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ABSTRACT. In this paper, we establish the necessary and sufficient Karush-
Kuhn-Tucker (KKT) conditions for an optimization problem with differ-
ence of set-valued maps under generalized cone convexity assumptions. We
also study the duality results of Mond-Weir (MW D), Wolfe (WD) and
mixed (Mix D) types for the weak solutions of the problem (P).
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1. Introduction

In the theory of nonsmooth optimization, authors are mainly interested to
study the analysis and applications of nonconvex mappings. One type of such
nonconvex mappings is the D. C. mappings i.e. the difference of convex map-
pings. This type of mappings has been studied in optimization theory in [7-10,
12-14]. In 1989, Hiriart-Urruty [12] studied the D. C. optimization problems.
He established the sufficient optimality conditions for such type of problems
with the difference of convex, proper and lower semicontinuous mappings us-
ing the notion of e-subdifferential. In 2009, Lahoussine et al. [13] characterized
the difference of locally Lipschitz D.C. mappings in terms of set-valued map-
ping monotonicity. In the last few years, authors like Flores-Bazén [7], Gadhi
et al. [9,10] and Taa [14] studied the optimization problems with the difference
of cone convex vector-valued mappings. In 2005, Taa [14] established the opti-
mality conditions for D.C. vector optimization problems by using the Lagrange-
Fritz-John and Lagrange-Karush-Kuhn-Tucker multipliers rules. In [9], Gadhi
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and Metrane established the sufficient optimality conditions for D.C. vector op-
timization problems in ordered Banach space. Later in 2005, Gadhi [8] also
established the necessary optimality conditions for the optimization problems
with the difference of cone convex set-valued mappings by using the notion of
subdifferential, introduced by Baier and Jahn [1]. In 2012, Guo et al. [11] es-
tablished the sufficient optimality condition for generalized D.C. multiobjective
optimization problems by using the notion of subdifferential, introduced by Bor-
wein [3].

In this paper, we are mainly interested to establish the necessary and sufficient
Karush-Kuhn-Tucker (KKT) conditions for the optimization problem (P) with
the difference of set-valued maps under generalized cone convexity assumptions.
We also study the duality results of Mond-Weir (MW D), Wolfe (WD) and
mixed (Mix D) types for the weak solutions of the problem (P).

This paper is organized as follows. In Section 2, we recall some definitions and
preliminary concepts of set-valued mappings and set-valued D.C. optimization
problems. In Section 3, we establish the necessary and sufficient KKT conditions
for the set-valued D.C. optimization problem (P) and prove the duality results of
various types under generalized cone convexity assumption on set-valued maps.

2. Definition and preliminaries

Let Y be a real normed space and K be a non-empty subset of Y. Then K
is said to be a cone if \y € K, for all y € K and A > 0. Further, K is called
pointed if K N (—K) = {fy}, solid if int(K) # (), closed if K = K and convex if
MK + (1= M\K C K, for all A € [0,1], where int(K) and K denote the interior
and closure of K, respectively and fy is the zero element of Y.

Let Y* be the continuous dual of Y. Suppose that y € Y and y* € Y*.
Then, by (y*,y), we mean the canonical bilinear form with respect to the duality
between Y* and Y.

Let K be a solid pointed convex cone of Y. We have the following two types
of cone-orderings in Y with respect to K.

For any y,y' €Y,

y<yify —yek
and
y <y ify —y e int(K).

The following notions of minimality are mainly used in Y with respect to a solid
pointed convex cone K.
Definition 2.1. Let B be a non-empty subset of a real normed space Y. Then
strongly minimal, minimal and weakly minimal points of B are defined as:

(i) y' € B is a strongly minimal point of B if y’ <y for all y € B.

(ii) ¢’ € B is a minimal point of B if there is no y € B\ {y’} such that

y<y.
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(ili) ¥’ € B is a weakly minimal point of B if there is no y € B such that

y <y
The sets of strongly minimal, minimal and weakly minimal points of B are
denoted by s-min(B), min(B) and w-min(B), respectively and characterized as:

s-min(B) = {y’ €B:BC{y}+ K}

min(B) = {y’ €EB:(y—B)NB= {y'}}
and
w-min(B) = {y €B:(y —int(K))NB = (2)}.
Similarly, the sets of strongly maximal, maximal and weak maximal points of B
can be defined and characterized.
Let X and Y be real normed spaces, 2¥ be the set of all subsets of Y and K
be a solid pointed convex cone in Y. Let F : X — 2 be a set-valued map from

XtoYie, F(z) CY, forall z € X.
The effective domain, graph and epigraph of F' are defined by:

dom(F) = {z € X : F(z) £ 0},

F(A) = U F(z), for any § # A C X,
T€A

gr(F) = {(a:,y) EXxY:ye F(x)}
and
epi(F) = {(x,y) eEXxY:ye F(:E)JrK}.

