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Abstract

We study estimation and inference of joint conditional distributions of bivariate longitudinal outcomes using
regression models and copulas. We consider a class of time-varying transformation models and combine
the two marginal models using Gaussian copulas to estimate the joint models. Our models and estimation
method can be applied in many situations where the conditional mean-based models are inadequate. Gaus-
sian copulas combined with time-varying transformation models may allow convenient and easy-to-interpret
modeling for the joint conditional distributions for bivariate longitudinal data. We apply our method to an
epidemiological study of repeatedly measured bivariate cholesterol data.
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1. ME

AAA A5 (longitudinal data)& ZF 7HQINAIAN HSA]|7F Al2te)] whel fiEd o2 AoA)&= H¢
Asich Aol Folst 2o AL s A7k 35O wet FHFHoE B2 EfFFow &
X7} QojRH, FL3 AMA N FZX7F A2l dojR g2 FEXEo] HE EJolgl= 7ol A
2] gketh oS AAA AR E AT oM this Ak5e ST AIAE A5 SA4E §
A aedsteiof sttty AR, AAA A57F b A58} o §A2 AS5AS0] ATt weEr A7t
A A ke Folx, ERE AAE A5} D}P EAL AAE Ao 2§ AAlNA doRE
=4 AFEY A AU oz A Folth. 9 FAMA AAIE A5 2= IAF Al 9
oA F 7HAY ME T X EHS 22 A A A Este] vhgRiae] HslE A5 B A A
oAlA dofR & Hu A Tedt AAIA A5 R, 7|40 ol HEdte] 5 YT At o] 2+
4dH A& vHEste] #F, 7|55k tha EX4st AAA A5 o|27]71A] i theFs)T.

AA A Aol 3t B A A 9l o] REL Diggle 5 (1994) 7} Lindsey (1993)0] ]3] & B 2|7} o] 911
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beke (2005) o] 4 .
ozl ZHA7F o, 2 FY EAA E4 BAL 37 £4L o|&ste] #5H RHs S
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2 Ao ARe 0= @ A o 3T Azl theled 25 QASAE 4
A Az olth F 2,50001% 2] WA Bl H4dY] AYES e ® 1986 3 E 1997 d7b4] 2
vt AE A A8 A 4% e AES #50] 7158 Az oltd (National Heart, Lung, and
Blood Institute Growth and Health Research Group (NGHSRG), 1992; National High Blood Pres-
sure Education Program (NHBPEP), 2004). Z¥XHE2 A 502 AAe 7|52 AMNHL
2 FAAZ e ol B5AeE Fast 7 ARCE BT M SRE UNledl olF ‘22 FdaHE
olg} Bl 19x A A A (high-density lipoprotein; HDL)3} ‘U ZEAH SR E2= AUE
A At A (low-density lipoprotein; LDL) o] S23H] thFol Attt Fd|2HEL2 A 3 2
BIAZA AHAA LAF TS AT, gdod A% sEth Y &9 ZHAHE 55271 &
FHAS dlo] HAY FAF, ACBAT TY AAST HEF, 18 TY HEH AFo
A 7Hsd 0] Fokkitta g A Stk (Anderson 5,1987). ol ARWEL 2 WAk F2
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2.1. 9432 4t

n]Z 2 H A9 (National Growth and Health Study; NGHS) ol A& Al Zole] tha g AeHES &
Aoz 1986 dHE] 2,379 ] 9-10M19] Job(#M2 49%, 52 51%)SS Ao ® 1997d7HA] 1009d
o] Ax snjtt o}z A APAAI] AF QA4S At AL A IdFF AFWE 7}
T 593 F2o AEFES Z NG T £ JEF AEE ATy ATAEL o] HolES R =
2319 22 EF tﬂra} FRO FYE AA 7], BFA, 8, AP E B HAE¥EA T
A3te] 7158kt FHEL AFHE W ofof 74%0lA] £l oJo} 95%°] o]=2v o
FEAoz 8.8 Aﬂa%% LESATH A B 8.63]/10d, 52 B 9.03)/109). & 2
7} o3 FYAEHELS F 3 A (Yl P 3.13] /109, Sl B 3.03]/109) SHE A=
o], 24 Fo & FH2EE, 44, HDL 4 2HE, LDL FH2HES £33t 715313t

