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S fa)9 gla)e F5F57F ol f(0) =1,

g(0) =08 AZE 7 §A4 g5ee A, agx
(F(2)?4+(g(z)? =12 F2ANY f(z)E= S35
olal g(x)E 7Igehs A7 AL, o5 A
dEo] AZ dZy0] &S ¢A HUTh

asrd g(o)7h Aoz whol dE oA
4o AAA A A% gla)) TEE 9AE AL
A Ak oA B34 gla) =00 AE AATkE A
& guan, W $842 f)E flr) =04 3
7 EAGEA e Wz PN FAZE 4
5% 97 + 94

AF f(22) =09 FeEExAL f(z)= —g(z)
TE flz)=g(z)elth 2HBR o)Al f(z)=—g(z)
£ f(z) =g(2) & WF3E 27h AR A=A
g A f(22) =09 o gt ARE S 4§
o)
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Al Qe 0<zf(z)<glz) <zol AHFER f(z)
9 glz)e BEF 07} 14jo]9 F59 @& Asiez,
fl@)=—g(z)7} | 27} 0<z <14E EAeA
et glelth o)Al f(z) =g(z)ol ds] sz

A5 flz)=g(z)d z7F 77+ (0,1]e EA)eich
%9, h(z)=f(z)—glz)2 2w h(0)=£(0)
—g(0)=1-0=10]22 hA(0)=1>00|t}. 3IHA,
0<z <1l #52 zf(z) <glz)o] AHIEE,
Z3s AW limaf(z) < limg(z)7t fFEdTh

z—1 1

ojaj f(x)% g( )% =194 A& FFolnZ
f(1) < g(1)e] h(1)=f(1)—g(1) <09
4 < 5 ek

Aa 0<z <1904 h(z)E A&l h(0)>0
h(1) <oolmz, Fg Aol &l h(a) =05
as(0,1]7 EA3tt. 5 fla) =g(a) a7t 73t
(0,1]el &7t [

=g(z)9 27t 732 (0,1]0] &4
st As g9t HAZ aHd 2 E o} T3, 5
2

+(g(a))?* =19 fla)=g(a)E 9¥ }‘?i
1

(¢}

& Bz, fla)=gla) = \}5 olt},
)

28 fla)=gla)s NEBAS P A%,
F(20) 91 3% THe3t o] 7 4 Ynk

flata)=fla—(—a))
=fla)f (—a) +gla)g(—a)
=(f(a))*—(g(a))*=0
A3 f(2a) =0012% 2= WA flz) =09 3
7b €k f(2a) =

0oleh= A& Fol A4d 94 =9
4 flz)o F71434% #dd 5 vk o &4,
Fo F71%e fla) = =
£ o] AaiAE 22 @S T 2 fES A
ofat7] wiEoltt.

A7IM =ols= FAA AR el 3t A
Ao} Aol A= gl RekE Aol A 5
o AR wEer AyAde Axsta gl

Freudenthal®] 483lolx 5 =
FE Fxoll A Hloket xR feglele thE W
Aot} oAl A4 6& AFHAL

A 6. AT pERE flz)=
Fret ohd, thEol AEdTh
() pe ?-ﬂ (0, 2]l *zﬂﬁiv}.
2 f(p)=0, g(p) =
9. () *“‘ 50l 19} ol a% fla)=gla)E
sk 77k (0,194 EAlske det s, pE
=05 WEahs Ao P4k S, p < 20002
<a<19BE (0 <p < 20|t}
2 pERE flz) =08 W= Hao| 5ol
07k A"t f(p) =003 (f(p))*+
=1 %= g(p) =—1°Ith @&

(=
il

=
I

7} slolok @t Wt g(p) =
%W S pE fe) =02 V5B

= 2 2 AN (f(2)’+(g(2)” =1
ZRH pE glz) =1% BF3E A2 d5ds &
F ok O

A 59 6ollME ol AAHE f(z) =09 27}
%zﬂs}%ﬂ’? g Egd digt @& #gdth 539
flz) =09 2o &5 29 SAo di3 R A

LH9~OIE} B i
ANg TRz Ao) TN FARE %ol ol

t}.
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A 7. AF pERVL f(z) =09 & ZoJ¥, Ty & FA O

o] Adggt} 3) & 4 4.
D flp—a)=g(x), fla—p) =g(z) glz—y)=g(x)f(y) — f(z)g(y) A yoialel
2 glp—=z)=f(z), gla—p)=—f(z) —yZ e, ool AEsi
8. ) flp—x)=g(plg(z)NX g(p) =12 glz+y)=glz—(—y)
2 flp—2z)=g(2)7t A3t f(z)e $PFolnz =g(z)f(—y)—flz)g(—y)
fla—p)=f(—z+p)= (x)f(y) +flx)gly)

