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UNIQUENESS AND VALUE SHARING PROBLEMS IN CLASS
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ABSTRACT. In this paper, we study the uniqueness and value sharing prob-
lems in class A of meromorphic functions. We obtain significant results
which improve as well as generalize the result of C.C' Yang and Xinhou
Hua [10].
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1. Introduction

In this paper, a meromorphic function always means a function which is mero-
morphic in the whole complex plane. Let f(z) and g(z) be nonconstant meromor-
phic functions, a € C. We say that f and g share the value a CM if f(z) —a and
g(z) — a have the same zeros with the same multiplicities. We shall use the stan-
dard notations of value distribution theory, T(r, f),m(r, f), N(r, f), N(r, f),...
(Hayman[14], Yang[18], Laine[16] and Navanlinna[17]). We denote by S(r, f)
any function satisfying S(r, f) = of{T(r, f)}, as r — 400, possibly outside of
finite measure.

Let f(z) and g(z) are non-constant meromorphic functions and a be a finite
complex number. We denote by N (r, f) the counting function for the poles of
both f and g about which f has larger multiplicity than g, where multiplicity is
not counted. Similarly, we have the notation for N (r, g).

We denote by A the class of meromorphic functions f in C which satisfy the
condition N(r, f) + N(r, %) = S(r, f). Clearly all functions in A are transcen-
dental meromorphic functions.

In 1920’s R. Nevanlinna[17] proved the following result (the Nevanlinna four
value theorem.)
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Theorem A. Let f and g be two nonconstant meromorphic functions. If f and
g share four distinct values CM, then f is a Mobius transformation of g.

For instance, f = e*, g = ¢ % share 0,+1,00, and f = é.

In 1997, Yang and Hua[10], obtained following result.

Theorem B. Let f and g be two non-constant meromorphic functions, n > 11
an integer and a € C — {0}. If f™f’ and g"¢’ share the value a CM, then either
f = dg for some (n + 1)th root of unity d or g(z) = c1e®* and f(z) = cpe™,

where ¢, c; and ¢y are constants and satisfy (ClCQ)n+1CQ = —a2.

2. Some Lemmas

Lemma 2.1([6]). Let f be a meromorphic function of finite order and P a
homogeneous differential polynomial in f of degree n. If ©(0, ) = O(o0, f) =1,
then

T(r,p) ~nT(r, f)-

Lemma 2.2 ([11]). Let f;(j = 1,2, 3) be meromorphic functions that satisfy

3
D fi=1
j=1

Assume that f; is not a constant, and
3 3
1 _
> No(r, ?) + Y N(r, ;) < (A+0(W)T(r),r €1,
j=1 J j=1

where A <1, T(r) = max{T(r, f1), T(r, f2),T(r, f3)}, Na(r, %) is the counting
function of zeros of f;(j = 1,2,3), where a multiple zero is counted two times
and a simple zero is counted once. Then fo =1 or f3 = 1.

Lemma 2.3([13]). Let f be a non-constant meromorphic function. Then

1
7"7%

where k is a positive integer.

Lemma 2.4([13]). Let F and G be two distinct non-constant meromorphic
functions, and let ¢ be a complex number such that ¢ # 0, 1. If F' and G share 1
and ¢ IM, and if N(r, ) + N(r,F) = S(r,F) and N(r, &) + N(r,G) = S(r, G),
then F' and G share 0,1, ¢,00 CM.

Lemma 2.5 ([17]). If f and g are distinct non-constant meromorphic functions
that share four values a1, as,as,as CM, then f is Mobius transformation of g:
two of the shared values, say a; and ay are picard exceptional values and the
cross ratio (a1, aq,as,as) = —1.

Lemma 2.6([13]). If f(z) € A and k is a positive integer, then

1) +EN(r, f) + S(r, f).

N( 7’,?