Definition 2.2. ([15]). Let ) # A C X and F : A — 2Y be a set-valued map.
Let ' € A and 3/ € F(2'). A bounded linear operator T': X — Y is called a
weak subgradient for 3’ of F at o’ if
y —T(a') € w-min | (F(:v) - T(x)).
T€EA

The set of all weak subgradients for ¢’ of F' at 2’ is called the weak subdif-
ferential for 3’ of F' at 2’ and is denoted by 9,,F(2';y’). Moreover, F is called
weak subdifferentiable at ' if 9, F (z";y) # 0, for all y € F(x').

Similarly, the notion of strong subgradient and subdifferential have been de-
fined for set-valued case.

Definition 2.3. ([3]). Let # # A C X and F : A — 2 be a set-valued map.
Let ' € A and 3/ € F(2'). A bounded linear operator T': X — Y is called a
strong subgradient for 3’ of F at x’ if

y —T(2') € s-min U (F(x) - T(ac))

z€A
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The set of all strong subgradients for y’ of F' at a’ is called the strong subd-
ifferential for ¢’ of F' at 2’ and is denoted by 9sF(a';y"). Moreover, F is called
strong subdifferentiable at 2’ if 9,F (z';y) # 0, for all y € F(a).

Definition 2.4. ( [2]). Let A be a non-empty convex subset of X. A set-valued
map F : X — 2¥ with A C dom(F), is called K-convex on A if Vo, 29 € A
and A € [0, 1],

/\F(xl) + (1 — )\)F(Ig) - F(/\Il + (]. — /\)1‘2) + K.

It is clear that if the set-valued map F : X — 2Y is K-convex on A, then
epi(F) is a convex subset of X x Y.

Let X, Y and Z be real normed spaces and A be a nonempty closed convex
subset of X. Let K and L be solid pointed closed convex cones in Y and Z,
respectively. Suppose that [}, : X — 2Y F, : X = 2Y G, : X — 2% and
Gs : X — 27 are set-valued maps with

A C dom(Fy) Ndom(Fs) Ndom(G1) Ndom(Ga).
Consider the optimization problems with difference of set-valued maps:

L r _F
minimize 1(x) a(x),

subject to, (Gl(a?) - Gg(a:)) ﬂ(fL) # 0.
Here, the feasible set S of the problem (P) is defined by

S = {x cA: (Gl(x) - Gg(ﬂ;)) N(-1) # @}.

Definition 2.5. A point (2/,y] —y5) € X xY, with 2’ € 5, y| € Fi(2)
and y4 € Fy(z'), is called a minimizer of the problem (P) if there exist no
(x,y1 —y2) € X xY, with z € S, y; € Fi(z) and y2 € Fa(z), such that

(y1 —y2) — (1 —ya) € =K\ {0y}
Definition 2.6. A point (z/,y] —y5) € X x Y, with 2’ € 5, y; € Fi(z') and
yhy € Fa(a'), is called a weak minimizer of the problem (P) if there exist no
(x,y1 —y2) € X xY, with z € S, y; € Fi(z) and y2 € Fa(z), such that

(y1 —y2) — (y1 — v5) € —int(K).
3. Main results

We introduce the notion of p-cone convexity of set-valued maps in [6]. For
p = 0, we have the usual notion of cone convexity of set-valued maps.

Definition 3.1. ( [6]). Let X,Y be real normed spaces, A be a nonempty convex
subset of X, K be a solid pointed convex cone in Y, e € int(K) and F : X — 2Y
be a set-valued map, with A C dom(F'). Then F is said to be p-K-convex with
respect to e on A if there exists p € R such that
AF(21) + (1 = N F(z2) € F(Az1 4+ (1 = N)zz) + pA(1 = ||z — 22)%e + K,
V1,29 € A and VA € [0, 1].
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If p > 0, then F is said to be strongly p-cone convex, for p = 0 we get the
usual notion of cone convexity and if p < 0, then F is said to be weakly p-cone
convex. In [6], we give an example of p-cone convex set-valued map, which is
not cone convex.

