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Invariants of Local Rings under Completion

Kisuk Lee"

Abstract

We study the behavior of some invariants under completion. We aso give a counterexample, which is the same as a
counterexample to Ding's Conjecture, to Koh-Lee's Conjecture.
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1. Introduction

It is known!¥ that there are certain restrictions on the
entries of the maps in the minimal free resolutions of
finitdy generated modules of infinite projective dimenson
over Noetherian local rings A. Using these restrictions,
some new invariants were introduced?: They are (see
Definition 2.1): col (A4) for anumber associated with
the columns of themaps, fpd(A4) for anumber of socle
of module of finite projective dimension, and crs(A4),
which is associated with the cyclic modules determined
by regular sequences.

The purpose of this paper is to study of stahility of
these invariants under completion.

In section 2, we make some remarks on the behavior
of these invariants under completion. From the
equalities we established, and the factd?, it follows that
rs(4)=crs(A) ad col (4) = col (A) for Gorengtein
local rings A. We show that fpd(A) = fpd( A) for
local rings A with approximation property usng a
standard argument in such situations utilizing Artin
approximation theorem. It followsthat if A isexcelent,
then fpd( A) = fpd(B), where B is a pointed etde
extenson of A.

In section 3, we introduce a counterexample to the
conjecture posed by Koh and Led?, which states
col (A) = ers (A) for aNoetherianlocal ring 4. That
counterexample is given by Stefani to show that
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Dingss Conjecture may fail in generd. We here note
that Koh-Leds Conjecture and Dings Conjecture are
equivdent for a Gorenstein local ring. We aso add a
remark on the applications of row-invariant.

Although al rings we consider in this paper are
commutative, Noetherian with identity, and al modules
are unital, we emphasi ze the Noetherian property in our
Satements.

2. Invariants under completion

In this section we firgd recdl the invariants
defined®>?, and the Audander index(A) and the
generdlized Loewy length ¢¢(A). We dso date the
basic properties of these invariants. At the end, we
prove that the invariant fpd(—) is stable under
completion for a ring 4 with the approximation
property.

Definition 2.1. Let (4,m) be a Noetherian loca
ring. We denote by ¢, (A7) the i-th map in a minimal
resolution of a finitely generated A-module A7. We
dso usethe usud notation Soc(A4) :=Hom , (A/m,M)
to denote the socle of 4.

i) col (A) =inf{ ¢t > 1: for each finitely generated
A-module A7 of infinite projective dimension, each
column of ¢, (M) contains an element outside m/, for
al i > 1+depth A}.

When A is regular locd, we interpret the above
definitionas col(4) =1.

ii) fpd(A) =inf { t = 1: Soc(N) Zm!N for some
finitely generated

A-module NV of finite projective dimension}.
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i) crs(4) =inf{ t>1: Soc(A/z ) Lmt(A/z)
for some maximal regular sequence z = x,---,x, }.

We conjectured[2] that the invariants in the above
would not change under completion, which is a
behavior one naturaly expects from any invariant. We
established theinequdities asfollows:

Proposition 2.2. ([Proposition 2.6, 2.7]¥) Let
f:(4,m)— (Bn) be afla loca homomorphism of
Noetherian local rings.

i) col (4) < col(B).

ii) If B/n isregular, then fpd(B) < fpd(A) and
ers(B) < ers(A).

Therefore, if Aisits completion, then we have

col(A) < col(A ) < fpd(4 ) < fpd(A4).

Secondly, we recall the definition of the generaized
Loewy length of A:

20(A) =inf {¢t > 1: m‘< () for some system of
paameters z} .

Next, to define the index of aring 4, werecal the
Auslander d-invariant®®%: Let (4,m) be a
Cohen-Macaulay local ring with a canonical module w.
For afinitely generated A-module X, define

f—rank(X)=r if X=A"® U, where U has no
free summands. Then §(4) is defined asfollows:

S(M)=inf {f—rank(X): X is a maximal
Cohen-Macaulay module and A7 is a homomorphic
imege of X}.

Definition 2.3. Let (A4,m) be a Cohen-Macaulay
local ring with a canonical module. The index is define
by

index(A) =inf{t>1:6(4/m%) >0}.

The generdized Loewy length ¢4(A4) can be
described as drs(A4) when A4 is Cohen-Macaulay,
where

drs(A) Inf{t>1 Soc((A/(z) )" ,Zm (A4/(x)Y)
for some system of parametersz = x,---,z, }.

It is known[2] that crs(A) =drs(A4), and thus
00(A) =drs(A) if A isGorengtein. Also, indexz(A)
can be described as one of our invariants asfollows:

Theorem 2.4. ([Corollary 1.7.][10]) Let (4,m) bea
Gorengtein locd ring. Then

col(A) = index(A).

