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Abstract

In this paper, we investigate the feasibility of interference alignment(lA) in signal space in the
scenario of multiple cell and multiple user cellular networks, as the feasibility issue is closely
related to the solvability of a multivariate polynomial system, we give the mathematical
analysis to support the constraint condition obtained from the polynomial equations with the
tools of algebraic geometry, and a new distribute 1A algorithm is also provided to verify the
accessibility of the constraint condition for symmetric system in this paper. Simulation results
illustrate that the accessibility of the constraint condition is hold if and only if the degree of
freedom(DoF) of each user can be divided by both the transmit and receive antenna numbers.
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1. Introduction

With the exponential increasing data service requirement, future wirelss system faces great

challenge for massive data transmission, high density wireless network will be deployed
widely, in which interference will severely affect the high speed wireless transmission,
interference management becomes the bottleneck for 5G high density wireless network.
Traditional interference management strategies including frequency division multiplexing and
sector classification can not make good use of spectrum resources, therefore it is very urgent
to study high efficient interference management technologies for the future wireless networks.

In order to improve the spectrum efficiency, Jafar et al propose the interference
alignment(lA) schemes[1,2], which puts interference into a space whose degree of dimensions
is as least as possible and leave more dimensions for transmitting useful signal by designing
clever precoding matrices or beamforming vectors. And in this way, the desired signals to the
receivers can be easily distinguished from the interference. By using IA schemes, Cadambe
and Jafar has found a very surprising result for K user interference channels[3] , which claims
that a K/2 sum degree of freedoms(DoF) can be achieved in the scenario of the infinite
channel diversity length. In contrast, the traditional schemes such as TDMA or the strategy
treating interference as the background noise can only achieve a sum DOF of 0 and 1. After
that work, Jafar discussed the feasibility of 1A in MIMO interference networks, of which he
put forward a necessary condition concerned with the signal space dimensions[4]. Luo later
refined Jafar’s work in [5], where he found the accurate necessary conditions for the feasibility
of IA in MIMO interference networks in signal space and gave a rigorously proof for it with
the tools of algebraic geometry[6,7]. However, these results are all concerned with MIMO
interference channels. For cellular network, Sun et al developed a tight outbound of the DOF
per cell and provided a achievable scheme exploiting the idea of IA in the signal scale[8]. To
achieve the upper bound of DOF per cell, the coding dimension and the SNR of the IA scheme
proposed in their paper are both infinite , which make it of little use in practical scenes. On the
other hand, the beamforming-based 1A technology is found to be satisfactory for practical
scenarios where the SNR is finite, and it also incorporates the advantages of analytical
tractability and insenstivity to practical limitations. However, the problem of the feasibility
for 1A based on signal space in cellular networks is still unsolved. We think this problem is
meaningful for its potential being extended to the practical fields such as user selection
problem in multi-cell case and so on. And all of these inspire us to search for the constraint
condition for 1A only based on beamforming in cellular networks.

The motivation of this paper is to explore 1A scheme condition in cellular networks when
the channel diversity is limited,which is very useful for the practical use. More specifically,
our goal can be rephrased as following: finding the constraint conditions for the feasibility of
1A in the cellular network only based on the signal vector space and designing an interference
alignment algorithm satisfying the proposed IA scheme conditions.

The rest of this paper is organized as follows:Section2 describes the interference model for
cellular network, Section 3 provides the mathematical conjecture and proof of the constraint
conditions for interference alignment in cellular networks. Section 4 provides a simple
interference alignment algorithm to support our theoretical analysis and section 5 gives the
simulation results of this algorithm. At last, we will provide some concluding remarks.
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2. System Model

Consider a cellular network which contains several cells. users only communicate with their
desired base station in each cell. Each user and base station are equipped with multiple
antennas. The two cell scenario is illustrated in Fig. 1.
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Fig. 1. two-cell interference cellular network

The interference of each user at the base station contains two parts: the interference from
other users in the same cell and the interference from other cells. Consider a G -cell cellular

network, the base station in cell i is equipped with M, antennas and the user k in cell iis
equipped with Nik antennas. The received signal of each user can be expressed as:

G
Y, =uiH Vx+ 3 ulH, VX +uliz, @
j=L, j=i
where u; e CNe ,dik is the DOF of the user k incell i,V, =[Vi1 Vi Vi }is the

transmitting vector of the base station in cell i, v, e CMi% , H, e CM ™ s the channel

i) J
. . . - . - N. x1 . ..

matrix from the base station in cell ] to the user k in cell I, V7, e C ™ is the additive

white  Gaussian  noise  vector with  zero-mean and  covariance  matrix

T
oil,x, = [Xu Xp X } is the signals from user one to user K in cell i. The first part

of the expressions consists of the desired signal and the intra-cell interference from other users,
the second part is the interference from other cells.