In the following lemma, we characterize p-cone convexity in terms of strong
subdifferential of set-valued maps.

Lemma 3.1. Let A be a convex subset of X, 2’ € A and e € int(K). Let
F : X — 2Y be p-K-convex with respect to e on A. Then, for any ' € F(z')
and T" € 9, F(z';y'), we have
F(x)—y —T'(x —2') — pllz — 2'||*e C K,Vz € A.
Proof. Let x € A and X € [0,1].
Since F : X — 2Y is a p-K-convex with respect to e on A,
AF(2) + (1 = NF(z)) € PO\ + (1 = N)2') + pA(1 = \)||z — 2'[|%e + K.

Let y € F(x) and y' € F(2').
Therefore,
Ay + (1= Ny = ut pA(L = Nz — a/|[Pe + o,
for some u € F(Az + (1 — A)z’) and ¢ € K.
Since T" € 0, F (23 y'),

y —T'(2') € s-min U (F(x) - T’(x)).
z€A
It follows that
F()\a: + (1 - /\)x') -y > T'()\x +(1 =Nz’ — x') =\T"(z —2').

Therefore,
u—1y >N (z—2').
Hence,
Ay —y') = pA1 =Nz = 2'|Pe > My — ¢/) = pA(1 = M) ||z — 2'[Pe — ¢
= u— y'
> NI (z — a').
Consequently,

y—y —pllr —2'|Pe+ pAlz — o'|Pe > T'(z — o),

which is true for all A € [0, 1].
Therefore,

y—y —pllz —a'|Pe > T'(z - o).
Since y € F(x) be arbitrary, we have

F(z)—y —pllz —2||Pe > T'(z — 2').
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Therefore,
F(x)—y —T'(x —1a') — pllz — 2'||*e C K,Vx € A.
U

We establish the necessary KKT conditions for the set-valued D.C. optimiza-
tion problem (P) under p-cone convexity assumption on set-valued maps.

Theorem 3.1. Let A be a convex subset of X, p1, p2, 0], ph € R, e1,ea € int(K)
and e}, e € int(L). Let (2/,y]—vh), witha’ € A, y| € Fi(2') and y5 € Fa(z'), be
a weak minimizer of the problem (P) and there exist z{ € G1(2') and 2} € Ga(a'),
with
2y — 25 € —L.

Suppose that F} : X — 2Y is weakly p;-K-convex with respect to e; and
G1: X — 27 is strongly p)-L-convex with respect to €}, on A, with

oty ) + " eh) 2 0. (3.1

Also, suppose that Fy : X — 2 is weakly pg-K-convex with respect to e; and
Gy : X — 27 is strongly ph-L-convex with respect to e}, on A.
Then there exists (By«,0z+) # (y*,2*) € KT x Lt such that

YT+ 2Ty € O,(y" F1 4 2°Gh) (s (y™, y1) + (27, 21)),
VT € 0sFs(2';y5) and Ty € 05Ga(2'; 25)
and
(2%, 21 — 23) = 0.
Proof. Let Ty € 0,F»(x';yh) and Ty € 95Ga(x'; 25).
We claim that the system
Fi(z) =y = Ti(z —2') < pr||lz — 2’| %es
Gi(z) — 25 — To(x — a') < plf|lz — 2'%€}
has no solution in A.

Suppose that the system has a solution zg € A.
Therefore,

Fi(x0) —y; — Th(zo — 2') — pu|lzo — $/||2€1 C —int(K)
and
Gi(z0) — 25 — Ta(wo — a') — pi|lzo — '||*e} € —int(L).
As Fy : X — 2Y is weakly po-K-convex with respect to e; and Gy : X — 27
is strongly ph-L-convex with respect to e, on A and Ty € OsF»(2';y4) and
Ty € 0;Go(2'; 24), we have
Fy(x0) — yp — Ti(wo — ') — pallzo — '||es C K
and
Go(xo) — 25 — Ta(wo — a') — phllzo — a'||*es C L.
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Hence,

—Fy(z0) + v + Ti(zo — ') + pallwo — o'[Pes € —K
and

—Go(xg) + 25 + To(xg — 2') + phllze — 2'||%ey, € —L.
Therefore,

Fi(zo) —y1 C Ta(xo — 2') + prllwo — 2’| *e1 — int(K)

C Fa(wo) — ys + lzo — 2'|*(pre1 — pae2) — int(K) — K

C Fy(zo) — ys + llwo — 2> (pre1 — paez) — int(K).
Since p; < 0 and py > 0,

pier — pzez € —K.
Hence,
Fi(x9) = y1 C Fa(xo) — yp — int(K).
Similarly, we have
G1(z0) C Ga(zo) + (25 — 25) — int(L) C Ga(zp) — int(L).