For a Gorenstein local ring A, it is known™® (that
index(A) and 11 (A) are stable under completion, i.e.,
mdex(;l) =index(A) andé[(?l) =0 (A). Thadoe
col(A) and crs(A) are also stable under completion
provided that 4 is Gorenstein by Theorem 2.4.

In the following, we apply a standard argument
using Artin approximation theorem to show that for a
local ring A with the approximation property (see
definition below), fpd(A) = fpd(A4). We first recal
the definition of the approximation property:

Definition 2.5. A Noetherian locdl ring A4 is said to
have the approximation property if for each ¢t > 1
and for each system of polynomia equations
F, (X}, X ):1 <] < s with coefficientsin 4 having a
solution (a,.-.a,) €47, thereisasolution (a, ---.a, €A
such thet a; 7a mod m? for al 1 <j<q.

Weremark that an excdlent hensdianlocal ring has
the approximation property[11].

Theorem 2.6. Let (4,m) be a Noetherian ring of
dimension d with the approximation property. Then
fpd(A) = fpd(A).

Aodf. Snce we hae fpd(A4) = fpd(A) by
Propostion 22, we only need to show that
fpd(A) < fpd(A). Write f = fpd(A) and let Q bea
finitely generated A-module of finite projective
dimension such that Soc(Q) Zm’ Q.

Let

(G-ﬂ/)- ) :"'4)/2"/&2”’71 s e "1 w] n[,

be aminima resolutionof Q. Foreach1 <: < d, let
¥, be a matrix of indeterminates of same size as ;.

Supposethat theimege of (a,,++,a, ) isin Soc(Q) —m’ Q.
Let m=(z,,+.x,). Since theimage of (ay,-++.a, ) is
in Soc(Q), thereareelements {yA,J} such that for each
1<k<n, Ey,w}? where R,

zk(aj]’ ) 7’0
denotesthe j-th row of v, .

Let 7=(Z.-.Z,) and Y=[Y};] be matrices of
indeterminates of appropriate Sizes. Let (3%) denotethe

following system of polynomia equations with
coefficientsin A4:
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1) foo eeh 1<i<d—1, ech entry of
Y, ¥ =0,

2) exchentry of (z,--,z,)" - Z— Y- ¥, =0.

Since (%) has a solution in 4 and A has the
approximetion property, we

may find a solution in A which agrees with the
solution in 4 (mod m’). Let ¢, be a solution
corresponding to ¥;. We then have acomplex

Pi

n n L'g
(F. . )e—A" 5 4" — . !

—A" == A" 0.

By Corollary 632 7. isacyclic. Let a:= (a1,~~~,a”“)
be a solution corresponding to Z. By definition of the
system (%), a is an dement of Soc(M), where
M:=H,(F., ). Sncetheimageof a in A7/m’ A7 = Q/m’ @
isnot 0, Soc(A7) Zmf M. Hence fpd(A) = fpd(A).

Carollay2.7. Let (4,m) bean excellent Noetherian
local ring. Then there is a pointed etale extenson B of
A suchthat fpd(B) = fpd(A). A

Proof. The conclusion follows from Theorem 2.7
and the fact that the hensdlization of A is a directed
union of pointed etale extensionsof 4. ll

3. Some Remarks

In this section, we introduce a counterexample to
the conjecture posed by Koh and Led?. Wefirst recall
their conjecture and Ding's Conjecture:

Conjecture (Koh-Led*™¥) Let 4 be a Noetherian
locd ring with the minimd reduction. Then
col(A) =crs(A), and if A is Cohen-Macaulay then
row(A4) =drs(A).

Dings Conjecturd®™ Let (R,m,k) be a
Gorengtein local ring, where £ is infinite. Then
index(R) =00(R).

Since col (R) =index (R) and crs(R) = ¢¢(R) if
R is Gorengein by Theorem 2.7, we can say that
Koh-Lee's Conjectureis equivaent to Ding's conjecture
when R isaGorenstein local ring. Koh and Lee prove'?
that their conjecture is in the affirmative in a few
cases. For ingtances, if anon-regular Cohen-Macaulay
locd ring 4 has a minimd multiplicity, i.e,
mult (A) =1+edim(A4)—dim(4), then these invariants
ae dl equd to 2 (see Corollary 3.7%), and if 4 is
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hypersurface, these invariants are the same as the
multiplicity of 4 (see Theorem 4.33).