)o
2 M & glp—= f(p A A
22 g(p—a)=flz)7} Lok zm g(x )—E 7] WMo 3% IS

)= =
Froln g(z—p) =—g(p—z)=—f(z)ltt O 1) = 39 =4
Foge] W f(p—a)=g(x) A 1
fla—p)=g(z)e f2)& rFo2 pF FFPo] 2—yE ddad flp—(z—y))=glz—y)ol 43t
Fw glz)7t Bde AE 9uEth aga 1 e fla—y) =f(@)f(y) +g(x)g(y) 9 82
glz—p)=—f(z)e g(@)2 zZo2 puF HYo) o AE A& v5S 48 4 Uk
FH 2L f(z)9 aHZE 3o da ol glz—y)=flp—(z—y))=f(p—z)—(=y))
= As HEhTh =flp—2z)f(—y)+glp—a)g(—y)
Agddle flz), gla)E 712BdANAT EA)5k] =g(x)f(y) — flz)g(y)
(x)9 g(x)9 AzaEAs} 2 o] thsixE o (3 = 19 4.
& & g ay AE 78 B3, fla) 9 glz) e kel Wael glp—z)=f(z)lAd zoial
Baolw, iF Y MdE wiNR sto] A2 AAHY z—yE ddshd g 4§ b
A & S gk fla—y)=gp—(z—y))=g((p—z)—(—y))
Az BB g FAst] HAAN  f(z), =glp—a)f(—y)—flp—2)g(—y)
g(z) 9 AzAAA ] =2yt o5 Fa A9 F = f(2)f(y) +g(x)g(y)
4 el PA qaEe AEaud, 4eoeds  ozie WA (ol delth O

24 8lA T2 (DA (2), T4 QF W7 A= F

A 8 thE TAHAES AR FA Agte A9 FHe flx)7h 85, glx) 7t 7135
W) flz—y)=f2)f(y) +g(x)g(y) B 2A%T aga ofrlel AR 79 WEk
@ flz+y)=f(z)f(y) —g(x)g(y) glp—z)=f(z)& F7kI4, 54 (D )] T
@) glz—y) =g(@)f(y) = fla)g(y) = o] fEE o8 Bl f(x), g(z)ol tg o]
@ glz+y)=g@)fly)+f(z)g(y) e ARES 4S5 o
Z9. () & 29 &4 A 82HY 4d& F v ARE 39 e o
fla—y)=f(@)f(y) +g(z)g(y) M yudl —y XA 25 nFdal FtunAe] g F5AE
£ gty tes 45 & Atk 3} 2o F2E JHATGE Aot
flaty)=f(z—(=y)) cos (x —y) = cosz cosy +sinx siny
=f(a)f(—y)+g(x)g(—y) cos (z+1y) = cosz cosy — sinz siny
=f@)f (y) —g(x)g(y) sin (z —y) = sinz cosy — cosz siny,
OJZHE A (D& Q= WyHn, 2)9 #AA A y sin (z+vy) = sina cosy + cosz siny.
gl —ys digstd (D9 A%E 4oz (1) ( A A4 84 4709 T2 TA e AS s,
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o| A& AAEg A E0 AR FAY sl U
s YA g

42 823 [(z), g(o)o #7140 2 e A
4% 9 % Ak % o), g@) 2ol oE pe
Bele @%@t flotp)E FAY, 21 atol f(@)d 2
e paks A% 4 9ok

44 9. 45 peR7 f(p) =08 sk Azl

ops-} s, ohaol g

8 f(ac+p)— —g(z), glz+p) = f(z)

2 f@2p+az)=—f(z), g@2p+z)= —g(z)

3 fBpt+a)=g(z), gB3p+a)= —f(z)

@ flap+a)=f(x), gap+z)=g(z)

8. () f(p)=0, glp)=1°122 flz+p)=
f@)f(p) —g(z)g(p) = —g(z)e] =M, glz+p) =
g(z)f(p)+f(x)g(p)=f(z) ] Hrk.