It contradicts that (z',y] — y5) is a weak minimizer of the problem (P).
Therefore, the system has no solution in A.

As Fy: X —» 2V is weakly pi-K-convex with respect to e; and G : X — 27 is
strongly p}-L-convex with respect to e}, on A,

Fi() =y, —Ti(.—2') : X — 2Y is weakly p;-K-convex with respect to e; and
Gi(.) — 2b — To(. — 2') : X — 27 is strongly p)-L-convex with respect to €, on
A.

Therefore, there exists (0y«,0z+) # (y*,2*) € KT x LT such that
(v Fi(@) = v = Ti(w = @) + (2", Gi(2) — 2 — Ta(x — o) )
— (' e0) + oz el) ) o = /)2 = 0,
From (3.1), we have
(" Fi@) —oh —Tia— ) + (", Gi(2) = 5 - To(e — ) ) 2 0. (32)
Putting = 2’ in (3.2), we have
(z*, 2, —25) > 0.
Again, since 2§ — 2z, € —L,
(z*, 2, — 25) <0.
Therefore,
(z*, 2, —25) = 0.
Hence,

(2%, 21) = (2", %)
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Consequently, from (3.2), we have
<y*, Fi(z) —yy —Ti(z — :z:’)> + <z*, Gi(z) — 21 — To(z — x')> >0. (3.3)
It shows that
(Y1) + (7 21) — (YT + 27T (2)
<y, Fi(z)) + (", G1(2)) — (y"Th + 2" 13)(2).

Therefore,
") + (2%, 21) — (T + 2" T2) (2")
€ min | J ((y*F1 +2*Gh) (@) — (y* Ty + Z*Tz)(x)).
z€EA
Hence,

YT +2"Ts € 05(y" F1 + 2" G1) (2" (y™, 1) + (27, 21))-
O
3.1. Sufficient optimality conditions. We establish the sufficient KKT con-

ditions for the set-valued D.C. optimization problem (P) under p-cone convexity
assumption on set-valued maps.

Theorem 3.2. Let A be a convex subset of X, p1, p2, pi, ph € R, e1,e5 € int(K)
and e}, e, € int(L). Suppose that ' € S, ¢} € Fi(z), y4 € Fa(z') and there
exist 2] € G1(x') and 2 € Gy(z'), with

2y — 25 € —L.
Suppose that F, : X — 2Y is py-K-convex with respect to e; and Gy : X — 22
is p4-L-convex with respect to e}, on A, satisfying
p2(y”, e2) + pp (2", €5) > 0. (34)

Assume that for any x € A, yo € Fy(x) and 2o € Gao(x), O, Fo(x;y2) # 0 and
0sGa(w; z2) # 0. If there exist y* € KT \ {fy«} and z* € LT such that
YT+ 2Ty € O5(y" F1 + 2"G) (2" (y", 1) + (27, 21)), (3.5)
VT € OsFa(w;y2), To € 0sGa(x;29),x € A, ys € Fo(x) and 29 € Ga(x)
and
(2*,2) — 25) =0, (3.6)
then (z',y] — y5) is a weak minimizer of the problem (P).

Proof. Let x € S, y1 € Fi(x) and ys € F>(x).
Hence, there exist z; € G1(x) and z2 € Ga(z) such that

21— 29 € —L.

As Fp: X —» 2V is pa-K-convex with respect to e; and G : X — 27 is po-L-
convex with respect to e}, on A and Ty € 0sF5(x;y2) and Ty € 05Ga(x; 22),

Fy(2') —yo = Ti(z' = x) = pa|la’ —z|*e2 C K
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and
Go(z') — 22 = To (2’ — x) — phlla’ — x| *e; C L.

Therefore,

vy —yo — Th(2' — ) — pallz’ — zPe2 € K
and

2y — 29 — To(2' — x) — phlla’ — z|e; € L.
Therefore,

(" 95 —y2) =y T1(a’ — ) = p2ll2’ — z|*(y",e2) 2 0

and

(.2 — ) — 2T’ — ) — gy’ — (=" eh) 2 0,
It follows that
(W, ys —y2) + (27, 25 — 22) = (y"T1 + 2" T2) (2" — 2)
> (pa(y*, e2) + po (2", e5)) |2 — .
By (3.4), we have
W vy —y2) + (27,25 — 22) = (Y"1 + 2" T2) (2" — x) > 0.
By assumption, there exist y* € K+ \ {fy~} and z* € L" such that
YT+ 2" € O5(y" F1 + 27 Gr) (2" (y™, y1) + (27, 21)).