3. Constraint Conditions for Linear |IA Schemes

Several theoretical results about the feasibility of linear interference alignment in cellular
networks will be revealed in this part. The idea of “proper system ” for the feasibility of 1A
schemes in K-user MIMO interference channel based only on beamforming is proposed by
Jafar at first[4]. Then, Luo established a general condition that must be satisfied for linear
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interference alignment schemes in MIMO interference channels as well as a theoretical proof
with the tools of algebraic geometry[7].

We can adress this problem for the multi-cell case in the same way as in the K -user MIMO
interference channel. First of all, relate the feasibility issue to the solvability of a multivariate
polynomial system. The multivariate polynomial system in a cellular network can be
expressed as follows:

rank (uf'H, v, ) =d,
ui*: H, v, =0 (2)
uiH, v, =0

where i, je[L,G], j#i,k1e€[L K], 1=k , it means that the dimension of the useful

signal is equal to the DOF of each user and all the interference will be aligned to the space
orthogonal to the useful signal space. As we have addressed before, the interference contains
two parts :the interference from other users in the same cell and the interference from other
cells. By studying the solvability of the polynomial system above carefully, we can derive an
important result:

G K G K G Kj Ki
ZZ(MiJ’Nik _Zdik)dik ZZZ%[ 2 2+ > dnJ ®)
il k-l i1 kel oLy 11 Reypt

Eq.(3) gives the constraint the DoF should satisfy concerned with the antenna
configuration.

The proof process of this theorem is similar to the case for the K user MIMO interference
channel. For the ease of analysis, we will introduce some basic concepts for algebraic
geometry theory in the following part.

Define two field A and = ,where £'< # , & is an extension of A . For

a,a,,,a, € F  ifthere exists a nonzero polynomial f suchthat f (051, Oy, o, A, ) =0,
then ,we say &, a,, -, a,are algebraic dependent with each other. f eK(Zl, Z,, ", zn),
/U(Zl, Z,, ", Zn)represents the ring of polynomials with coefficients draw from A . If the

nonzero polynomial f doesn’texist, then we say thatz,z,,---, Z, are algebraic independent.

Also, we define the transcendence degree of # over A as the largest cardinality of an
algebraically independent set. Similar to the characteristics of the linear independence , a
important result holds for algebraic independence:

Assume 0,,9,,--,0,,, are n+1 functions defined on N variables X, X,,---, X, , then
0,,9,,°*-,0,,, must be algebraic dependent, and there must exist a nonzero polynomial
f such that:

f(gligzi"'gml)zoy v()(1')(2""’)(n) 4)
This theorem will be used for the following proof. We can rewrite the receive and transmit
vectors by using the linear transformation as the following forms:

| |
u, =Py |:Uik }Qik’ v, =P, {vik }Qik ©)
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where Gik e (C(Nik el ,Vik € C(M‘k A Pi‘: and Pi: are square permutation matrices of size
N; xN; and M; xM; respectively, Q; and Q; are invertible matrices of sized; xd; ,Iis

identity matrix. Then we define Flik,j as

AY  FE
] __ pu -1 v -1 b o
Hikvjl - P HI JPh F|(3)- 04 (6)
Sy ey
H i has been partitioned into four parts, where
Flf:?jl eC* % andi,j=12,G,k=12-K;, 1=12-K; when i=j, k=I.
Using (5) and (6), the fea5|b|I|ty conditions (2) can be rewritten as
HY. R
I UH I i 3] _ 0
[ Ik] F'-(g)- F'-(4)- |:V'J'|:| (7)
I di [Pey] :
Or
HY, +o AP, +H2 v+l HY v =0 (8)

When i = J, k =1 . The total number of equations in (8) is :
G K
HAADI Zd + Z d ©)
i=1 k=1 j=1,j=i I=1 1=1,1#k

and the total number of unknown variables is :

ii(Mi_'_Nik -2d, )d, (10)

i=1 k=1
Now we manage to prove theorem (3) by contradiction, first we assume the number of
variables is smaller than the number of equations:

ii(Mi+Nik—2dik)dik <iidik£ i idjl + i th (11)

i=1 k=1 i=1 k=1 j=1,j=i 1=1 1=1, 12k

Consider a field _#” which is consisting of all rational functions defined on U; and V; then