Also, they prove that if aring A is of depth O (and
thusif A isof dimenson 0), then the conjecture holds.
However, it isrecently shownl® that the conjecture may
not betruein generd if A hasadimension greater than
0. Stefani” gives acounterexample to Ding's conjecture.
In fact, M. Hashimoto and A. Shidd¥ showed that
Ding's conjecture cannot hold if the residue field of a
ring is finite; their example is A = Fllz,y]l/ (zy(z +v)),
where F isafield with two eements. Stefani proves™
that Ding's Conjecture may fail even though the residue
fidd of aringisinfinite:

Counterexampleto Conjecture Let 5= klz,y.2],, , .,
where k isany fidd, and let n = (z,y,2) .S its maximal
ided. Let R=5/1, where 7= (2> ¢/, x0® +y2* — 2°) S.
Then R isone dimensiond loca complete intersection
domain. It can be shown by using CoCoA and
Macaulay? that index (R) =5 and £¢(R) =6, which
says Ding's Conjecture fals for R. Since Ding's
Conjectureis equivaent to Koh-Leg's Conjecturein the
case of Gorenstein ring, Koh-Leg's Conjecture dso
fails, col(R) =5,and ers (R) =6.

We close this article with an additiona remark.
Using the theory devel oped from column-row invariants,
some previoudy known results in commutative ring
theory are dightly improved; for examples, Herzog's
extenson of Kunz's result to a characterization of
modules of finite projective and injective dimensionsin
characteristic p > 0 (Corollary 2.8%), and Eisenbud's
and Duitta's results on the existence of free summandsin
syzygy modules (Proposition 2.2). We give one more
application of row-invariant regarding Bass Conjecture.
We first recdl two old conjectures, which are theorems
now since ‘Intersection Theorem’ was proved by P.
Roberts.

Two Theorems. Let (A,m) be a Noetherian local
ring.

(2) (Bass Conjecture) If there is afinite A-module
M of finiteinjective dimension, then aNoetherian local
ring A is Cohen-Macaulay.

(2) (Zero Divisor Conjecture) if z€ A4 is M-regular,
where M is a finite A-module of finite projective
dimension, then z is A-regular.

We may pose the following questions:
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Quedtion 3.1. Let (A4,m) beaNoetherianlocal ring.

(2) Suppose that there is a finite A-module A7 of
finite injective dimension, and x is A-regular. Thenis
there a finite 4/zA-module A/ of finite injective
dimension?

(2) Let A/ be afinite A-module such that A/ is of
finiteinjective dimension. When = € 4 is M-regular, is
z aso A-regular?

We can show that Question 3.1 (1) is equivalent to
Bass Conjecture in the theorem below: we may find a
proof[15], but sinceit is not stated explicitly anywhere,
we include a proof for reader's convenience. However,
we don't know the relation between Zero Divisor
Conjecture and Question 3.1 (2).

Before we state a theorem, let's recall the definition
of row-invariant; row(A) = inf { ¢t > 1: for each
finitely generated A-module A7 of infinite projective
dimension, each row of ¢,(A4) contains an dement
outside m/!, for al i > depth(A4) }.

Theorem 3.2. If Question 3.1(2) is true, then it is
equivalent to Bass Conjecture.

Proof. Suppose thet thereis afinite A-module M of
finite injective dimension, and a non zero divisor z in
A such that A/z A hes afinite A4/xA-module A/ of
finite injective dimension. If A4 is of dimension O, then
clearly, A is Cohen-Macaulay. We claim that if
dim (A4) >0, then depth(A4) >0. (In paticular, if
dim (4) =1, then depth(A)=1, and s0 A is
Cohen-Macaulay.) Suppose to the contrary that
dim (A4) > 0, but depth(A) = 0. Sincethereisafinite
A-module of finite injective dimendon, row(A4) isa
finite vdugd. Snce dim (4) >0, there is an zEm
such that 2" = 2“0 (if not, m™*“ = 0). Then
A/z" A hasaninfinite minimal resolution:

A A Al A0,

which contradicts to the definition of row(4). Thus
depth(A) > 0.Nowif dim (4) > 0,addepth(A4) >0,
then by assumption there is a non zero divisor x in A
suchthat 4/x A hasafinite A/xzA-module A of finite
injective dimension. By induction, 4/xA is Coherv
Macaulay, andsois A4, i.e., Bass Conjecture holds.
Conversely, suppose that Bass Conjecture holds.
Then A= A/z A isaso Cohen-Macaulay for anonzero

divisor z in A. We know that (A4/(y)A)" isafinite
A-module of finite injective dimension, where (y) isa
system of parameters of A, and (—)" denotes the
Matlisdual. l

Corollary 3.3. Let M be afinite A-module of finite
injective dimension. Suppose that A/ has a postive
depth, and that Question 3.1(2) is true. Then A4 is
Cohen-Macaulay, i.e., Bass Conjecture holds.

Proof. Since the depth of A7 is podtive, there is
zE A whichis M-regular, and so A-regular. Now, we
can complete the proof by Theorem 3.2, and the fact:
For an A and M-regular dement «, injdim,, , ,M/xM=
injdim ,A—1. A
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