Therefore,
") + (2%, 21) — (YT + 2" T2) (2")
€ min | J ((y*F1 +2*Gh) (@) — (y* Ty + Z*TQ)(I)).
T€EA
Hence,

" vi) + (" 2) = (T + 2" To) (2)
< (Y R 427 G)(@) = (v + 27 Ta) ().
Since y; € Fi(z) and z; € G1(z),
Wy =)+ (" m = 21) = (YT + 2" To)(x - 2') 2 0.
From (3.7) and (3.8), we have

W =)+ (o = 2) = (W —vh) + (= 28) 2 0.

As (2%, 21 — 25) = 0, we have
<y*7y1 - y/1> - <y*7y2 - y/2> + <Z*ﬂzl - 22> > 0.
As z;1 — 29 € —L and z* € LT, we have
(2", 21 — 2z2) <0.
It shows that
Wy —y1) — (¥ y2 —y3) = 0.
It implies that
("1 —y2 — (11 —y5)) > 0.

155
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Hence,
y1—y2 — (y1 — y3) €Y'\ (—int(K)).
Therefore, (2/,y; — y4) is a weak minimizer of the problem (P). O
3.2. Mond-Weir type dual. We prove the duality results of Mond-Weir type
for the set-valued D.C. optimization problems (P).
Consider Mond-Weir type dual (MW D) corresponding to the problem (P). As-
sume that for any x € A, yo € Fy(z) and 20 € Ga(x), OsFs(x;y2) # 0 and
0sGa(x; 29) # 0.
minimize Y1 — Yh, (MW D)
Te
subject to,
YT+ 2 T € Os(y" F1 + 27 Gh) (@' (™, 1) + (27, 21)),
VT € asFQ(lL';yQ),TQ € 85G2(Sc;22),$ S A,y2 € FQ(Q’J) and zy € GQ(Z’)7
<Z*7Z/1 - Zé> >0,
¥ € Ay € Fi(2),yh € Fa(x'), 2] € G1(2)), 25 € Ga(2'),
y*€ KT\ {fy-} and z* € LT.
A point (o', ¢}, vh, 21, 25, y*, 2*) satisfying all the constraints of (MW D) is called
a feasible point of the problem (MW D).

Definition 3.2. A feasible point (z’, ¥, y5, 21, 25, y*, 2*) of the problem (MW D)
is said to be a weak maximizer of (MW D) if there exists no feasible point
(x,y1,Y2, 21, 22, YT, 27) of (MW D) such that

(y1 —y2) — (y1 — a) € int(K).
Theorem 3.3. (Weak duality) Let A be a convex subset of X, pa,ph € R,
ez € int(K) and e € int(L). Let o € S and (2/, v, 95, 21, 25, y*, %) be a
feasible point of the problem (MW D). Suppose that Fy : X — 2Y is po-K-
convex with respect to es and Gy : X — 2% is ph-L-convex with respect to €,
on A, satisfying (3.4).
Then,

Fi(zo) — Fa(wo) — (y1 — y) €Y \ —int(K).

Proof. We prove the theorem by the method of contradiction.
Suppose that for some y; € Fy(x¢) and ys € Fa(xo),

Y1 —y2 — (Y1 — yp) € —int(K).
As y* € K* \ {GY*}7

(v"on =12 — (W —9h)) < 0. (3.9)
Since zg € S, there exist 21 € G1(zo) and 22 € Ga(x) such that

z1— 29 € —L.
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As Fy : X — 2V is po-K-convex with respect to ex and Go : X — 27 is ph-L-
convex with respect to e}, on A and Ty € 9sF5(xo;y2) and Ty € 9sGa(xo; 22),

Fy(2') —yo — Th(2' — m0) — pol|a’ — mo||Pe2 C K

and
Go(a') = zo = To(a' — o) — phllz’ — xo|%e; C L.