G K
the transcendence degree of 7 is ZZ(Mi +N; —-2d, )dik ,which is equal to the number

i=1 k=1
of the unknown variables of U; and V; . Define a matrix F, ; (T,v):

F. | (u,v) (u HY, +HP v +o Y v h) (12)

iy i

For all i, j=1,2,--G k=12,---,K;, =12, K,. When i=j, k=l,F . eC%%

i
and each entry of Fik,  is a quadratic polynomial function of the entries in the matrix U; and

G K
V, . The total number of the entries in F,_; is ZZdik( z Zd + z d. ] and if the

i=1 k=1 j=1,j=i =1 1=1,1#k

inequality in (9) holds, then, from the theorem in (4), we can know that there must exist a
nonzero polynomial P such that:
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p(Fys, (TV),F (W), F (wv))=0 (13)

GKG YGKG—l
A useful local expansion of a multivariate polynomial function for matrix will be used in the
following analysis:

F(X)=f(X)+ 2 Tr((X - X)Gi(X)), vX (14)
i=1
Where each entry of G, (X) will only depend on the entries of X and the coefficients of
function f .

By using the expansion (14), in which we have let X = (FIS?lZ , ng?l3 o FI(GliG G ) and

X = (Flly12 (TV),F, (W), F o, (U,V)) and we have:
p(H§j?lz,F|§j?13,-..,H§§16 ,GKGA): p(Fl 1 (U,V),Fl L (U’V)""'FGKG Gg-1 (U,V))
+ ; Tr(( Y -F,, (@9))Q, ; (W) (13)
Where Q, ; (U, V) is a matrix with the sklzhe d, xd; Then, from (13), we can obtain
p(ﬁﬁf,)lz BB )= Z;, Tr(( R (@)Q,, (@, V)) (16)
If the alignment condition (8) is hold , i.e., II-Iik?jI — Fik’jI (U,V) =0, then we can obtain
p(AE, AL, - HE o )=0 (17)

The function Pis a polynomial independent of the channel matrices Hf )n whose elements

are drawn from a probability distribution. So, the condition (16) will always hold if and only if
function P is identically zero. This is contradiction to the condition that P is a nonzero

polynomial. Thus, we know that the assumption
G K G Ki G K Ki

ZZ(Mi +N; —2dik)dik <ZZdik£ D yd+ > dil} is not true, which proves
i=1 k=1 i=1 k=1 j=L j=i 1=1 1=1, 1k

the theorem in (3).

4. IA Algorithm for Celluar Networks

In last section, a constraint condition has been found for linear 1A in cellular networks:

G K G K
Z:Z:(Mi+Nik —2dik)dik ZZZdikL > Zd - Z d, J.However, the question that

i=1 k=1 i=1 k=1 j=1,j=i I=1 1=1,1=k

whether the theorem in (3) is tight or not ,especially in some special cases, need to be further
resolved. Consider the special case where the number of users in each cell is K , the DoF of
each user is d , each base station equips with M transmit antennas and each user equips with
N receive antennas. Assume that M and N can be divided by d , then theorem (3) can be
written as a simple inequality:
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M +N >(GK +1)d (18)
It’s hard to construct a general solution of that special case when the equality is hold in our
theorem. So, we will put forward an IA algorithm to check and verify our result . In our
algorithm, we use the receive matrix U; to eliminate the interference from other cells. The

transmit matrix V; will eliminate the interference from other users in the same cell and part of

the interference from other cells.
[11] has put forward an IA algorithm for MIMO interference network, which chooses the
eigenvector corresponding to the minimum eigenvalues of the total interference as the receive

and transmit matrix. We can find our receive matrix U; with the similar method. More
specifically, we choose the eigenvector corresponding to the minimum eigenvalues of the total
interference from other cells to be the receive matrix U; . The total interference from other
cells at the receiving terminal of user k in cell ican be represented as:
- Z ZH VJI( I) (Hiklj)T (19)
=1, j=i 1=1
where 1 =1,2,---G, k=1,2,---,K and our receiving terminal will choose the eigenvector

corresponding to the minimum eigenvalues i,i"i" of Qik to be the receive matrix U; , so we

have Qikuik = i,:"“uik . Assume that I; represents the power of the interference from other

cells and we have:
t to ,
L =T |:(uik ) Q;u;, } =T |:(uik ) ﬂ’u:"nuik :| = ﬂ’l:”n (20)
From (17), we can see that the power of the interference from other cells depend only on 2,,:“” .

And when ﬂ,,kmi” is zero, the whole interference of other cells will be totally eliminated.