@ f@2p)=fp)f(p)—g(plg(p) = —1eIM (g4
8ol <la) g(2p) =g(p)f(p)+f(p)g(p) =00°] 3
dez, oes ¢ 4 ook

f@p+a)=f2p)f(x)—g(2p)g(x) =—f(z),
g@p+a)=g2p)f(z)+f(2p)g(x) = —g(z)
) f(3p): f(p)ZOOlE g(3p) =—g(p) =—1
olm thgo] 4Rt
fBp+z)= f(3p)f(x)—g(3p) (z) =g(x),
gBp+a)=gBp)f(z)+fBplgx) = —f(z)
@ f(4p) =1, g(4p) =00]22 Th&& & 5 9tk
flp+z) =flp)f(z) —gdp) g(z) = f(z)
gdp+a)=gp)f(z)+f(4p)g(z) = g(x).
o2 RE, 4AE0] AUTE X & 3

43 99 oldl, 4% pER I} f(p) =0% WEA]
= Hxo YgFolH fldp+a)=f(z), g¢gldp+z)
=g(z)7} AHstnz 35 f(2) % gla)= #7185

ol olw} f(z), g(x)9 F71% 4pRrt ALY 27
Ay, 22z A% RoIAY f(z)9 g(z)e
A% 770 0dp) A F el Rzl ols 24w
%l 99l (-3l 2Jall, [0,4p) A f( ),
T2 [0.p)AA f(2), g(a)e] FEol
.ol Zo], FA A FAH R A

E3 4

i&

o
=

E‘rn 44 1094 [0,p) A fla),
of #e vk

glz)e H35

44 10.
1) 3t
2) 3t

[0,p]1A f(z)<
(0,p]olA g(x)<]

—~

2 0,p) oA glx)el
02|94 gl)ol wag waad 0 (0.2

A

0<z< <101U1 7|28 A zf(z) <glz)

A w5
To

p

o] Ayttt webx ¢(z) > 00tk 3¢ :

,p] ol A

9

ojt}. [J
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47 11,
O HmZE = o) g(a)= =04 vwsks
-0 T
3.
© 1ing%:oo1u4 Ha)e z=0olA v
sant
29, (1) 2 =094 g(z)7t EASEAE Sals)
A e Lm0 9@ g g g
x—0 z—0 x—0
ZAbIAE 0<z <194 0<zf(z) <g(z) <zo
NYEEE GNe 22 Y 0< flo) < 9(;) <1

o] Hrh oA z=09A $5%E& FHsAh W
Oélimf(x)slimg(z)glolﬂ fla)e =0
z—0" 20" z
oA Agolmz Hrr}f(a:)=f(0):1°]1’/}, w2} A
x—0

“m%:“l CRER I 1im—g(§):

2—0" z—0
im 2T i 97 e o —gan gla)=
z—0" z—0"

n&27158ta ¢’ (0) =10] 9t}

@ 2=094 f(z)o MEAFEHS B8]
e im0 g F@ g e 2
2—0 z—0 20 x
Ao wek ol A9, Ll o sy
(f@)+1De Faz (g(z))? =(f(z))*—1% o] &)
Ae W theo] ol
fla)—1 . —(g(x))?
lim = = I+ 1)
@) )
= lim limzry T
0
=1- 570
GeEE p—0dd flz)e] vRASET uRA e

f0)=1°th O

oAl A4 83 44 112 ol&dto] fla)s} g(x)9

X
h =
1= —glx).
83} e olgaldl thes)

2ol g(a) 9 MEAFE T8 & Ak

N
=
o oo ox

¥
ol
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e
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AA 12404 [ (z) =—g(2), ¢'(2) = f(z)7} Aot
v AL Utk oA A4 128 ol &8 2AETTE
T 2ol ?L%L & 9l

d? d

1) = gla)=—f ()

=

& _d _
Fg(x) = f(x) =—g(z)

(23 3] f(z)o 2= K
[Fig. 3] Graph of f(x)