) < N(
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Lemma 2.7([14]). Let f be a non-constant meromorphic functions and aq, as, as
be three distinct small meromorphic functions of f, then

3
T, f) € SN 52 ) + ().

Lemma 2.8([14]). Suppose that f is a non-constant meromorphic function,
k > 2 is an integer. If

N N 1 N LIS S I

(r, f) + (ﬁ})JF (T’W) = (7"77

then f = e®**° where a # 0,b are constants.
Following lemmas play a prominent role in improving our results.
Lemma 2.9. Let f,g € A,n > m+ k+ 1 and k be a positive integer. If
FP()]*) and g"[P(g)]*) share 1 CM, then

);

n+m-—=k
n—m-—=k

7(rg) < ( )T00)+ 5(0.9).

Proof. Let G = g"[P(g)]*). Then it is a polynomial of degree (n 4+ m — k). By
lemma 2.1, we have
(n+m — K)T(r, 9) ~ T(r, G). ()
Applying Lemma 2.7 to T(r, G), we get
1 — 1

(n+m—k)T(r,g) < N(r,G) + N(r, 5)

I
=
=
=
s
s
)
P
s
=
+
=
7~
=
=
o)
—_
~—

=

+

Noting that

r,g") + N(r, [P(g)]*))
r,g) + mN(r,g) + kN (r, g)
N(r,g) + (k+ 1)N(r,g)
and S(r,G) = S(r,g), (by(2.1))

So,

(0 +m = BT(r.9) < mN(r9) + (k-+ DN (r.9) + Nr. )

1 _

+ N(r, 7[P(g)](k) )+ N(r,

g -1 509
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Since f*[P(f)]*) and ¢g"[P(g)]*) share 1 CM, it implies that f"[P(f)]*® —1
and g"[P(g)]® — 1 have same zeros with same multiplicities, using this with
Lemma 2.3, we obtain that

(n+m—k)T(r,g) <mN(r,g) + (k+1)N(r,g) + N(r, l) + mN (r, 1)

g g
— _ 1 ()
+kN(r,g) + N(r, ——————) + S(r,g
( Fep(@ -1 50
By hypothesis, we have
— —, 1
N(T7f)+N(T7?) S(Tmf)a
— — 1
N(Tag) =+ N(T, 5) = S(Tag)
Using Nevanlinna’s first fundamental theorem and Lemma 2.1, we have
—_ 1 1

N( )ST(T’W)

=T(r, f"IP(£)™) + 0(1).
~ (n+m—k)T(r, f) + O(1).

D PH® —1

So,

Nm?ﬁ@%ﬁjﬁgm+m—@ﬂnﬂ+mn. 3)

using (3), (2) becomes

(n+m—k)T(r,g) <mN(r,g) + mN(r, é) +(n4+m—KkT(r, f)+S(r,g).

<2mT(r,g) + (n+m —k)T(r, f)+ S(r,9)
(mn—m—-—KkT(r,g) <(n+m—K)T(r,f)+S(r,g)
T(r,) < (=T, ) + S0, 9),

This completes the proof of Lemma. O

Lemma 2.10. Let f,g € A,n > m + 1 and k be a positive integer. If
fMP(f)]* and g"[P(g)]* share 1 CM, then S(r, f) = S(r, g).

Proof. Proceeding as in the proof of Lemma 2.9, we have

n+m-—k

T(r,g) < (A0

)L (r, f) + S(r, g).
Similarly, we have

n+m-—=k
n—m-—=k

T(r, f) < ( )T(r,9) + S(r, f)
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using above two inequalities we easily obtain

S(r, f) = S(r,9).
This completes the proof of Lemma. O

Lemma 2.11. Let f,g € A,n > m + 1 and k be a positive integer. If
PP ® g7 [P(9)]* = 1, then f = c3eP* and g = cye P* where c3,c4 and p
are constants such that (—1)*(czcq)"1p?* = 1.

Proof. Let
F = f"[P(H)]W and G = g"[P(g)]¥ (4)

By Lemma 2.1, we have
T(r,F)~(n+m—k)T(r f),
T(r,G) ~ (n+m—Fk)T(r,g)
clearly S(r, F) = S(r, f)andS(r,G) = S(r,g). By Lemma 2.10, we have
S(r, f) = S(r, 9)-

