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THE DETERMINANT MAP FROM THE
AUTOMORPHISM GROUP OF A PROJECTIVE
R-MODULE TO THE UNIT GROUP OF R

SANG CHEOL LEE AND SANG-HEE KIiM*

Abstract. Let P be a finitely generated projective module over
a commutative ring R with identity. If P has finite rank, then
it will be shown that the map ¢ : Autr(P) — U(R) defined by
p(a) = det(«) is locally surjective and Ker(p) = SLr(P).

1. Introduction

Throughout this paper every ring R will be a commutative ring with
identity and every module will be a finitely generated unitary R-module.

In section 2, we deal with properties of endomorphism rings of free
modules which will be used later.

In section 3, if L is a projective R-module of rank 1, then we prove
that Endr(L) = R. Let P be a projective R-module with rank n < oo.
Then det(P) = A"P has rank 1 so that Endgr(det(P)) = R. Hence
since o € Autr(P) if and only if det(a) = A" € Autgr(det(P)) =
U(Endg(det(P))), we have

Autp(P) = U(Endg(P)) = {a € Endp(P) | det(a) € U(R)}.

If P is a projective R-module with finite rank, then we show in Theo-
rem 3.5 that the map ¢ : Autr(P) — U(R) defined by ¢(«) = det(«) is
locally surjective and Ker(yp) = SLr(P).

The study of this paper was motivated from the papers of [1] - [7].
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2. Endomorphism Rings of Free Modules

In this section, we deal with the exterior powers of free modules.
For a given free module, we will discuss how the wedge product of its
endomorphism, the determinant of its endomorphism, and the adjoint
of its endomorphism are related. The results in this section will be used
in the following sections.

Lemma 2.1. Let R be a ring and let F' be a free R-module of rank
n. The r-th exterior power A"F' of F' is a free R-module of rank ,,C,..

Proof. Let F be a free R-module with a basis x1, -+, ©,,. Then F' =
@7 Rx;. So, N'F = ®1<iy <ig--<ip<nfxiy N Ry A -+ A Rz, and hence
A" F has an R-free basis {x;, Azij, A+ Az, |1 <id <ig <--- <ip <n}.
Hence rank(A"F) = ,Cy. O

Let A € Maty,xn(R). Define a map Ly : R — R™ by La(z) = Ax,
where x € R". Then L4 is an R-homomorphism. This is called the left
multiplication by A. In R™, let

1 0
0 0
€1 = . y "ty Ep = .
0 1
Then {ej, --- , ey} is an R-free basis for the R-free module R". Define

amap @ : Endr(R") — Mat,xn(R) by ®(0) = [0]{c,,...,en}> Where
o € Endr(R"). Then @ is an R-isomorphism. For o € Endr(R"), we
define the determinant, denoted by det (), of a to be the determinant
of the matrix [a]¢., ... ¢,}- Also, we define the adjoint, adj (), of a to

be & (adj([o]fe,, . e,}))- We define a map A"« : A"R™ — A"R"™ by
(N"e)(pr A+ Apn) = alpr) Aalp2) A+ Aapn),
where p1, -+, pp, € R™. Then it is easy to prove that A"« € Endgr(A"R™).

Lemma 2.2. Let R be a ring. Let F' be an R-free module of rank 1.
If we define a map @ : R — Endg(F) by ®(r) = the left multiplication
by r, where r € R, then @ is an R-isomorphism.

Corollary 2.3. For every ring R, Endr(A"R") = R.

Proof. N"R™ is a rank 1 R-free module with an R-free basis {e; A
-+ Aen}. Hence the result follows from Lemma 2.2. O
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We will identify each element » € R with the left multiplication by
r, so that we may identify R with Endr(A"R"™).

Lemma 2.4. Let R be a ring. Then the following statements are
true.
1. For every a € Endg(R™), \"aw = det().
2. For every «, 8 € Endr(R"™),
(A"a) o (A"B) = det(a) det(B) = det(ao B) = A" (a0 fB).

