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UNIQUENESS FOR THE POWER OF A MEROMORPHIC

FUNCTION†

CHAO MENG∗ AND XU LI

Abstract. In this paper, we investigate the uniqueness problem related
to the power of a meromorphic functions sharing a small function with

its derivative. The results in this paper improve and generalize some well
known previous results.
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1. Introduction, definitions and results

By a meromorphic function we shall always mean a meromorphic function in
the complex plane. Let k be a positive integer or infinity and a ∈ C ∪ {∞}.
Set E(a, f) = {z : f(z) − a = 0}, where a zero point with multiplicity k is
counted k times in the set. If these zeros points are only counted once, then
we denote the set by E(a, f). Let f and g be two nonconstant meromorphic
functions. If E(a, f) = E(a, g), then we say that f and g share the value a
CM; if E(a, f) = E(a, g), then we say that f and g share the value a IM. We
denote by Ek)(a, f) the set of all a-points of f with multiplicities not exceeding
k, where an a-point is counted according to its multiplicity. Also we denote by
Ek)(a, f) the set of distinct a-points of f with multiplicities not greater than
k. It is assumed that the reader is familiar with the notations of Nevanlinna
theory such as T (r, f), m(r, f), N(r, f), N(r, f), S(r, f) and so on, that can
be found, for instance, in [2][7]. We denote by Nk)(r, 1/(f − a)) the counting
function for zeros of f − a with multiplicity less than or equal to k, and by
Nk)(r, 1/(f − a)) the corresponding one for which multiplicity is not counted.
Let N(k(r, 1/(f−a)) be the counting function for zeros of f−a with multiplicity
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at least k and N (k(r, 1/(f − a)) the corresponding one for which multiplicity is
not counted. Set

Nk

(
r,

1

f − a

)
= N

(
r,

1

f − a

)
+N (2

(
r,

1

f − a

)
+ ...+N (k

(
r,

1

f − a

)
.

Let F andG be two nonconstant meromorphic functions such that F andG share
the value 1 IM. Let z0 be a 1-point of F of order p, a 1-point of G of order q. We

denote by NL

(
r, 1

F−1

)
the counting function of those 1-point of F where p > q;

by N
1)
E

(
r, 1

F−1

)
the counting function of those 1-point of F where p = q = 1; by

N
(2
E

(
r, 1

F−1

)
the counting function of those 1-point of F where p = q ≥ 2. In the

same way, we can defineNL

(
r, 1

G−1

)
, N

1)
E

(
r, 1

G−1

)
, N

(2
E

(
r, 1

G−1

)
. Particularly,

if F and G share 1 CM, then NL

(
r, 1

F−1

)
= NL

(
r, 1

G−1

)
= 0. With these

notations, if F and G share 1 IM, it is easy to see that

N

(
r,

1

F − 1

)
= N

1)
E

(
r,

1

F − 1

)
+NL

(
r,

1

F − 1

)
+NL

(
r,

1

G− 1

)
+N

(2
E

(
r,

1

G− 1

)
= N

(
r,

1

G− 1

)
.

Mermorphic functions sharing values with their derivatives has become a sub-
ject of great interest in uniqueness theory recently. The paper by Rubel and Yang
is the starting point of this topic, along with the following.

Theorem 1.1 ([5]). Let f be a nonconstant entire function. If f and f ′ share
two distinct finite values CM, then f = f ′.

Now one may ask the following question: Can we change the number 2 of
shared values to 1 in the Theorem 1.1 ? The following counterexample from

shows the answer is negative. Let f = ee
z ∫ z

0
e−et(1 − et)dt. Clearly, f and f ′

share 1 CM but f ̸= f ′.

In order to get uniqueness theorem when a meromorphic function shared
one finite value with its derivative, some additional condition might be needed.
In 2003, Yu considered the uniqueness problems with deficiency condition and
obtained the following result.

Theorem 1.2 ([8]). Let f be a nonconstant entire function, let k be a positive
integer, and let a be a small meromorphic function of f such that a(z) ̸≡ 0,∞.
If f − a and f (k) − a share the value 0 CM and δ(0, f) > 3/4, then f ≡ f (k).