Thus
S(r, F) = S(r, f) = S(r,9) = 5(r, G). ()
By hypothesis, we have
P MgtPg)™ =1 or FG=1. (6)
From 6 and f and g are transcendental functions, it follows that
1 1
N(r,—=)=0and N(r,—) =0 7
( f) ( g) (7)
By hypothesis, we have
- 1
N(va) (a?) (T»f)
] ®)
N(Tvg)—’_N(TvE) S(Tvg)
(6) can be expressed as
1
nip( )1k —
PRI = e
So we deduce that
N(r, fr[P(f)]™ N(n ) 9
(r. S P(F)®) P E® (9)

Using (8), we get
N(r, ["[P(HIP) = N(r, f7) + N(r, [P(/)]P)
N(r,f) +mN(r, f) + kN(r, f)
(n +m)N(r, f) + kN(r, f)
= (n+m)N(r, f) + S(r, f)
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Using this with Lemma 2.3 with (5), (7) and (8), (9) can be written as

(0 +m)N(r, )+ S0 £) < NG 20 + N (7"7 [p<gl>]<k>>

< (n+4+m)N(r, é) +kN(r,g) + S(r,g)

= S(r,g).
which implies that

N(r,f)=S(r f). (10)
Similarly

N(r,g) = S(r,g). (11)

By (7), (8) and Lemma 2.3, we have

N3 = (n e )

- 1 1
<N )+ ()
_ 1 1 — 1
< N(r, ?) + mN(r, ?) + EN(r, }) +S(r, f)
=5(r, f)
Therefore N( l) st 12
T F - T,
Similarl
Y = 1
N(r, E) =5(r,Q) (13)

Moreover by using (8) and (10), we have
N(r,F) =N(r, f*[P(f)]™)

S(r, f)
Therefore
N(r,F) = S(r, F) (14)
Similarly
N(r,G) = S(r,G) (15)

It follows from (12)-(15) that
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In view of (6), we know that F' and G share 1 and -1 IM, together this with (16)
and Lemma 2.4 implies that F' and G share 1, —1,0, 00 CM, thus by Lemma 2.5,
we get that 0 and oo are picard values of F' and G. Thus we deduce from (4)
that both f and g are transcendental entire functions. By (7) we have

fz) =),

g(z) = ' "

where «(z) and 3(z) are non constant entire functions.

Then T'(r, fTI) = T(r, e:f") = T(r,a’). We claim that «(z) + 8(z) = ¢, cis a
constant.

From (17), we know that either o and 8 are transcendental functions or both «
and [ are polynomials.

From (6), we have

1 n n
N(r, W) =N(r,g [P(Q)](k)f )
< nN(r,g) + N(r,[P(9)]V) + nN(r, )
=0.
From this and (6), we get
N )+ N ) + NG ﬁ) 0.

If £ > 2, suppose that « is a transcendental entire function. From Lemma 2.7,
we have f = e®(®) = ¢2*%? it implies that «(z) = az + b, a polynomial, which is
a contradiction.

Thus « and S polynomials.

We deduce from (17) that

[POO® = [(&)* + Pi—1yanlp(e®).

[P(9)]®) = [(B)* + Q1) (s Ip(e”).

where P(;_1)(o) and Qx—1)(g) are differential polynomials in o’ and 3’ of degree
at most (k — 1) respectively. Thus by (6) we obtain that

()" + Py—1yan)][(B)F + Q(kf1)(ﬁ')]p(€(n+m_k)(a+ﬁ)) =1 (18)

we deduce from (18) that «(z) + 5(z) = ¢, ¢ is a constant.
If k=1, from (17) we get,

(') (B")p(elrHm=Plats)) =1, (19)
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Let « + B8 = . If @ and 3 are transcendental entire functions, then ~ is not a
constant and (19) implies that

(@)(y = a)p(e™Hm =Ry = 1. (20)
Since
T(r,y') =m(r,7)
n+m—k)y’
i 2 )
(p(e k)

Thus (20) implies that Since

) = S(r,p(e™mm))

< 2T(r, ) + S(r, p(emTm=R)7Y).
Which implies that
T(r,p(e™™=H7)) = O(T(r, ).

Thus T'(r,v") = S(r,a’). In view of (20) and by Lemma 2.7, we get
b
o — ’Y/)
Since a and 8 are transcendental entire function and in view of (20), we obtain
T(r,a') < S(r,a’) and this implies that o is a constant, which is a contradiction.