The receive matrix will remove part of the interference from other cells and the transmit
matrix is designed to eliminate the remaining interference including all the interference from
other users in the same cell and part of the interference from other cells. MMSE method can be

used to find transmit matrix V; ([12]-[14]):

(S5 us o B o] (1) e

j=1 1=1
Where anz is the power of noise and | ¢ CM*M is the identity matrix.. It is worthy to note that

the MMSE method is a global general algorithm, of which the zero forcing algorithm and the
maximum SLNR algorithm are the special case of p —0and p —1 respectively. The
detailed IA algorithm is as follows:

1) Initialize the transmit matrices V;
2) Compute the interference comeing from other cells of each user:

= % SHL () (M)

j=1,j=i 1=1
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3) Obtain the receive matrices U; from Q; :u; =min_ eigenvecor(Qik ) u; is the
eigenvector corresponding to the minimum eigenvalue of Qik

4) Compute V; from U; :

Vi, :(ii(Hw)T“n (u,) H,, +p0§']1(Hik,i)T“ik

j=1 1=1
5) Repeat step 2) until the algorithm converges

5. Experimental Classification Results and Analysis

In this section, we will verify our analysis via simulation and numerical results. Assume that
the antenna number of each base station is M , the antenna number of each user is N and the
user number in each cell is K, Table 1 lists the simulation paramenters

Table 1. parameter list

System parameters Symbol
Num of cells G
Bas antenna num M
User antenna num N
Num of users per cell K
DOF of each user d

Fig. 2 demonstrates the progression of the algorithm when the number of users K is at the
threshold (K = 5), in which number of cells G = 2, number of BS antennas M = 9, number of
user’s antennas N = 3, the degree of freedom of each user d = 1. From this result, we can
conclude that this algorithm converges fast and can put the interference to zero when K is at

the threshold.

Display of IA Algorithm

20

The power of total interference
=

0 10 20 30 40 50 60 70 80 90 100
Iterative number

Fig. 2. Plot demonstrating the progression of the algorithm (G =2, Kiis set as the threshold value)
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Fig. 3 displays the progression of the algorithm when the number of users K is less than the
threshold ( K = 4), and the other parameters are the same as the previous simulation. We can
see, when K is beneath the threshold value, our algorithm converges fairly fast and stable and

puts the interference to zero.

Display of 1A Algorithm

The fotal power of interference

0 10 20 30 40 50 60 70 a0 90 100
Iterative number

Fig. 3. Plot demonstrating the progression of the algorithm (G=2 Kiis less than the threshold value) .

Fig. 4 displays the progression of the algorithm when number of users K is greater than the
threshold (K = 6), while the other parameters are the same as previous simulations. We can
find that our algorithm can converge but the interference cannot be forced to zero when K is

above the threshold.

Display of IA Algorithm
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Fig. 4. Plot demonstrating the progression of the algorithm(G=2, K is more than the threshold value)
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Fig. 2 ~ Fig. 4 illustrate the progressions of the algorithm when number of users K is equal
to, less than and greater than the threshold respectively. In conclusion, when K is less than the
threshold, the algorithm converges after several iterations, when K is equal to or greater than
the threshold, the convergence speed is slower; On the other hand, when K is less than or equal
to the threshold, the interference can be forced to zero, while the interference level would be
converge to a non-zero value when K is greater than the threshold.

Fig. 5 compares the performance of the two algorithms. In multi-cell interference
alignment algorithm, the system throughput increases almost linearly with the SNR, while in
interference zero-forced algorithm, the system throughput is trending to a flat level with the
SNR increasing, which is because the inter-cell interference is limiting the growth of the

system capacity badly.

60

—+— Beam-forming-based IA algorithm

50 Zero-forced algorithm

40

30 e

System throughput
T
\
|

L - .

20 /../
7
A
./'/
-

L - o 4 |
10 e + + -

- —

| | | | | | |

0

0 5 10 15 20 25 30 35 40

SNR (dB)

Fig. 5. Plot comparing the performance of algorithms

Table 2. The power of interference and effective signal when K is set as the threshold

System parameters M=5, N=2, K=3

a cell Interferencipower Effective signal power Ratio P/I_10°
1 10 P

User 1 3.08 1.05 3.42

User 2 4.88 1.63 3.34

User 3 4.66 1.59 3.41

B eell Interferencipower Effective signal power Ratio P/I_10°
1_10 P

User 1 0.84 1.12 13.3

User 2 4.01 1.19 2.96

User 3 5.76 1.01 1.76
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Table 3 provides each user’s power of interference and effective signal after the algorithm
converges, under the condition of two cells and number of users K above the threshold
M+N-1 (Note: the order of magnitude of user’s effective signal power P is 1 and the order
of magnitude of interference power | is 0.1. ). In this scenario, K is only larger than
w by 1, but each user’s ratio of effective signal power to interference power is down
to about 4, which is far from the 2000 when K is set as the threshold. It means that the
interference cannot be cancelled, which proves numerically that W is the theoretic

maximum of number of users K.