In 2010, Meng proved the following result.

Theorem 1.3 ([4]). Let f be a nonconstant entire function, and let a be a
small function of f such that a(z) ̸≡ 0,∞. If E4)(a, f) = E4)(a, f

(k)) and

E2)(a, f) = E2)(a, f
(k)) and δ2+k(0, f) >

1
2 , then f ≡ f (k).
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Recently, J.L. Zhang and L.Z. Yang considered fn sharing a small function
with its k-th derivative and got the following result.

Theorem 1.4 ([9]). Let f be a nonconstant meromorphic function, let n, k be
two positive integers satisfying n > k + 1 +

√
k + 1. If fn and (fn)(k) share

a(z) CM, where a(z)( ̸= 0,∞) is a small function of f , then fn = (fn)(k) and

f = ce
λ
n z, where c, λ are constants and λk = 1.

In 2012, X.B. Zhang proved the conclusion of Theorem 1.4 remains valid for
more general meromorphic functions.

Theorem 1.5 ([12]). Let f be a nonconstant meromorphic function, let n, k
be two positive integers satisfying n ≥ m + k + 4 where m is a nonnegative
integer. Let P (w) = amw

m + am−1w
m−1 + ... + a1w + a0. If fnP (f) and

[fnP (f)](k) share a(z) CM, where a(z)( ̸= 0,∞) is a small function of f , then

fnP (f) = [fnP (f)](k) and f = ce
λ
n z, where c, λ are constants and λk = 1.

It is natural to ask whether the sharing nature of the small function a(z)
can be reduced to IM in Theorem 1.5. Considering this question, we prove the
following results.

Theorem 1.6. Let f be a nonconstant meromorphic function, let n, k be two
positive integers satisfying n ≥ m + 2k + 14 where m is a nonnegative integer.
Let P (w) = amw

m + am−1w
m−1 + ...+ a1w+ a0, where am ̸= 0. If fnP (f) and

[fnP (f)](k) share a(z) IM, where a(z)( ̸= 0,∞) is a small function of f , then

f = ce
λ
n z, where c, λ are constants and λk = 1.

Corollary 1.7. Let f be a nonconstant entire function, let n, k be two positive
integers satisfying n ≥ m+ k+8 where m is a nonnegative integer. Let P (w) =
amw

m + am−1w
m−1 + ...+ a1w+ a0, where am ̸= 0. If fnP (f) and [fnP (f)](k)

share a(z) IM, where a(z)( ̸= 0,∞) is a small function of f , then f = ce
λ
n z,

where c, λ are constants and λk = 1.

We also prove the following results.

Theorem 1.8. Let f be a nonconstant meromorphic function, let n, k be two
positive integers satisfying n > 3

2k + m + 8 where m is a nonnegative integer.

Let P (w) = amw
m + am−1w

m−1 + ...+ a1w + a0, where am ̸= 0. If

E4)(a(z), f
nP (f)) = E4)(a(z), [f

nP (f)](k))

and

E2)(a(z), f
nP (f)) = E2)(a(z), [f

nP (f)](k)) ,

where a(z)( ̸= 0,∞) is a small function of f , then f = ce
λ
n z, where c, λ are

constants and λk = 1.
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Corollary 1.9. Let f be a nonconstant entire function, let n, k be two positive
integers satisfying n ≥ k+m+4 where m is a nonnegative integer. Let P (w) =
amw

m + am−1w
m−1 + ...+ a1w + a0, where am ̸= 0. If

E4)(a(z), f
nP (f)) = E4)(a(z), [f

nP (f)](k))

and

E2)(a(z), f
nP (f)) = E2)(a(z), [f

nP (f)](k)) ,

where a(z)( ̸= 0,∞) is a small function of f , then f = ce
λ
n z, where c, λ are

constants and λk = 1.

2. Some Lemmas

In this section, we present some lemmas which will be needed in the sequel.
We will denote by H the following function:

H =

(
F ′′

F ′ − 2F ′

F − 1

)
−
(
G′′

G′ − 2G′

G− 1

)
.