5 (@) =f(z), (x) —g(x)7h gk
adER f(r)et g(x)iﬂ HlEAGEe 2A A
B35 flo)s) gla) o F20 o3 AA=HY. 2 331
NA flz)ek g(x)o] vEAFS 2AMEAFY] F35
£ At el S Ee cgjze) BEA ) g
ARE & F AUk
4409, 44 11, 44 1241 98, A+ (0,p)
(p:2p), (2p,3p), (3p,4p)IA f(z)9k g(z) T4 (3% 4] g(z)ol THZ 7Y
nEAFe} AR EAFY) RE5E f(z)9) glz) &5 [Fig. 4] Graph of g(z)
o Foo AA"E AL & F Utk ofA o]F A = .
am ghre] SabdElel aeze) B2 g [# 1] B O E iROﬂ e o) = f(‘i):
o 9s 2 gy glz+4p) =g(x)o] FHER, f(z), glz)E BF
' FEFAE Gokon, 1 FUPt dprh AAY 2o
£ 1] fo)ol Zoint 22y = AR Aok oA fx) 9t g(x) ] F715 ToHah
[Table 1] Increase/decrease state, convexity of f(xz)
A 13, pE flz) =08 BEees Ha9 I
(0p) | (p2p) | 2p3p) | Bpdp) 5w goo) yauay
flo) | + - - . (1) 84 f2 F717F 4p3) F71 850l
]{,,((I)) - . ! ’ @ B4 gt T 4ol F1EEoIT
x - — = o m= =)
R SHE OI_EHE O]’ﬂ]i SHE v0__]:5‘--(1) r— Ev z& ]R-Oﬂ EHOH f(w"l_?") f(w)
F@ | e | e | owe | me & UESE A28 5T S F 08 fl2)9) 7
M s | ax | z4 | s # s RE aeRd dE flatdp) = f(2)olm
Z,or<4pde & F Atk #A, r2 flz)9] F710|
B2 f0+r) =f(0)°] At f0+r)=f(r),
f(z)= [0,4p]olA [27 313 2& g agzs F(r)=£(0) =10] AAaT}.
7AW, flz) 7 F718ehe Al giekstd g dA ol T2+ (0,4p) A flz) =18 Bl 4p < 7o
oA o] o] ¥HEHET:E A& ¢ & Atk @9 = AAS 85354}
g(z) 9 a2t zE [p,5plelA g(z) =f(p—=z)dl o3 WA 0<az <2l f(z)= —glz)o] AP
o b i) ) <

T
Jlo)el 2% v 5o pl 00131 flx) i o] FaklA] sk ¢
ol [0pllA= glap+a) =gla)el A3l Upspll v f(p) < f(0) = 10| =@ f(gpﬂﬁ) = f(z)

1
Aol asjzet dx@ch g(a )9] gz (2 4] o] AR f(2p—a) = f(—2)=—f(z)o] Hu=
e o b))% oA £ 22

= A& uigt. 2=z £((0,2p))

=
QL
2
=
o
o,
%
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=f((2p,dp))elaL, 2p <z <dpolA f(z)<1o]th
%, (0,2p)elAl f(z) <1o]aL f(2p) =—10]Bm& T3
(0,4p) A f(z) <1olth Aa f(0) =1=f(4p)ol
2 (0,4p)elA flz) <1oBZE 4p <& 4S5 9
ot 2ER r=4p7} FHATL

2 gla)e= #AY fla—p)=glz)d 8 f(z)
E 2208 puE Hgolsd Aolmg ¢(x)9 F7]
B flx)e F719 2 & Ol 8 g(x) o F71=
dpeltt. [

olgl= RS oot} AAE {(f(a:) ( ))le]R}J
gz w99 5= {(u,v)lu?+o? =1}olehe AL
Folata

A 14. {(f(2),g(x))|lz= R} HEFNA ]
I EE 51:{(71,?))|u2+v2:1}94 g zel P}

9. 499 zeRd &, h(z)=(f(x), g(z))
2 Aeep. adW hE h:R >R 5o
(F(2)) +(g(2))* =101 U=, h(x)T A
A, h(z) =(f(z), g(z))€ S"el¥ h(R) C S'olt}.

oAl §'C h(R)& Rolt )% 8], (uv)E S
el dele] Aojgt ahab ofwf ue —1 < u <109

f:l0.2p] > [—1L1] ddaeteolmz f(z) =urt
gt z7b EAFY 9714 (g(2)* =1-(f(2))?
=1—u?0la v +v* =192 (g(z))? =20 4¥

st a2 2 g(z) =volAr g(z) =—wveolth wHef
gla)=veld h(z)=(f(z),g9(x)) = (u,v)o] =,
(u,v) € R([0,2p]) < h(R)e]tt.