Thus « and S are both polynomials and a(z) 4+ 8(z) = ¢, for a constant c.
Hence from (18), we get

T(r,a’) < N(r,o) + N(r, ~

a)+N(ra )+S(T,O/).

(a)?% =1+ Puaj_1)() (21)
where Pa;,_1)(’) is differential polynomial in o’ From (21), we have
2KT(r,0') = T(r, (a/)**) = m(r, (a')*")
< m(r, Por_1)(a’)) + O(1)

_ Prag—1)()
= m(r, (a/)2h—1

(@)1 +0(1)

Pror—1y(a’)
< m(r, (a/)2k—1

<2k —-1)T(r,a)+ S(r,a)

) +m(r, (o)1) + O(1)

Therefore T'(r,a) < S(r,«’), which implies that o is a constant. Thus o =
pz+c1, f=—pz+ co. By (17), we represent f and g as
f =c3eP* g = cqe P2,



Uniqueness and Value sharing Problems in class A of meromorphic functions 139

Where c3, ¢4 and p are constants such that (—1)%(czeq)"H1p?k = 1.

This completes the proof of Lemma. O

3. Main Results

The Theorem B motivate us to think that, whether there exists a similar
result, if f”f is replaced in Theorem B by f"[P(f)]*). In this paper, we prove
significant result which improves as well as generalize Theorem B in class A.
Theorem 1. If f,g € A,n > m+ k+ 1 and k be a positive integer. Then
fP[P(f)]*) =1 has infinitely many zeros.

Proof. Let F = f*[P(f)]*®). By Lemma 2.1 and 2.6, we have

(n4+m —=K)T(r, f) ~T(r, f*[P(f)

—

>

N
~—

Noting that

_ 1 __ 1 1
N Fpgmm) < N ) TN o)
_ 1 1
< N5+ N0 mpi )

and (n+m — k)T (r, f) ~ T(r, f*IP(f)]P). So S(r, f*[P()IW) = S(r, f),

substituting above inequalities in (22), we obtain,

_ — 1 1
(m+m—k)T(r,f) <mN(r,f)+ (k+1)N(r, f) + N(r, ?) + N(r, W)
— 1
+N(r,W)+S(r,f)
using Lemma 2.3, we get,
(n+m — K)T(r. f) S mN(r. ) + (k + DN(r. £) + N(r, 1) + mN(r, )
d (23)

+kN(r, f) + N(r )+ .S(r, f).

1
FPI® 1
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By hypothesis, we have N(r, f) = S(r, ), N(r,$) = S(r, f)
Therefore (23) becomes,

1 — 1
(ner—k)T(r,f) < mN(r,f) erN(T,?) JFN(T,W) +S(7”,f)
— 1
<2mT(r, f) +N(va) +5(r, f)

1
CPOAI® -1

which implies that f*[P(f)]*) — 1 has infinitely many zeros for n > m + k + 1.
This completes the proof of Theorem 1. (]

(nimik)T(nf)SN(T )+S(T7f)

Theorem 2. Let f,g € A,n > m+ k+ 4 and k be a positive integer. If
FP()]®) and g"[P(g)]*) share 1 CM, then either f = tg for a constant ¢ such
that t"T1 = 1 or f(z) = c3eP?, g(z) = cse™P* where c3,cq4 and p are constants
such that (—1)®) (czeq)"H1p?F = 1.

Proof. By hypothesis, f*[P(f)]*) and ¢g"[P(g)]*) share 1 CM. Let

frPH™ -1

1= g —1

(24)

Then H(z) is a meromorphic function satisfying T'(r, H) = O(T'(r, f) + T(r,g)),
by the first fundamental theorem and Lemma 2.1.
From (24), we see that the zeros and poles of H(z) are multiple and satisfy

Let

then by using (24), we easily see that

A+ ft fs=frPHIY — Hg'[P(9))® + H
= f"P(H)I® — Hlg"[P(g)]®) —1]

n k) _
= e - (L1 i -
=1
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Assuming that f; is non-constant and by Lemma 2.2, we have