Lemma 2.1 ([6]). Let f be a nonconstant meromorphic function, and let a1, a2, ..., an
be finite complex numbers, an ̸= 0. Then

T (r, anf
n + · · ·+ a2f

2 + a1f + a0) = nT (r, f) + S(r, f) .

Lemma 2.2 ([11]). Let f be a nonconstant meromorphic function, k be a positive
integer, then

Np

(
r,

1

f (k)

)
≤ Np+k

(
r,

1

f

)
+ kN(r, f) + S(r, f) ,

where Np

(
r, 1

f(k)

)
denotes the counting function of the zeros of f (k) where a

zero of multiplicity m is counted m times if m ≤ p and p times if m > p. Clearly

N
(
r, 1

f(k)

)
= N1

(
r, 1

f(k)

)
.

Lemma 2.3 ([10]). Suppose that two nonconstant meromorphic function F and
G share 1 and ∞ IM. Let H be given as above. If H ̸≡ 0, then

T (r, F ) + T (r,G) ≤ 3N(r, F ) +N2

(
r,

1

F

)
+N2

(
r,

1

G

)
+N

1)
E

(
r,

1

F − 1

)
+ 2N

(2
E

(
r,

1

F − 1

)
+ 3NL

(
r,

1

F − 1

)
+3NL

(
r,

1

G− 1

)
+ S(r, F ) + S(r,G) .

Lemma 2.4 ([1]). Let F , G be two nonconstant meromorphic functions such
that E4)(1, F ) = E4)(1, G), E2)(1, F ) = E2)(1, G) and H ̸≡ 0, then

T (r, F ) + T (r,G) ≤ 2{N2(r,
1

F
) +N2(r,

1

G
) +N2(r, F )

+N2(r,G)}+ S(r, F ) + S(r,G) .
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Lemma 2.5 ([3]). Let f be a nonconstant meromorphic function and let k be a
positive integer. Then

N2

(
r,

1

f (k)

)
≤ T (r, f (k))− T (r, f) +N2+k

(
r,

1

f

)
+ S(r, f) .

3. Proof of Theorem 1.6

Let

F =
fnP (f)

a
,G =

[fnP (f)](k)

a
. (1)

Then it is easy to verify F and G share 1 and ∞ IM. Let H be defined as above.
Suppose that H ̸≡ 0. It follows from Lemma 2.3 that

T (r, F ) + T (r,G) ≤ 3N(r, F ) +N2

(
r,

1

F

)
+N2

(
r,

1

G

)
+N

1)
E

(
r,

1

F − 1

)
+ 2N

(2
E

(
r,

1

F − 1

)
+ 3NL

(
r,

1

F − 1

)
+3NL

(
r,

1

G− 1

)
+ S(r, F ) + S(r,G) . (2)

Since

N
1)
E

(
r,

1

F − 1

)
+ 2N

(2
E

(
r,

1

F − 1

)
+NL

(
r,

1

F − 1

)
+2NL

(
r,

1

G− 1

)
≤ N

(
r,

1

G− 1

)
≤ T (r,G) +O(1) . (3)

We get from (2) and (3) that

T (r, F ) ≤ 3N(r, F ) +N2

(
r,

1

F

)
+N2

(
r,

1

G

)
+2NL

(
r,

1

F − 1

)
+NL

(
r,

1

G− 1

)
+ S(r, F ) . (4)

It’s obvious that

2NL

(
r,

1

F − 1

)
≤ 2N

(
r,
F

F ′

)
≤ 2N

(
r,
F ′

F

)
+ S(r, f)

≤ 2N(r, F ) + 2N

(
r,

1

F

)
+ S(r, f) , (5)

NL

(
r,

1

G− 1

)
≤ N

(
r,
G

G′

)
≤ N

(
r,
G′

G

)
+ S(r, f)

≤ N(r,G) +N

(
r,

1

G

)
+ S(r, f) . (6)
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Combining (4), (5) and (6), we deduce

