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DIFFERENTIALS OF THE BICOMPLEX FUNCTIONS
FOR EACH CONJUGATIONS BY THE NAIVE
APPROACH

Han UL KaNG, MiIN J1 Kim AND KWANG HO SHON*

Abstract. In this paper, we aim to compare the differentials with
the regularity of the hypercomplex valued functions in Clifford anal-
ysis. For three kinds of conjugation of the bicomplex numbers, we
define the differentials of the bicomplex number functions by the
naive approach. And we investigate some relations of the corre-
sponding Cauchy-Riemann system and the conditions of the differ-
entiable functions in the bicomplex number system.

1. Introduction

The bicomplex number system B is identified with C2, where C is
denoted by the complex number system. The bicomplex number system
B is a commutative real 4 dimensional (skew) field. And B is considered
by the extension of C.

Many authors have studied the properties of the hypercomplex func-
tions and applied to various Clifford algebra. In 1971, Naser [10] studied
the hyperholomorphy of the hypercomplex functions, and provided sev-
eral properties of the hyperholomorphic functions in the quaternion field.
And Naser [10] obtained the corresponding Cauchy-Riemann equation,
the corresponding Cauchy theorem, etc.

Recently, Kim et al. [5, 6] have investigated the regularity of the
hypercomplex functions valued the ternary number and the reduced
quaternion. Jung and Shon [1] have given the properties of regular
functions on the dual ternary number system. And Jung et al. [2] have
researched the structures of the dual quaternionic regular functions.
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Lim and Shon [7] developed the properties of the split hypercomplex
functions, and Kim and Shon [4] investigated the regularities of functions
valued dual split quaternion in Clifford analysis.

Luna-Elizarrards and Shapiro [8, 9] provided a survey on the hyper-
complex number system in Clifford analysis. They described the bicom-
plex number functions and fundamental properties of the hypercomplex
functions. Kang et al. [3] studied properties of regular functions for 3
kinds of the conjugation in the bicomplex number system. They pro-
vided the corresponding Cauchy-Riemann system and the corresponding
Cauchy theorem for each conjugations of the bicomplex functions.

In this papaer, we aim to describe the relations of the differentials
and the regularities of the bicomplex functions in Clifford analysis. We
show the condition of the differentiable functions and the derivatives of
the bicomplex functions. And we find some properties for the bicomplex
functions for each conjugation in Clifford analysis.

2. Preliminary

The bicomplex number system B over the real field R is denoted by

3
B={z|z=1z14ex, 2, €cC(j=1,2)}={2|z= Zejmj, zjeR(j=1,2)}
j=0
By the direct computation, we obtain the notation of the bicomplex
number z as follows:
zZ = z1+e222
= (w0 +e1x1) + ea(x2 + €123)
= X0t e1x1 + exx9 + €373,
where e3 := eseq, z; (j = 1,2) are usual complex numbers and z; (j =
0,1,2,3) are usual real numbers. By putting e3 = ese; with eg? = 1,
the basis {eq, e1, 2, €3} satisfies the following properties :
€y = id., 612 = 622 = —1, €19 = €92€1
and
e1e3 = eze] = —eg, €2e3 = €362 = —e1.

There are three kinds of conjugation of bicomplex number z. The 1st
kind of conjugation z* with respect to ey is determined by

¥ =21 —egz9 (21, 22 € C).
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The 2nd kind of conjugation z# with respect to e; is determined by
2" =7+ e9%3 (21, 2 € C)
and the 3rd kind of conjugation z' is determined by
2= (214 e222)")# = (21 + e222)%)" =21 — 273 (21, 22 € C)

as the composition of the above two conjugations z* and z#. The mod-
ulus of each kind of conjugations is defined by

|z]§ =22 = (214 e222)(21 — ea29)
= z% + z%,
\z@ =227 = (21 + e220)(F + e2%)
= 2171 +ea(21Z2 + 2271) — 2272
= ]z1\2 — \22]2 + 2eaRe(2172)
and
|z|? =221 = (214 eaz)(F — e27)

2171 — e2(z172 — 2271) + 2272

= |z1]? + |22)? — 2eaIm(2173), respectively.