Proof. (1) Consider the standard ordered R-free basis {ej, ---, ep}
for R™ and write

aip a2z - Qi
a1 G2 - A2p
[a]{€17627"'7€n} =
Gpl1 QAp2 - Gpp
Then
Na(er Nea A+~ Nep) = ale))ANa(ea) N Aa(ey)

= (ai1e1 +aziea+ -+ anien)
A(aiger + agges + - - + angey)

ANainer + agnez + -+ + anneén)
= det ([a]{el,627...76n})(61 Neg A= Nep)
= det(a)(e1 Nea A+ Nep).
By the proof of Lemma 2.1, {e; Aea A---Aey,} is an R-free basis for the
rank 1 free R-module A"(R"™). Hence A"« is the left multiplication by
det(a), so that A"a = det(a).
(2) Note that

(A"a)o (N"B))(er A=+ Nen) = (A"a)((A"B)(er A=+ Aen))
= (A"a)(det(B)(e1 A+ ANep))
= det(B)((AN"a)(er A+ Ney))

= det(p .
= det(B)det(a)(er A+ Aey).
Then (A"a) o (A"f) is the left multiplication by det(f) det(«), so that

(A"«) o (A"B) = det(B) det(a) = det(a) det(3), since R is commutative.
The remainder of the proof is routine. O
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U(R) denotes the group of units of a ring R.

Lemma 2.5. The following statements are true.

1. If o € Endr(R"™), then a(adj(a)) = (det(e))idpn and (adj(a))o =
(det(e))idpn.
2. Ifa € Autr(R"), then det(a) € U(R) and o™t = (det(a))tadj().

Proof. (1) Note that

[a]{el,ez,~--,en}(adj([a]{e1,eg,~~,en})) = (det([a]{el,ez, en})) n — det( )

As in previous paragraph of Lemma 2.2, let ® : Endr(R") — Mat,xn(R)
be defined by ®(0) = [0}{81’...,%}.

aladj(@)) = D N [alfeyepen))P (adi ([ ey e9, en}))
P ([fer 0, e} 0 ([A) ey e, en})

= &7 ((det(a))1y)

= (det(c))®™ (1)
(det(a))idgn.

1

By a similar proof, we can show that (adj(«))a = (det(a))idgn.
(2) Assume that o € Autr(R™). Then there exists f € Endr(R")
such that oo f = idgr and 5 o a = idgn. Then by Lemma 2.4,

det(a) det(B) = N"(B o) = A"(idgn) = 1.

By a similar proof, we can show that det(5) det(a) = 1. It follows that
det(a) is a unit in R, so that det(«) € U(R). Now, use (1) to prove the
remainder. O

Corollary 2.6. Autr(R") = {a € Endr(R")|det(a)) € U(R)}.

Let a be any element of U(R). Write

a 0 0 0
010 0
diag{aa 17 T 1} =
000 --- 1
Consider the left multiplication Lgiqg(q, 1,...,1} by diag{a, 1, ---, 1}. Then

Ldiag{a,1,...,1} is an R-automorphism on R". Define a map s : U(R) —
Autgr(R") by s(a) = Lgiag{a,1,--,1}- Then we can see that s is a group
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homomorphism. Moreover,

(det © S)(CL) = det(Lcl’iag{ob7 1, 1})

= det([Laiag{a, 1,1} {e1, 9, en})
= det(diag{a, 1, ---, 1})
= a,
so that det o s = idy(g) (s is called a section of det). This shows that

the determinant map det : Autr(R™) — U(R) is a surjective group
homomorphism and the exact sequence of groups

0 —— SLp(R") "% Autp(R") %~ U(R) —=0

splits. Here, SLr(R") denotes Ker(det). Therefore, Autr(R") is the
semidirect product, denoted by SLr(R") x s(U(R)), of the normal sub-
group SLr(R™) and a subgroup isomorphic to the unit group U(R) of
R. In fact, we have the following result:

Theorem 2.7. Autr(R") = SLr(R™) x s(U(R)) and s(U(R)) =
U(R).