oy L
o 2
T

2.2. A2 2=

FEle A AR FHCNA dubd e 2ol thgd] A8 72 E A4 f-ele ARkl wet Rt
& 5749 nge] SHAA MNASE ol 7R BAA A5F 7HdstH iWA A ni 7l A5A7}
tiy € T, 7 =1,...,n ARAA QAR 7HE%TE o714 T AR JEAE Yol #4 A
oz Fe] tide] He #F 77e vedinh. A€ S8 27 AR AA ABA T = [9A],
19A) Q1 vole] Al F3ke] F a1, ;= 9.24] 10.34] 59 711&1 ZHY2H S0 ASHYL FAY Lol
S vehdch AR A e Tl thate], Y(t) = (V' (1), Y2 (1) A3 toll Al A5 wsje) o=k
HEASE UE 2, X (1) = (X1(t),..., X,()" € pAR A5 WH2 235 S A7
oith. 1A T HJEWr Lo AAE Ry BAA A5 72 {X (1), Y (¢), thell tste] A7
7k nvg e Al Histe] AR A= ASAE {X(ti;), Y (i), tij3j = 1,...,ns, i = 1,. n}E Es)

& % Stk oA BT A AA D AT AAE A9 Aol whet BEIE A N
5 see, nuu Ztzke) AAAlE A2 e A5 ANEE] AT t = (t,...,t)" €T/, J>14
AU B2 QoA =, BE AR (.., 1)72] BE AReIA BEHE Aol ohieh 2

AR 2 1719 ARE] Aol EASL TAS) B2 Al thste] BEAS} I B 2 Al
g ANAer BEHE B5A A5t O 5 Juh oAF So oA AN nAlel ANA A=
7L Aol A u, ;W) ARoIAE n, Bl AR e B2
A Bl AR AR Tlel AR B3 AN BE ARSe] A Basol7
oA, QA A7 Aael glo} o] A WA EAR v]e] Ael BE Aol T B
£ 7o) BrsE Aot o Behe BE RSl Azte] AdelN BEHAE gt o] As
o) T2 NGHS Ap2o] 7294E Ax)she Zolt).

2.3. FH ZAY 2% 0

P olHE W 7o ddte] W £ AR BEXE FATICL AlF oA T
X(t)7F z() 2 FoigSu] 9wz W YY), kb = 1,29 FH AR BIE Fu(wlr) =
Pr{YR(t) < y(t)|X (1) = x(t)] 2 Bk §olo] A (1) w2 B/ w), $2le ok A
H A3 23 (time-varying transformation model)& 7}A 3t}

g [1 = Fre (yel)] = b (yi, t) + X (0B (),  k=1,2. (2.1)
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= 1,29 thsto], gr(-)& LA e Faske FEie] ddFFoIH, hy =
A A o2 toll Histe] Frbeke °§EH-4 NIAZelt B9 Bee B(t) =

Ze Br(t), r =1,...,p= ALt € [l w]] FADTIH. Hof F0 =

A5 22 By f83t ] ZEHEEE B A AZES gr[l — Fre(yr|z)] = log[—log{l —

Fit (yn|z) ok vl 22 B8 gi[l — Fre(ye|r)] = —log[{1 — Fre(ye|2)}/ Fre (ye|2)] & 2812 5 Slrh

5 on(r) = g, (), k = 1,28 g9 Ik B7)500, BASAF tof] tiste] 919 2382 Cheng
(1995) o] Akt thZo] ¥E P 55T & 5 Aok

hi (Y’“(t),t) = —XTWBe(t) + e, k=12,

71A e = gk[l — Fkt(y BOIX 1)) FARZIFE Gi() =1 — gr()E /= FEoAYS &
2 Vi) Y2 (t) 2zl tistel M o 37 24