3
ZNQ(T,%) +Y N(r, )
j=1 7=t
1 1 1 —
7]}[2(7/.7%) +7N2(7",E)+N2(7",E)+N(T’,f1) (27)
+ N(r, f2) + N(r, f3)
1 1 1
= Nl pm) R ) TR )
+ N(r, fIP(OS) + N(r, g"[P(9)] ™) + N(r, H).
Noting that
(r, [P < mN(r, f) + (k + )N (r, f)
N(r,g"[P()™) <mN(r,g) + (k+1)N(r,g)
using this with (25) and Lemma 2.3, (27) becomes
3 1 3
ZN2(T7 ]Tj) + ZN(T7 f])
_ 1 1
_ 1 1 _
+ 2N (r, 5) + N(r, ROIE + (k+1)N(r, f) + mN(r,g)
+(k+1)N(r,g) + N(r, H)
_ 1 1 _
<2N(,})+mN( f)+kN(r, ) (28)
+2N(r, ;) -+ mN(r, 5) +kN(r,g) + 2N (r,9)

+77:I/N(T,f) (k+1)N(r, f) + mN(r,g) + (k+1)N(r, g)

1 1
Ty ?) + N(T7 5))

( 9)) +m(N(r, f) + N(r, 9))
+5(r, f) +5(r,9)-

Since f,g € A, we have N(r, f) + N(r, %) =S(r, f)
N(r,g)+ N(r, ;) = S(r,g)
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Therefore
3
Z NQ Z N T fj

SMNm%+N<§»Hm<nﬁ+Nmm+mwmm

+NL(T7f) +S(Taf) +S'(Tvg)
Noting that

(29)

[u—y

2NL(r,g) + Ni(r, f) <2N(r, f) = S(r.f)
or

QNL(T7 g) + NL(Tv f) < QN(T,Q) = S(’f‘, g)'
Thus (29) becomes

ZNZ +ZN (r, f3) < 2m(T(r, f) + T(r,g)) + S(r, f) + S(r. g).

for m = 1, using Lemma 2.9 and 2.10, we get
(n—i—m— k)
(n—mf k)

Zfﬁ_:ﬂﬂnﬂ+SMﬁ

ZNz +ZNrf])<2mT(r f)+

Jj=1

T(r,f)+ 5 f)

= {Qm + 2my(

< dm(n — k)
“\(n—-m—-k)(n+m—k)
4m(n—k)
(n—m—1)(n+m—1)
= 1. Next we consider two cases:
Case 1. fo = lie., —Hg"[P(g)]® = 1 using (24) we have

+ 0(1)) T(r).

Since n > m + k + 4, < 1, using Lemma 2.2, we get fo =1 or

" -1
J; %ng))]]%) —9" PO =1
by simple computing, we get

fMP(9)) W g [P(g)) ™ = 1.
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By Lemma 2.11, we get the conclusion of Theorem 2.
Case 2. f3 =11i.e, H =1 using (24), we have

P =1

P -1

FP® = g [P(g)]) ™.

By Lemma 2.1, we have

T(r, f*[P(N™) = T(r, " [P(9)] ™)
(n+m)T(r, f) = (n+m)T(r,g)

T(r,f)=T(r.g)
and also

S(r, f) =5(r,9)-
Let h = 4. Then by (30), we have

1) _ Q[P(f)](k)_

Suppose that h is not a constant.
By (31), we have

i 9
T(r,h) =1T( ,f)

<T(r,g)+T(r, f)+0(1)
<2T(r, f) +O(1).
Which implies that
S(r,h) = S(r, ).
Similarly
S(r,h) = S(r,g).
Thus, by (32)
S(r,h) = S(r, ) = 5(r,9).

143

(30)
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By the first fundamental theorem and Lemma 2.6, we have

o xS
(k)

[P(HI™ 9
(n+1)T(r,h) <T(r, 7 )+T(T,W)+O(l)
— 7, 1P (J;)](k)) +T(r, [P(gg)](k)) +0(1)
=S(r, f)+ S(r,9)
=S(r,h).

Which is a contradiction since n > m + k + 4. Therefore h is a constant. Since
fand g are transcendental meromorphic functions, we have h # 0.

Let ¢t = #, which implies that f = tg, From (30), we obtain ¢"*! = 1. This
completes the proof of the Theorem 2. O
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