The bicomplex number z has the unique inverse value for each kind of
conjugation as follows:

T
z
d z7t="22
and  z; ‘Zﬁ

* #
-1_ 7 -1_ %
z*

for nonzero modulus |z|?, |z|§# and \z|$ of z, respectively.

Let Q be a bounded open set in B. A complex function f: Q — B is
defined by

f(z) = fitefo
= (up + e1u1) + ea(u2 + ejus)
= Ug + e1ul + eguz + ezus,

where u; = uj(zg, z1,22,23) (j = 0,1,2,3) are real valued functions and
f1, fo are complex valued functions of two complex variables z; and zs.
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We consider bicomplex differential operators as follows :

1, 0 0
D —5(8721 —628722),
N
_2 821 6282’2 ’

1. 0 0

D =2 (—— _ eg—
2(871 62872)’

1.0 0
Dl =— (== 4 ey——).
2(871+e2872)

Definition 2.1. Let ) be a bounded open set in B. A function f is
said to be the 1st(2nd, 3rd)-regular function in € if

(a) f € CY(9),
(b) D*f =0(D#f =0, D'f =0) in Q.

3. Differentials of bicomplex number functions

Let 2 be a bounded open set in B, z € 2 and let f : 0 — B defined by
f(2) = egup + e1u1 + egus + egug a bicomplex function. For increment of
the argument at the point z, we put a bicomplex number A # 0 satisfying
z+ h € Q. Then we can consider

3 3 3
F+h)=f(2) =D ejuj(z+h) = ejui(z) = Y ej(uj(z+h)—u;(2)).
j=0 j=0 j=0

Since h is an arbitrary element of B, h can be expressed by h =
a+ eib+ eac+ esd for a, b, ¢, d € R. Then the lst-inverse of h is

-1 _ a—+eb—esc—esd
a4+ A+
And the 2nd-inverse and 3rd-inverse are

1 a—eb+exc—eszd a—e;b—eyc+esd
a4+ 24 d? a? +b24+c244d2
Definition 3.1. Let ) be a bounded open set in B and z € Q. A
function f is defined on a bounded open set Q. If R, {f(z+h) — f(2)}
has a limit as h — 0, then we say that f is the 1st-differentiable function
at z € Q. And the limit is said to be the 1st-derivative of f at z and
denoted by

1) fi(=) = ! T (e 4+ h) = (=)

-1 _
and hT =
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Definition 3.2. Let €2 be a bounded open set in B and z € ().
A function f is defined on a bounded open set . If h;{f(z +h)—
f(z)}(h;l{f(z +h) — f(z)}> has a limit as h — 0, then we say that

f is the 2nd-differentiable (3rd-differentiable) function at z € Q. And
the limit is said to be the 2nd-derivative of (3rd-derivative) f at z and
denoted by

Fyle) = g a4 1) = £} ()= fim (e ) - £} ).

Proposition 3.3. Let 2 be a bounded open set in B. If the function
f is the Ist-differentiable function at z € €}, then f satisfies

/ 0 0 0 o
(2) fi(z) = 650 = 6163{1 = _6269{2 = —6389{3.

In cases f is the 2nd (3rd)-differentiable function in z € Q, f satisfies

py o OF 08 or  of
# 8$0 ! 3$1 2 BZEQ 3 8$3

fo -2 )
f N 8930 a 18951 N 281‘2 N 38333 ’

Proof. By direct computation, we know

h H{f(z+h) — f(2)}
S ol + ) — (=)
+e1(ui(z + h) —ui(z)) + e2(u2(z + h) — ua(z)) + e3(us(z + h) —us(z))}
_a+eb—ec—esd
a4+ 4 d?
+ er{ui(zo + h,x1 + h,z2 + h,x3 + h) — uy(xo, 1, T2, 23)}
+ GQ{UQ(.’L‘O +h,x1 4+ h,x90 + h,x3 + h) — uz(x07a:1,$2,x3)}

+ es3{ug(zo + h,x1 + h, 2 + h,x3 + h) — us(xo, x1, x2,3)}].