Proof. Let a be any element of Autr(R™). Then with the same no-
tations as in the statements prior to this result,

a=ao((sodet)(a))™" os(det(a)).

Furthermore, since det is a group homomorphism, it follows from Lemma 2.4
that

det(avo ((sodet)(a))™) = det((sodet(a))™)det(a)
= (det(s o det(a))) *det(c)
= (det(a)) det(c)
= 1,

so that ao ((sodet)(a))™t € SLgr(R"™). Hence a € SLr(R") o s(U(R)).
This shows that Autr(R") = SLr(R"™) o s(U(R)).

Let o € SLr(R") Ns(U(R)). Then a = s(a) for some a € U(R)
and hence a = idy(ry(a) = (det o 5)(a) = det(a) = 1. This implies that
a = s(a) = s(1) = idrn. Hence SLr(R™) N s(U(R)) = {idrn}.

Since det o s = idy(g), we can see that s is injective. This shows that
s(U(R)) 2 U(R). Therefore the proof is completed. O

For any a € s(U(R)), define o : SLr(R™) — SLr(R™) by va(8) =
afBat, where B € SLr(R™). Then ¢, € Inn(SLg(R")) C Autr(SLr(R")).
Define a map ¢ : s(U(R)) — Autr(SLr(R™)) by ¢(a) = @q, where
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a € s(U(R)). Then ¢ is a group homomorphism. Consider the cartesian
product SLr(R™) x s(U(R)). Define the multiplication on this carte-
sian product as follows: (o, s(a))(8, s(b)) = (a0 wy@q)(B), s(a) o s(b)).
Then the cartesian product with this multiplication forms a group. This
group is called the external semidirect product, denoted by SLr(R™) i,
s(U(R)), of SLr(R"™) and s(U(R)).

Theorem 2.8. Autg(R") = SLr(R") %, s(U(R)).

Proof. Define a map A : Autr(R"™) — SLr(R") %, s(U(R)) by
Ala) = (o (s(det(a)))™t, s(det(a))), where a € Autg(R™). For any
a, B € AUtR(Rn)v
A(@)A(B) = (ao(s(det(a)))™, s(det(@)) (5o (s(det(8))™", s(det(5)))

= (0o (s(det(2))) 1 0 Gugaertar) (B (s(det(8)) L),

= (aoBo(s(det(B))™h) o (s(det(a))™), s(det(a)det(B)))
— (aofol
— (a0 o (s(det(o B) ", s(det(a o B)))
= A(aop)
If (a o (s(det(a)))™t, s(det(a))) = (id,id), where a € s(U(R)), then
a = id. For any (o, s(a)) € SLr(R™) x s(U(R)), take 8 = a o s(a).
;l:)hf}rllaf € Autr(R™) and det(3) = det(a o s(a)) = det(a)det(s(a)) = a,
AB) = (Bo(s(det(8)™", s(det(B)))
= (Bo(s(a))™", s(a))
= (o, s(a)).

Therefore, A is a group isomorphism. O

We have constructed the following commutative diagram of groups

0 —— SLp(R") —"% Autp(R") %~ U(R) —=0

l¢|SLR(R") lqﬁ

00— SL,(R) —2~ GL,(R) 2~ U(R) —=0

Here, the two row exact sequences split and the first two vertical arrows

are isomorphisms.

Corollary 2.9. GL,(R) = SL,(R) x s(U(R)) and s(U(R)) = U(R),
and GL,(R) = SL,(R) x, s(U(R)).
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Let us summarize the results:

Autp(R") == SLp(R") x s(U(R)) and s(U(R)) = U(R)
| P
GLp(R) = SL,(R) x s(U(R)) and s(U(R)) = U(R),

and

AutR(R") - SLR(Rn) A S(U(R))

; o

GLn(R) —=—> SL,(R) ., s(U(R)).

