 for all

7=12,....,n+m. The unique solution is given by
a = —(Ar1 —x
1 131( 1 2)
1 }
a; = —(ij—xj_1—$j+1), 2§j§n—1
Ly
1 m
Gnp = E ALy — Tp_1 — an-l-j
j=1
1 .
an+j = (/\szrj —ap), 1<j<m
Ln+j

Proof. First, we suppose that the IEPB3 has a unique solution i.e. there exists a
unique diagonal matrix Dy, 4., = diag(ai,as, ..., ant+m) such that (A, X) is an eigen-
pair of Ay qm~+ Dipm. Thus, (Aptm+ Drngm)X = AX. Equating the corresponding
entries on both sides, we get as in Lemma 6.1,

a1r] + o = )\561

xj,1+ajzj+zj+1: )\SCj, QS‘]STL*:[

m
Tp—1+ Qnxy + E Tptj = ATy
j=1

Tp + QntjTntj = Alngj, 1<j<m
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Each of the above equations is linear in a;. Since the IEPB3 has a unique solution,
so each of these linear equations must have unique solution. Hence the coefficient
of each a; must be non zero i.e. z; # 0 for all j =1,2...,n+m. Thus, solving the
above linear equations for each a;, we get

a = x—()\xl — 1'2)
1
1 .
aj = —(aj -z —an), 2<j<n -1
J
(6.1) 1 i
Qn = E ATy — Tp—1 — Z‘T’ﬂ'f‘]
Jj=1
1 .
An4j = ()‘anrj —an), 1<j<m
Ln+j

Conversely, if ; # 0 for all j = 1,2,...,n 4+ m, then proceeding as above we
can arrive at the expressions as in (6.1), concluding that the IEPB3 has a unique
solution. O

7. Numerical Examples

The results obtained in the preceding sections have been formulated as scripts
in SCILAB 5.5.2 to solve the inverse eigenvalue problems for any eigen data entered
by the user. The numerical examples here have been obtained by executing the
corresponding scripts in SCILAB. The entries are correct up to 4 places of decimal.

Example 7.1. Given 7 real numbers A\ = —1, Ao =2, A\3 =3.5, \y =6.92, A5 =
8, X¢ = 9.5, Ay = 12.4, construct As;4 € S(Bsta) such that A; is the largest
eigenvalue of A;.

Solution. Since A\; < Ay < --- < A7, so by Theorem 4.4, we obtain the solution
as
-1 3 0 0 0 0 0
3 -1 3.3541 0 0 0 0
0 3.3541 -1 7.0421 4.3303 5.4458 8.3496
A3y =1] 0 0 7.0421 -1 0 0 0
0 0 4.3303 0 -1 0 0
0 0 5.4458 0 0 -1 0
0 0 8.3496 0 0 0 -1

We compute the eigenvalues of the successive leading principle submatrices. The
given eigenvalues are written in bold font to illustrate that the conditions of the
problem are satisfied.

o(Ar) = {-1}



220 D. Sharma and M. Sen

(A2) = {—4,2}

(A3) = {-5.5,~1,3.5)

U(A4) = {—8.92, —3.6675,1.6675, 6.92}
(45) =A{
(As) ={

= {—10,—3.7557, —1,1.7557, 8}
~11.5,—3.8284, —1,—1,1.8284,9.5}

o(A7) = {—14.4,-3.8994, -1, —1, —1,1.8994, 12.4}

Example 7.2. Given 7 real numbers Ay = 9, Ao =1, A3 =2, \y =7, A5 =
4, A\¢ =5, A7 =6, and the adjacency matrix Asy4 of B3y, find a diagonal matrix
D344 such that A; is an eigenvalue of Aj 344 + Dj344.

Solution. By Theorem 5.2, we obtain the solution as

8.8576 1 0 0 0 0 0

1 17500 1 0 0 0 0

0 1 32833 1 1 1 1
Asis+Dspa=1| 0 0 1 7.0000 0 0 0

0 0 1 0  4.0000 0 0

0 0 1 0 0  5.0000 0

0 0 1 0 0 0  6.0000

We compute the spectra of the successive trailing principal submatrices of
Astg + Dspyq. The given eigenvalues are written in bold font to show that the
conditions of the problem are satisfied.

O‘(A173+4 + D173+4) = {0.9236,2.6075,4.3206, 5.3229, 6.3206, 7.3958, 9}
0(Az3+4 + Dasta) = {1,2.6661,4.3229, 5.3244,6.3218, 7.3982}
U(A3,3+4 + D373+4) = {2,4.2952,5.3046,6.3063, 7.3772}

O‘(A473+4 + D473+4) = {4, 5, 6, 7}

0(As 314+ Ds344) = {4,5,6}

O‘(A673+4 + D673+4) = {5, 6}

0(A7 344 + D7344) = {6}

Example 7.3. Given a real vector X = (—1,2,3.5,6.92,8,9.5,12.4)7, a real num-
ber A = 2 and the adjacency matrix Asy4 of B3y, find a diagonal matrix D4
such that (A, X) is an eigenpair of Asz;4 + D344.

Solution. Since each component of the vector X is non-zero, so by Theorem 6.2,
we obtain the solution as

4 1 0 0 0 0 0

1 075 1 0 0 0 0

0 1 -9.0914 1 1 1 1
Asia+Dsis=10 0 1 14942 0 0 0

0 0 1 0 15625 0 0

0 0 1 0 0 16316 0

0 0 1 0 0 0 17177
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8. Conclusion

The inverse eigenvalue problems considered in this paper fall into the category
of partially described inverse eigenvalue problems, as the eigen data consists of one
eigenvalue each of the leading/trailing principal submatrices of the required matrix.
Such partially described problems may occur in various computations involving a
complicated physical system where it is often impossible to obtain the entire spectral
information. We are also studying similiar problems for more general trees instead
of a broom, for example in case of a tree with only one diametrical path such that
each non-terminal vertex is of degree four. The problems may get complicated for
acyclic matrices whose graphs are trees with more than one diametrical path. Such
problems can be challenging and interesting.

Acknowledgements. The authors are thankful to the anonymous reviewers
for their valuable comments and suggestions.
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