3, g(x) =—wvolW thgo] AHsth

h(dp—z)=(f(4p—z),g(4p—x))

=(f(=2) g(=2))=(f(2), —g(2)) = (u,v)
Ax (u,w) € h(R)olth o]2RE §'c h(R)o] A
datv, h(R) = 8" €. O

= f(z), gla)ol dal 712aAY NHEe(d5g,
F714, B84, 999 A, =¥+ 5)9 Y& Ay

Bkt ol2RE f(z), gla)7} 4484 cosw, sinz

o A9 fAldE AE & 4 Ak oA v AES
28, f(x), g(z) 9 A28 cosz, sinzd As7Hs
)d = o] :": oh;}

A4 15, (f(z),

HoR el g7} o] Aol
Aol NAYFOE T
Holth,

Z9. 999 zeRel dal, h(z)=(f(z), g(z))
2 A9sah a8d bR ->R*e d&@Fol,
f(z), @)% a%nz =094 z=qa(c]d
a=0)7H4 SVl 9 4 h([0,a]) 9 Zol 1S 1
$3 ol 7 & ek,

1= [ V@)
= [ VE@E G
=/a1da: =a

0

g(z)E @99 4 1,0% A
WA B, &9
Zol7b |z9l Mol F

2 dx

9 AFold h(x)=(f(z),g(z))A
59 2ol b33} 2,

222 w7} £ Aol hlo) = (le). o)
B9 Al 4 (1L,0)E AfoR AR Ei
58] 2017 lal9] B9 #7h Ak O

/K']?O 15011/11 /%bﬂ%
kg & g,

(f (@), g(a))
oAl el A A
g(z) 7} A

L oo
0
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(O 5] 7| 22A <t el
[Fig. 5] Basic relation and a unit circle

olAl, f(z), gla)7t A4&F cosz, sinzde =
& FASE 5 Uk ol & Y, HAETE AFelA
72 Ble g2 gt WHs AR
Panchishkin & Shavgulidze(1986, pp.7-8)+= FAA&
“h"*l%)ﬂ e A P RS & Ao AgA
1—,] x%o; ELH‘:_ ,\}ALO co]g}gj\ . o] @

l—

>
>
cﬁ
rlo
—l>
CJ
O
"&
oX,
1o
=

= waeges, 59 e_'% WAA GO 7
Z

t+2m, ianhE %m} 4 Fa wa—c 4P
© 4 2kr ) o7k Brield ke A%

4
B@1)
£(-1,0) Al:0)
g &
D(G-1)
(22 6 gt P: R— 8!

[Fig. 6] function P: R —&*

o] 4|, Panchishkin & Shavgulidze(1986, p.13)= 42t
e vt 2ol Aot 2d 7).

rir

3. 7

rir

AP P teRE A4S 99 A

Pol AT dx W A pBel FHE yE
S to] ARloet Hav sintz 2 1gn 4 P
AR 25 7 9 ARl F2H cost®E &t

A,(cost; sint)

(O3 7] Mztetrol Mo
[Fig. 7] Definition of trigonometric functions

A5 Panchishkin & Shavgulidze(1986)¢] A3
AR HS  Callahan, Cox. Hoffman, O'Shea.,
Pollatsek &  Senechal(2005), Varberg, Purcell &
Rigdon(2000) GollA] Zrol& 4 it}

Panchishkin & Shavgulidzeelxl A 79 #3374

2159 (f(z),g(x))olth. & B AFo|Ae] 7|E0A
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Ao AU A oA A A
ZRE NS vt JASo] AEAw B o
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19909 0) FUEE Seiuie potag s Aol &
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A Study on Reconstruction of Trigonometry Based on
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In this article we study a reconstruction of mathematical knowledge on trigonometry by the method of
ascent from the abstract to the concrete from the pedagogical viewpoint of dialectic.

The direction of education is shifting in a way that emphasizes the active constitution of knowledge by the
learning subjects from the perspective that knowledge is transferred from the teacher to the student. In
mathematics education, active discussions on the construction of mathematical knowledge by learners have been
going on since the late 1990s. In Korea, concepts and aspects of constructivism such as operational
constructivism, radical constructivism, and social constructivism were introduced.

However, examples of practical construction according to the direction of construction of mathematical
knowledge are very hard to find. In this study, we discuss the direction of the actual construction of
mathematical knowledge and suggest a concrete example of the actual construction of trigonometry knowledge
from a constructivist point of view. In particular, we discuss the process of the construction of theoretical
knowledge, the ascent from the abstract to the concrete, based on the literature study from the pedagogical
viewpoint of dialectic, and show how to construct the mathematical knowledge on trigonometry by the method
of ascent from the abstract to the concrete.

Through this study, it is expected to introduce the new direction and new method of knowledge construction
as 'the ascent from the abstract to the concrete’, and to present the possibility of applying dialectic concepts to

mathematics education.
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