(1), Y2(t) 2tzke] 7445 tisle] & o |4
el

2 &
offt
)
ku
<

Aered YL nEed 23S o83t Agsle SAl0l Yi(Y)
Hglez 23S ol gdta] A 4 k. 2 (2.1)014 AIA tollA ¥ {X(¢)} 7 F3S
ZAR BZALE Fe(yelz) = 1 — on{hnlyr, t) + X7 (0)Be (1)} 2 YRS 5= Atk 5,
=l B E2EZTT Fr(yelz) ol thet 4l A48 #2& 71-sHe 2ol Azt
FE 2FAF o2 TSt A5 E At o s 2y olgta &4 ok
-}Liﬂﬁ,gi T@%—% T3t hHe WA Cheng 5 (1995)9] & 4‘ﬂo‘7§é](estimating equation)° T
Br(t), k = 1,20 thgk 23X Bi.(t) S F3kech lﬂl 2P &
& 2R hy thee) AL that HE AojD 4 Ytk k= 1,2.
1 o ~
— [I vE) > m} =6 (Rl t) + X7 (4) Beltn))| =0, k=12

n
T

~

AR FRA AN 27k 28 Br(H)%} hes FE-AVE Y 5L o8 WEAA &
A 8 gozAe] 2 Fegley. ol @A dojR A Bi(t) %
R=3 4

Fuyele) = 1- 6 (hlys ) + X7 (1)Bu(t)),  k=1,2
2.4. 28 U 2% 29

we thAgk oA 2 wgkzle] oj2Ae IZek(Copula) F4E olgstel AL 4 itk v'e)
FHEEE R, Y R E2E R o, VIR Y] A £ J T3 5 OF 085}
the3} Zol maHT

J(y1,y2) =Pr{Y"' <41, Y? <y} = C{Fi(n1), Fa(v2)}, y1,92 € R.

Genest9} MacKay (1986) 5ol o8] 2=} T FHASA AFHo] gon (%7 <, &%
9}, (HDL LDL) 59| oJ¥# zt5ol] EAshs M4EY 4% AB4E I8 I8 ol
Ll
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Je(yr,y2) = @ [@7F (Fuu(yr)) , @7 (Far(y2)) |p(t)]
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= Ci(u1,u2), t € [le,ue],
A7 wr = Fue(yr), uz = Far(y2)©1™ p(0) @7 (Fre(y2) 3 @' (Fuue(y2)) 9] 487458 viehdiey
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uhgM4> (HDL, LDL)E (Y'(),Y?(t) = el o X(t) = (Xl,Xz( ))E TS vEhdh
1A AEE Xi(1 = W, 2 = 591), ¢ AFAA S BMI M9+ Xo(t)eha a3l A0 ~
g F #5AY MgE 6,697tk A5 A¢H AEE ALY 1 flske] WES WMol 27 W3
#3to] (HDL, LDL) thAle] log(HDL), log(LDL)S A-&-3+31t}.

055_9,

F
l

=

kg ol gk on] &4 GAlA (HDL, LDL) ztzhe] dw e wh-g-isof thste], dgwae] 149
£ 213 oo et 22 22=4] F log[{Pr(Y < y|X = 22)/Pr(Y > y|X = z2)}/{Pr(Y < y|X
z1)/Pr(Y > y|X = 1)} 28E GFS 21, 2, yEOl thoto] 22jEgke of ther I3 Fe)
grlstich. webAl -2l (Y'(), Y?(1)) = (HDL,LDL) Ztzte] ikgwipoll thak 22 2
Fre, k= 1,28 F417] 93t th2 vl &= 23S AREs3inh

1 — Fit (y| X1, Xa (1))

— log Fkt(y|X17 X2(t)) = h(y, t) + Bl (t)X1 + bQ(t)XQ (t)