3. Endomorphism Rings of Projective Modules

We adopt the definition of the rank of a projective module in [5,
Definition 2.3.1] and [3, Definitions 2.2.11]. We will discuss various
properties of free modules and more generally of projective modules and
their endomorphism rings which are available for later discussion. The
main objective of this section is to show that if P is a projective R-
module with finite rank, then the map ¢ : Autr(P) — U(R) defined
by ¢(a) = det(a) is locally surjective. However, ¢ is not (globally)
surjective in general. We will give an example of this.

If L is a projective R-module of rank 1, then every R-homomorphism
L — L is scalar. We prove this as follows:

Lemma 3.1. If L is a rank 1 projective R-module, then Endgr(L) =
R.

Proof. Define a map ¢ : R — Endg(L) by
¢(a) = the left multiplication by a.

Then ¢ is an R-homomorphism. To show that ¢ is bijective, it suffices
to show that for every p € Spec(R), the Ry-homomorphism ¢, : R, —
(Endg(L)), is bijective. Assume @y(a/s) = 0, where a/s € R,. Then
¢(a)/s = 0. There exists an element ¢ € R\p such that te(a) = 0.
¢(ta) = 0. tal = 0. (ta/1)L, = 0. Since L, = Ry, we have (ta/1)R, =
0. It follows that a/s = (ta/1)(1/ts) = 0. This shows that ¢, is injective.
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Let f/s € (Endg(L))p, where s € R\p and f € Endgr(L). Then
fp + Ly — Ly is an Ry-homomorphism. Let o : L, — R, be an Ry-
isomorphism. Consider the following commutative diagram

Write (o f, o a™1)(1/1) = b/t, where b € R, t € R\p. Let z be any
element of L. Write a(z/1) = ¢/u, where ¢ € R, u € R\p. Then

f@)/1 = fplz/1)
= (fyoa )(c/u)
= (C/u)(fpoa_l)(l/l)
= (c¢/u)(a"toao fyoa™h)(1/1)
= (c/u)a”'(b/t)
a”H((c/u)(b/1))
b/t)a™(c/u)
b/t)(x/1)
bx)/t
p(b)(x))/t.

There exists v € R\p such that v(tf(z) — p(b)(z)) = 0. So, (vtf)(x) =
(vp(b))(x). Hence vtf = vp(b) in Entr(L), so that vstf = vsp(b). It
follows that f/s = ¢(b)/st = pp(b/st) and b/st € R,. Therefore ¢, is
surjective.

(
(
(
(

This shows that for every p € Spec(R), ¢p is an Ry-isomorphism, so
that ¢ is an R-isomorphism. U

Of course, Lemma 3.1 is a generalization of Corollary 2.3. Let L be
a projective R-module of rank 1. Regarding each element a of R as the
left multiplication by a, we may have Endgr(L) = R.

Lemma 3.2. Let R be a Noetherian ring and let P be a projective
R-module of rank n. The r-th exterior power A" P of P is a projective
R-module of rank ,,C,.
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Proof. Assume that P is a projective R-module. Then there exists
an R-module Q and a positive integer N such that P @® Q = RY. Hence

AT(RMY = AN(Pa®Q)

(NPoANQ @ (N TPONQ) @

SN P ATTIQ) @ (NP e ATQ)

>~ NP (AN POAQ) @ d(ANPRATIQ)® A"Q

It follows from Lemma 2.1 that A"(RY) is an R-free module of rank
~Cr, so that A" P is projective. Let p € Spec(R). Then

(A"P)y = N (Bp).

1

Since P has rank n, P, is an Ry-free module with rank n. Hence by
Lemma 2.1 again, A"(P,) is free with rank ,,C,. Therefore A" P has rank

Cy. O
n-r

Let P be a rank n projective R-module over a Noetherian ring R.
Then it follows from Lemma 3.2 that A" P is a projective R-module and
rank(A"P) = ,C, = 1. Let a € Endg(P). Like the free case, we define
a map A"a: A"P — A"P by

(A"a)(p1 A=+ Apn) = a(p1) Aa(pz) A Aalpn),

where py, ---, p, € P. Then A"a € Endr(A"P). By the proof of
Lemma 3.1, there exists a unique element a € R such that A™ « is the
left multiplication by a. That is, for any elements pi, po, -+, pp € P,

(N"a)(pr Apa A+ App) =alpr Ap2 A=+ App).