Therefore,

Yy —y2 — Ti (2" — m0) — pallz’ — wo||%e2 € K
and

2y — 29 — To(2' — o) — phl|2’ — o||%el € L.
Therefore,

(W yh —y2) — y*Th (2’ — x0) — pallz’ — x0]|*(y*, e2) > 0

and

(2%, 25 = 22) — 2" Ta(a’ — o) — Pl — o|* (2", e3) > 0.
It follows that
(U s —y2) + (27,25 — 22) — (y"Th + 2" T2) (2" — o)
> (p2(y”s e2) + pa(2", €h)) |z’ — ol *.
From (3.4), we have
s — o)+ (72— ) — (T + 2 T) (@ —20) 20. (3.10)
From the constraints of (MW D), we have
YTy + 2" Ts € 05(y* Fy + 2" G1) (25 (y*, 1) + (2%, 21)).

Therefore,
W i)+ (" 21) — (T + 2" T) (2)
€ min | J ((y*F1 +2*Gh) (@) — (y* Ty + z*TQ)(x)).
z€A
Hence,

(", 0h) + (27, 21) — (YT + 2" T2) (2)

< (W F1L+ 2°Gy)(@o) — (y™Th + 27 T2) (o).

Since y; € Fi(x0) and z; € G1(zp),
Wy —yh) + (2%, 21 — 21) — (y*T1 + 2¥Ts) (zg — 2') > 0. (3.11)
From (3.10) and (3.11), we have
W =)+ (o= 2) = (e —vh) + (o — 28)) 2 0.
From the constraints of (MW D), we have
(z*, 2, —25) > 0.

So,
Wy — ) — (W y2 —yh) + (25,21 — z2) > 0.
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As z1 — 29 € —L and z* € LT, we have
(z*,21 — z9) < 0.
It shows that
Wy —y1) — (¥ y2 — y3) > 0.
It implies that
(' —y2 — () —2)) >0,
which contradicts (3.9).
Therefore,
Fi(z0) — Fa(xo) — (¥} —y3) C Y\ —int(K).
O

Theorem 3.4. (Strong duality) Let A be a convex subset of X, 2/ € S,
yy € Fi(2') and y5 € Fy(2'). Suppose that there exist z; € Gi(2’) and
zh € Go(2'), with 2] — 25 € —L. Assume that for some (y*,2*) € K+ x LT, with
(y*,e) = 1, Egs. (3.5) and (3.6) are satisfied at («',y},y5, 21, 25, v, 2*). Then
(@', yh, v, 21, 25, y*, 2*) is a feasible solution for (MW D). If the weak duality
Theorem 3.3 between (P) and (MW D) holds, then (2, y1, 45, 21, 25, y*,2%) is a
weak maximizer of (MW D).

Proof. As the Egs. (3.5) and (3.6) are satisfied at (', y1,v5, 21, 25, y*, 2%),

YT+ 2"Ts € Os(y" F1 + 2°Gr) (' (y™, vh) + (27, 21)),
VT € 0sFa(x;y2), To € 0sGa(x;22),x € A, y2 € Fa(x) and 29 € Ga(x)

and
(2,2 — 25) = 0.

Hence, (', 41, v5, 21, 25, y*, 2*) is a feasible solution for (MW D).

Suppose that the weak duality Theorem 3.3 holds between (P) and (MW D) and
(@', 91, yh, 21, 25, y*, 2*) is not a weak maximizer of (MW D).

Then, there exists a feasible point (x, y1, Yo, 21, 22, Y1, 27) of (MW D), such that

(v1 — y5) — (y1 — y2) € —int(K).

It contradicts the weak duality Theorem 3.3 between (P) and (MW D).
Consequently, (', 41, y5, 21, 2, y*, 2*) is a weak maximizer for (MW D). O

Theorem 3.5. (Converse duality) Let A be a convex subset of X, po, ph € R,
ez € int(K), e € int(L) and (2,9}, yh, 21, 25, y*, 2*) be a feasible point of the
problem (MW D). Suppose that Fy : X — 2V is py-K-convex with respect to
ez and Gy : X — 27 is p-L-convex with respect to e}, on A, satisfying (3.4). If
x’ € S, then (2, y} — y4) is a weak minimizer of (P).
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Proof. We prove the theorem by the method of contradiction.
Suppose that (z/,y" — y4) is not a weak minimzer of the problem (P).
Then there exist € S and y € F(x) such that