[ug(xo + h,x1 + h, 22 + h, 23 + h) — ug(xo, 1, T2, 23)
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Considering the cases of that h forms h = a, e1b, eac and esd.
At first, if h = a, then
hi {f(z+h) = f(2)} =hiH{f(z +a) = f(2)}
= [uo(zo + a, 21,22, 43) — uo(z0, 21, 22, 3)
+ er{ui(zo + a, x1, w2, x3) — u1(x0, 1, T2, 3)}
+ eo{ua(xo + a, x1, xo, x3) — u2(x0, 1, T2, T3)}

+ ez{us(xo + a, x1,v2,x3) — uz(wo, 1, T2, 23)}].

So we have
ou ou ou ou
: -1 _ _ %0 bt ] g3
illl—r% h* {f(Z * h) f(Z)} a$0 “ 81’0 * 2 833‘0 + s 81’0
of
(3) - 6950 ’

In case of h = eb,

hi {f(z+h) = f(2)} =hiH{f(z + exd) — f(2)}

1
:?[Uo(xmxl + b, 9, x3) — ug(xo, 1, 22, T3)

+ er{ui(xo, z1 + b, 2, x3) — u1(z0, 1, T2, 23) }
+ ea{ua(xo, z1 + b, 2, x3) — u2(z0, 1, T2, 3) }

+ es{ug(zo, z1 + b, w2, x3) — us(xo, x1, T2, 3)}].

So we have
. _ 8U0 8’LL1 aUQ 8u3
1 _ _, Yo oJu1 vvz Y%
Mm A f e+ h) = f@)} =eg g Fesg e
—\o Yoxy " oz T P om
_of
(4) = 61871:1.

Similarly, we have

6)  mhSGER) - ) = —eag

D (when h = eyc)

and

(6) }llig%)h*_l{f(z +h)—f(2)} = —eggi (when h = e3d).
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All limits of each case have to be same to clarify (1). By (3), (4), (5)
and (6), we obtain (2).

Similarly in cases of the 2nd-differentiable functions and the 3rd-
differentiable functions, we can obatin the results. O

Theorem 3.4. Let €) be a bounded open set in B. A function f is
regular in Q if and only if f is the 1st (2nd, 3rd)-differentiable function
at z €

r_o g M _ 0f _ of _ of
D f =0 iff 8%0 8.731 83; e 8:63
o Of 8f af of
#r_ = —
b f 0 iff 81’0 8$1 81‘2 s 8303
o Of of 8f af
T = —_— =
b f 0 iff 8%0 A 8:61 6 xTo 8:63

Proof. We consider 88 and — 0 (j = 1,2) are usual complex differ-

Zj aZJ
ential operators. Then, we denote

ﬂ_i+i 9 _ (9 9
oro 0z 07 Ori  \oFm ’
(7)

o _9 9 a2 —-_
Dm0z 05 M gm T @

Since the function f is the lst-regular function, f satisfies (2). So, we

have the following equations by (7):
of [OF (08 _OFN__  (9f 0OF (2L _9F
0zy 0% 0z 0z )

o o 0 ) <a a)

0z 071 0zZ1 0=z
Then,
of . of of 8f
—eg—— d =0.
o o M O T %on
Thus, we obtain
D*f =0.

Conversely, we obtain the result clearly because the above conditions
are equivalent. Similarly in cases of the 2nd-regular functions and the
3rd-regular functions, we can obatin the results. O
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