]n H
Me 0o

Hd o

Figure 3.12 W &o] 21 = 1,2, z2(t) = 5,25,50,75,95 2952 Fo] AL zhzhe] 720 Fy,(60)3}
F5(110)& UERA Aot} (HDL, LDL) ztzho] idt 9wek 7|2 404 HDL3} LDLE] z+ Ao
9] 75% 294 Frol thek zHz 60 mg/dL¥} 110 mg/dLS F40 2 tjE4clatA Wals AL 9l
sho], AA| A7 BEA AL 71&2HE A7 tol] thEt A+ZEeZ 60 mg/dL¥} 110 mg/dLLS 11835+
th a2geA F4€ {HDL > 60 mg/dL}Ql 25 252 vho]d] F7tol| wel A9 WsletA] b5
£ 7 9 vk, 349 {LDL > 110 mg/dL} ¢l 245 52 vol7} 144 dufj7bA] HE8] s 6}
07t 2 o3 E F7keHe S B 4 Atk BMI 92957t =2 3¢ {HDL > 60 mg/dL} <l

AR FEo] wolx] ¥k, {LDL > 110 mg/dL} 2l AR FFo] Holy& &2 4 gty BMI HH_E'__A
%7} 2+ A%, {HDL > 60 mg/dL} <l Z7A% 352 wiole] Z9lo nla] o7t Ve 218 & 2= 9}
BMI #2957t 22 2%, {LDL > 110 mg/dL} 9l 25 52 to]7} 104 AF2& 5lo] Hil
o vsl ok W2 S B 5 9o vol7t ZIHguket o XM 79 gle Aer Helth
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ojwigF whe W4 (Y'(4),Y?(t)) = (HDL, LDL)ol| thsto] Y'(¢)9} Y2(1)e a4 S
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<uyi(0), Y2 () < 92(t)| X = 2}& R3] 915ke] L2l 310N Y1), Y2(t) 22 2
F WS uie] et 2R 2 BE Fuy, Fooll 18 24 Fiy, For 2 A0 o] EA Qe By, By
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Figure 3.1. Estimated marginal conditional distribution of HDL and LDL of Caucassian and African-American
girls for each BMI percentile, respectively. Upper-left panel shows the estimated conditional probability of
{HDL > 60 mg/dL} for Caucasian girls, upper-right panel shows the estimated conditional probability of {LDL >
110 mg/dL} for Caucasian girls, lower-left panel shows the estimated conditional probability of {HDL > 60 mg/dL}
for African-American girls, lower-right panel shows the estimated conditional probability of {LDL > 110 mg/dL}
for African-American girls for each five BMI percentiles, respectively.

A7 7S AR Holnl, Falel A9 9A0IA o 0.158 AL 104] 2 go] o 0.4 o)
A ol7h 270l wet ARAS} 271 AE B,

Figures 3.33} 3.4= t}4l 71#]2] BMI W& 4= mg( ) = 5,25,50,75,95 B2} AFHZ 71A|¢
FZe} TE o]8dle] FAH4E 2 AR 2 &E Pr{HDL( ) > 60 mg/dl or LDL(t) > 110 mg/dl}=
" Zoltt. AAlz 344 &ESe] AT FHje] WEe F=/A vehl 7] fste] 7Rt A
9 Kn(ts,t) = exp(—(t; — t)°/(2h)) & ©]-§3 FES AN T L)L FAFe| = A3 o
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Caucasian African American
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Figure 3.2. Plot of correlation between quantile transformed conditional marginal distribution for Yl(t) and
Yz(t) over age for Caucasian and African-American girls, respectively. Left panel shows the plot of correlation
for Caucasian girls and right panel shows the plot of correlation for African-American girls. Smoothed curves are
overlapped in each plot.
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Figure 3.3. The estimated conditional joint probabilities Pr{HDL(t) > 60 mg/dl or LDL(t) > 110 mg/dl} for
Caucasian (z1 = 1) girls for five selected BMI percentiles.

U] (bandwidth)& X} 75 (cross validation) & F3to] h = 1.55 AR89t} Figure 3.3-& 1
2l ofolol thste] AW 2 AR A% 3E Pr{HDL(t) > 60 mg/dl or LDL(t) > 110 mg/dl}-Z t}
A 742 BMI 9j29)50] tfsle] 12 Aolth. wel oofe] A A% 27)ol= 205 A% SEo]
Zash=s A%S Hth BMI A7 52 F A(BMI HEHS = 5%, 95%) 248 2% &
Eol 154 o|%F F7hske vhd, UmA] Al A (BMI #2945 = 5%, 25%, 50%)0l= 17A4] o]=o
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