Y1 —y2 — (y) — y2) € —int(K).
Therefore,
<y*7y1 —yo— (y1 — yé)> <0, as Oy~ £y € KT,
Again, since x € S,
(61(@) = Gala)) V(L) £ 0.
Let there exist z; € G1(x) and z3 € G2(x) such that
21— 2 € (Gi) = Ga()) (N(-L).
So,
(2%, 21 — z2) <0.
From the constraints of (MW D), we have
<Z*,Zi - Z;> > 0.
Therefore,
<z*721 — 20— (21 — z§)> = (2% 21 — z) — (2%, 2] — 2z5) < 0.
Hence,
(v =2 = Wh —w)) + (2,21 = 22— (2 — 25) ) < 0. (3.12)
As Fy : X — 2V is po-K-convex with respect to ex and Go : X — 27 is ph-L-
convex with respect to e}, on A and Ty € 0sF5(x;y2) and Ty € 05Ga(x; 22),
(') —yo = Ti(z' —x) — pofla’ —z|*e2 C K

and
Ga(&) - 2 — Ta(&' — 2) - phlla’ — w|%e) € L.

Therefore,

yo —y2 — T (2" — x) — pof|2’ — 7|z € K
and

2y — 20 — To(2' — x) — phll’ — z|e; € L.
Therefore,

(s —y2) =y Ti(a" —x) — pofla’ — z]*(y*, e2) > 0

and

(2,25 — z9) — 2" Ta(2 — &) — phla’ — ||* (%, e4) > 0.
It follows that
(" yp —y2) + (27,25 — 22) — (y"Th + 2" T2) (2" — )
> (pa(y*, e2) + p (2", e5))lla" — x|,
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From (3.4), we have
(" ys —y2) + (27,25 — ) — (y'Th + 2" T2) (2" — 2) > 0. (3.13)
From the constraints of (MW D), we have
YT+ 2"Ts € Os(y* Fi + 2°Gh) (2" (y", v1) + (27, 1))

Therefore,
(W) + (275 20) — (T + 2" To) (2)
€ min | J ((y*F1 + 20 (@) — (y*Ty + Z*Tg)(x)).
€A
Hence,

(v o) + (2" 21) — (y"Th + 2" T2)(2)
< (WP +2"Gh)(@) — (v T + 27To) ().
Since y; € Fi(x) and 2z € G1(z),
(v i — i) + (25,21 — 21) — (T + 2" D) (x — 2') > 0. (3.14)
From (3.13) and (3.14), we have
W = o)+ (om =2 = (0w =) + (M = 25)) 20,
which contradicts (3.12). O
We also prove the duality results of Wolfe and mixed types for the set-valued

D.C. optimization problems (P). The proofs are almost same as the above, hence
omitted.

3.3. Wolfe type dual. Consider Wolfe type dual (WD) corresponding to
the problem (P). Assume that for any = € A, yo» € Fy(z) and 2z € Ga(z),
asF2(x;y2) # @ and 85G2(x; 22) 7é Q)
minimize g —yy + (2", 271 - ;)e, (WD)
subject to,

y T+ 27T € 0s(y" Fy + 27 Ga) (a5 (™, 1) + (27, 21)),

VT € 0sFa(592), Ta € 0:sGa(x;522), ¢ € A,y2 € Fo(x) and 23 € Ga(z),

¥ € Ay € Fi(2),yh € Fa(x'), 2] € G1(2)), 25 € Go(2'),

y € KT\ {0y-},2* € LT and (y*,e) = 1.
A point (2/,y1, v, 21, 25, y*, 2*) satisfying all the constraints of (WD) is called
a feasible point of the problem (W D).

Definition 3.3. A feasible point (', v}, y5, 21, 25, y*, 2*) of the problem (WD)
is said to be a weak maximizer of the problem (WD) if there exists no feasible
point (z,y1,y2, 21, 22,43, 27) of (WD) such that

(yl —yo + (27,21 — 22>e> — (y'l —yh+ (2%, 21 — zé)e) € int(K).
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Theorem 3.6. (Weak duality) Let A be a convex subset of X, pa,ph € R,
ex € int(K) and e € int(L). Let 9 € S and (2/,y], 95,21, 25, ¥*, 2*) be a
feasible point for the problem (W D). Suppose that Fy : X — 2V is py-K-
convex with respect to e; and Gy : X — 2% is ph-L-convex with respect to €,
on A, satisfying (3.4).

Then,

Fi(zo) — Fa(xo) — (yl1 — Yo+ (2", 21 - Z/2>€> C Y\ —int(K).
Theorem 3.7. (Strong duality) Let A be a convex subset of X, 2’ € S, y] €
Fy(2') and y4 € Fa(a'). Let there exist zi € G1(2’) and 2z € Ga(z'), with

21— 25 € —L.
Assume that for some (y*,2*) € Kt x Lt, with (y*,e) = 1, Egs. (3.5) and
(3.6) are satisfied at (2',y], y5, 21, 25, y*, 2*). Then (2',y],y5, 21,25, y*, 2*) is a
feasible solution for (W D). If the weak duality Theorem 3.6 between (P) and
(WD) holds, then (2/,y},v5, 21, 25, y*, 2*) is a weak maximizer of (W D).