T (r, F ) ≤ 6N(r, F ) +N4

(
r,

1

F

)
+N3

(
r,

1

G

)
+ S(r, f) . (7)

Then we have from Lemma 2.1 and Lemma 2.2

T (r, F ) = (n+m)T (r, f) + S(r, f) ≤ 6N(r, f) + 4N

(
r,

1

f

)
+N4

(
r,

1

P (f)

)
+ kN(r, f) +Nk+3

(
r,

1

fnP (f)

)
+ S(r, f)

≤ 6N(r, f) + 4N

(
r,

1

f

)
+mT (r, f) + kN(r, f)

+(k + 3)N

(
r,

1

f

)
+mT (r, f) + S(r, f) , (8)

that is,

(n−m− 2k − 13)T (r, f) ≤ S(r, f) , (9)

which contradicts with n ≥ m+ 2k + 14. Therefore H ≡ 0. By integration, we
get

1

F − 1
=

A

G− 1
+B , (10)

where A ̸= 0 and B are constants. From (10) we have

G =
(B −A)F + (A−B − 1)

BF − (B + 1)
. (11)

We discuss the following three cases.

Case I. Suppose that B ̸= 0,−1. From (11), we have

N

(
r,

1

F − B+1
B

)
= N(r,G) . (12)

From the second fundamental theorem, we have

(n+m)T (r, f) = T (r, F ) + S(r, f) ≤ N(r, F )

+N

(
r.
1

F

)
+N

(
r,

1

F − B+1
B

)
+ S(r, f)

≤ 2N(r, f) +N

(
r,

1

f

)
+mT (r, f) + S(r, f) , (13)

which contradicts with n ≥ m+ 2k + 14.

Case II. Suppose that B = 0. From (11), we have

G = AF − (A− 1) . (14)
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If A ̸= 1, from (14) we obtain

N

(
r,

1

F − A−1
A

)
= N

(
r,

1

G

)
. (15)

From the second fundamental theorem and Lemma 2.2, we have

(n+m)T (r, f) = T (r, F ) + S(r, f) ≤ N(r, F )

+N

(
r.
1

F

)
+N

(
r,

1

F − A−1
A

)
+ S(r, f)

≤ N(r, f) +N

(
r,

1

f

)
+mT (r, f) + kN(r, f)

+(k + 1)N

(
r,

1

f

)
+mT (r, f) + S(r, f) , (16)

which contradicts with n ≥ m+2k+14. Thus A = 1. From (14) we have F = G.
Then fnP (f) = [fnP (f)](k). Proceeding as the proof of Lemma 7 in [12], we

can prove m = 0 and f = ce
λ
n z, where c, λ are constants and λk = 1.

Case III. Suppose that B = −1. From (11) we have

G =
(A+ 1)F −A

F
. (17)

If A ̸= −1, we obtain from (17) that

N

(
r,

1

F − A
A+1

)
= N

(
r,

1

G

)
. (18)

By the same reasoning discussed in Case II, we obtain a contradiction. Hence
A = −1. From (17), we get FG = 1, that is

fnP (f)[fnP (f)](k) = a2 . (19)

From (19) we obtain N
(
r, 1f

)
= N

(
r, 1

P (f)

)
= S(r, f). So

2(n+m)T (r, f) ≤ T (r, f2nP (f)2) + S(r, f) = T

(
r,

a2

f2nP (f)2

)
+ S(r, f)

≤ m

(
r,

a2

f2nP (f)2

)
+N

(
r,

a2

f2nP (f)2

)
+ S(r, f) = S(r, f) , (20)

which is a contradiction. This completes the proof of Theorem 1.6.