Such the unique element a is called the determinant of a and is denoted
by det(a).

Theorem 3.3. Let R be a Noetherian ring. If P is a projective R-
module with rank n, then Autg(P) = {a € Endg(P) | det(a) € U(R)}.

Proof. Let P be a projective R-module of rank n. Let a € Autr(P) C
Endgr(P). Then there exists § € Endr(P) such that a o f§ = idp.
det(a)det(8) = det(aof) = det(idp) = 1, so det(a) € U(R). Conversely,
let & € Endg(P) such that det(a) € U(R). To show that a € Autr(P),
we need to prove that for all p € Spec(R), oy € Autg,(F). ap €
Endpg,(P,) and det(ay) = (det(a)), € U(Ry), so by Corollary 2.6, ap €
Autp,(F,), as claimed. O

If P is a projective R-module with finite rank, then write
SLr(P) ={a € Autr(P) | det(a) = 1}.
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Then SLr(P) is a normal subgroup of Autr(P).

Let p be a prime ideal of R and let P be a projective R-module. If we
define a map A : (Endgr(P)), — Endg,(F,) by defining A(a/s) : B, —
P, as (A(a/s))(p/t) = a(p)/st, then A is an isomorphism. Let P be a
projective R-module with rank n. If we define p : (Endgr(A"P)), —
Endg,(N\"(F,)) by u((A"a)/s) = A"(a/s), then u is an isomorphism.

Lemma 3.4. Let P be a projective R-module with rank n. Define
a map ¢ : Endr(P) — Endr(A"P) by ¢(a) = A"a. Then for every
prime ideal p of R the following statements are true:

(1) The following diagram is commutative:

A

(Endg(P)), Endp, (P)
‘Ppl ldet
(Endg(A"P)), Endg,(N"(F;))

(2) pp is surjective.
Proof. (1) Let /s be any element of (End(P)), and let

{p1/s1,p2/52, ;Pn/5n}
be an Ry-free basis for F,. Then

A"X (afs) (p1/s1 Ap2/sa A+ Apn/sn)
= Ma/s)(p1/s1) AN Ma/s)(p2/s2) A A XNa/s)(pn/sn)
a(p1)/ss1 A a(p2)/ssa A= AN a(pn)/ssn
A"(a/s)(p1/s1 Ap2/s2 A=+ Apn/sn)

This shows that A"A(«/s) = A"(«/s). Hence by Lemma 2.4(1),
(det 0 \)(a/5) = det(Ma/5)) = A(afs) = p(A"a)/5) = o pp(a/3)

(2) Let a be any element of Endr(A™P) and let s be any element of
R\p. Then p(a/s) € Endg,(A"(F)). It is known that det : Endg, (P,) —
Endg,(A"(F,)) is surjective. So, there exists 8 € Endg,(F,) such that
det(5) = u(a/s). We have already known that A is surjective. So, there
exists an element o € Endg(P) and an element ¢ € R\p such that
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AMa/t) = B (actually, take t = s.) By (1), we have that

op(a/t) = ptodetoNaft)
= ulo det(A(a/t))
= p ' odet(B)
= 1 ua/s))
a/s,

as required.

Theorem 3.5. Let R be aring. If P is a projective R-module of finite
rank, then the map ¢ : Autr(P) — U(R) defined by ¢(«) = det(a) is
locally surjective and Ker(p) = SLr(P).

Proof. 1t is clear that ¢ is a group homomorphism. Moreover, it
follows from Lemma 3.4(2) that for every p € Spec(R) pp is surjective.
Hence ¢ is an epimorphism. Also, Ker(yp) = SLr(P). O
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