Theorem 3.8. (Converse duality) Let A be a convex subset of X, po, p) € R,
es € int(K), e5 € int(L) and (2, 9], y5, 21, 25, y*, 2*) be a feasible point of the
problem (WD), with

(z*, 2] — 25) > 0.
Suppose that Fy : X — 2Y is py-K-convex with respect to es and Gy : X — 27 is
ph-L-convex with respect to e, on A, satisfying (3.4). If 2’ € S, then (2/, ¢y} —v5)
is a weak minimizer of (P).

3.4. Mixed type dual. Consider the mixed type dual (Mix D) corresponding
to the problem (P). Assume that for any € A, y2 € Fa(z) and 22 € Ga(z),
OsFa(z;y0) # 0 and 95Ga(x; 22) # 0.
minin}ze Yy — yh + (2%, 2] — 2b)e, (Mix D)
fAS
subject to,
YT+ 2Ty € O5(y" Fi + 2"G1) (2" (v, vh) + (27, 21)),
VT1 € 0sF2(w3y2), To € 05Ga(x522), @ € A, y2 € Fa(x) and 22 € Ga(2),
(2%, 2 — 25) >0,
¥ € Ay € Fi(2),yh € Fa(x'), 2] € G1(2'), 25 € Go(2'),
y € KT\ {fy-},2* € LT and (y*,e) = 1.
A point (', y1, y4, 21, 25, y*, 2*) satisfying all the constraints of (Mix D) is called
a feasible point of the problem (Mix D).

Definition 3.4. A feasible point (z', v}, y5, 21, 25, y*, 2*) of the problem (Mix D)
is said to be a weak maximizer of the problem (Mix D) if there exists no feasible
point (z,y1,y2, 21, 22, Y7, 27) of (Mix D) such that

(yl —ya+ (2], 21 — 22>6> — (y’l —yy+ (25,21 — zé)e) € int(K).
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Theorem 3.9. (Weak duality) Let A be a convex subset of X, pa,ph € R,
ex € int(K) and e € int(L). Let 9 € S and (2/,y], 95,21, 25, ¥*, 2*) be a
feasible point for the problem (Mix D). Suppose that Fy : X — 2Y is po-K-
convex with respect to e; and Gy : X — 2% is ph-L-convex with respect to €,
on A, satisfying (3.4).

Then,

Fi(xo) = Fa(wo) — (1 — 5 + (27,21 — 2)e) C Y\ —int(K).

Theorem 3.10. (Strong duality) Let A be a convex subset of X, 2’ € S, ¢ €
Fi(2') and y) € Fy(z'). Let there exist 21 € G1(2') and 2} € Go(2'), with 2] —
2, € —L. Assume that for some (y*,2*) € K+ x Lt, with (y*,e) = 1, Egs. (3.5)
and (3.6) are satisfied at (2, y{, y5, 21, 25, y*, 2*). Then (', yi,v4, 21, 25, y*, 2*) is
a feasible solution for (Mix D). If the weak duality Theorem 3.9 between (P) and
(Mix D) holds, then (2, v}, v5, 21, 25, y*, 2*) is a weak maximizer of (Mix D).

Theorem 3.11. (Converse duality) Let A be a convex subset of X, pa, p) € R,
ez € int(K), e € int(L) and (2, 9], y5, 21, 25, y*, 2*) be a feasible point of the
problem (Mix D). Suppose that Fy : X — 2Y is po- K-convex with respect to ey
and Go : X — 2% is pl-L-convex with respect to e}, on A, satisfying (3.4). If
z' € S, then (2/,y] — v4) is a weak minimizer of (P).

4. Conclusions

In this paper, we establish the necessary and sufficient Karush-Kuhn-Tucker
(KKT) conditions for the set-valued D.C. optimization problem (P) under p-cone
convexity assumptions. We also prove the weak, strong and converse duality
results of various types for the problem (P). Our future plans include to study
the symmetric duals of the set-valued D. C. optimization problems, equilibrium
problems and variational inequality problems with respect to set-valued D.C.
maps under p-cone convexity assumptions.
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