4. Proof of Theorem 1.8

Let

F =
fnP (f)

a
,G =

[fnP (f)](k)

a
. (21)
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Then it is easy to verify E4)(1, F ) = E4)(1, G) and E2)(1, F ) = E2)(1, G). Let
H be defined as above. Suppose that H ̸≡ 0. It follows from Lemma 2.4 and
Lemma 2.5 that

T (r, F ) + T (r,G) ≤ 2{N2

(
r,

1

F

)
+N2(r, F )

+N2

(
r,

1

G

)
+N2(r,G)}+ S(r, f)

≤ 8N(r, f) + 2N2

(
r,

1

fnP (f)

)
+N2

(
r,

1

[fnP (f)](k)

)
+T (r,G)− T (r, F ) +N2+k

(
r,

1

fnP (f)

)
+ S(r, f) . (22)

By Lemma 2.1 and Lemma 2.2 we have

2T (r, F ) = 2(n+m)T (r, f) + S(r, f) ≤ 8N(r, f) + 4N

(
r,

1

f

)
+2N2

(
r,

1

P (f)

)
+ kN(r, f) + 2N2+k

(
r,

1

fnP (f)

)
+ S(r, f)

≤ 8N(r, f) + 4N

(
r,

1

f

)
+ 2N2

(
r,

1

P (f)

)
+ kN(r, f)

+2(2 + k)N

(
r,

1

f

)
+ 2N2+k

(
r,

1

P (f)

)
+ S(r, f) . (23)

It follows that

(2n− 3k − 2m− 16)T (r, f) ≤ S(r, f) , (24)

which contradicts with n > 3
2k +m+ 8. Therefore H ≡ 0. Similar to the argu-

ments in Theorem 1.6, we see that Theorem 1.8 holds.

Acknowledgment. The authors would like to thank the referees for their
useful comments and suggestions that improved the presentation of this paper.

References

1. A. Banerjee, On uniqueness of meromorphic functions when two differential monomials

share one value,Bull. Korean Math. Soc. 44 (2007), 607-622.
2. W.K. Hayman, Meromorphic Functions, Clarendon, Oxford, 1964.
3. S.H. Lin and W.C. Lin, Uniqueness of meromorphic functions concerning weakly weighted

sharing, Kodai Math. J. 29 (2006), 269-280.

4. C. Meng, On unicity of meromorphic function and its kth order derivative, J. Math. In-
equal. 4 (2010), 151-159.

5. L.A. Rubel and C.C.Yang, Values shared by an entire function and its derivatives, In:

Complex Analysis, Kentucky 1976 (Proc. Conf), Lecture Notes in Mathematics, Vol. 599,
Springer-Verlag, Berlin, 1977, 101-103.

6. C.C. Yang, On deficiencies of differential polynomials, Math. Z. 125 (1972), 107-112.
7. L. Yang, Value distribution theory, Springer-Verlag, Berlin, 1993.



Uniqueness for the Power of a Meromorphic Function 9

8. K.W. Yu, On entire and meromorphic functions that share small functions with their
derivatives, J. Inequal. Pure Appl. Math. 4(1)(2003), Art. 21.

9. J.L. Zhang and L.Z. Yang, A power of a meromorphic function sharing a small function

with its derivative, Ann. Acad. Sci. Fenn. Math. 34 (2009), 249-260.
10. J.L. Zhang, Meromorphic functions sharing a small function with their differential poly-

nomials, Kyungpook Math. J. 50 (2010), 345-355.
11. Q.C. Zhang, Meromorphic function that share one small function with its derivative, J.

Inequal. Pure Appl. Math. 6(4) (2005), Art.116.
12. X.B. Zhang, A power of a meromorphic function sharing a small function with its deriv-

ative, J. Wuyi University, 26 (2012), 1-5.

Chao Meng received Ph.D at Shandong University. Since 2009 he has been at Shenyang
Aerospace University. His research interests include meromorphic function theory and fixed

point theory.

School of Science, Shenyang Aerospace University, Shenyang 110136, China.
e-mail: mengchaosau@163.com

Xu Li received M.Sc. from Liaoning University. She is currently an engineer at AVIC SAC
Commercial Aircraft Company Limited since 2009. Her research interests include robust
contrl theory and engineering mechanics.

Department of Research and Development Center, AVIC SAC Commercial Aircraft Com-
pany Limited, Shenyang 110003, China.

e-mail: lixusacc@163.com