Table 3. The power of interference and effective signal when K is larger than the threshold

System parameters M=5, N=2, K=3
o cell Interference power | Effective signal power P Ratio P/I
User 1 0.57 1.08 1.89
User 2 0.20 1.16 5.79
User 3 0.25 1.22 4.85
User 4 0.19 1.02 5.37
L cell Interference power | Effective signal power P Ratio P/l
User 1 0.17 1.06 6.28
User 2 0.16 0.77 4.70
User 3 0.14 0.61 4.24
User 4 0.70 1.53 2.18

Table 4 lists the ratio of effective signal power to interference power under different (M, N, K)
parameters in two-cell scenario. The signal-to-interference-and-noise-ratio (SINR) is at least
20 when K is the threshold; while the interference level is as the same order as the signal level
when K is larger than the threshold by 1. When K is set as the threshold, and M =15, N =2, 4,
6 respectively, the SINR is not higher than other scenarios, and it is hard for the algorithm to
search out the sole optimal solution. But when we compared the previous results to the results

of scenarios where K is equal to threshold minus 1 and threshold plus 1, it is quite easy for us
M+N-1._ . ;
to conclude that T is indeed the threshold that the system can achieve a complete

interference alignment.

Table 4. The results with different (M, N, K)

The average of effective signal power P/interference power |
K is threshold (5, 2, 3) (5, 4, 4) (5, 6, 5)
M, N, K) 3.27x10° 1.17x10* 9.80x10°*
K > threshold (5, 2, 4) (5, 4, 5) (5, 6, 6)
(M, N, K) 3.53 3.76 3.09
K is threshold (10, 2, 5) (10, 4, 6) (10, 6, 7)
M, N, K) 5.78x10° 1.27x10° 1.63x10*




KSII TRANSACTIONS ON INTERNET AND INFORMATION SYSTEMS VOL. 11, NO. 11, November 2017 5335

K > threshold (M, (10, 2, 6) (10, 4, 7) (10, 6, 8)
N, K) 7.50 12.22 13.11

K < threshold 15, 2, 7) (15, 4, 8) (15, 6, 9)

(M, N, K) 5.73x10° 1.52x10* 4.15x10*

K is threshold (15, 2, 8) (15, 4, 9) (15, 6, 10)
(M, N, K) 22.88 88.92 93.04

K > threshold (M, (15, 2, 9) (15, 4, 10) (15, 6, 11)
N, K) 5.90 11.44 13.74

Table 5 provides the simulation results of the multi-cell interference alignment algorithm
under different system parameters (M, N, K, G, d). We can find that, when K is greater than
the threshold, the interference of each user cannot be forced to zero and the interference level
is as the same order as the signal level; when K is less than or equal to the threshold, the
interference level is tremendously lower than the signal level, which to some degree supports

our theory derived in the last chapter: M + N > (GK +1) d . And according to the simulation

results, we speculate that, under the assumption of symmetric systems, the equality holds in
the constraint when M and N can be divided by the number of data streams of each user.

Table 5. The simulation results under different parameters (G, M, N, K, d)

System parameters Total interference Total signal power Ratio
(G, M, N, K, d) I_all P_all P_all/1_all
2, 5, 2, 3, 1) 6.620x10°° 4.534 7.350%10°
(2, 5, 2, 4, 1) 3.024 7.7341 2.557
(3, 5 2, 2, 1) 6.121x10° 7.238 1.182x10°
(3, 5 2, 3, 1) 5.025 12.004 2.390
(2, 10, 4, 3, 2) 1.154x1077 13.073 1.133x10°
(2, 10, 4, 4, 2) 1.680 11.443 6.813
(2, 11, 3, 3, 2) 0.320 11.050 34.542
(2, 11, 3, 4, 2) 2.724 21.627 7.940

6. Conclusion

This paper aims at investigating the problem of the feasibility of IA in cellular networks based
only on beamforming. By using the tools of algebraic geometry, we have developed some
theoretical results about the feasibility of the linear interference alignment in cellular networks.
However, the question that whether the outbound is tight or not is still resolved. It’s very
difficult to construct a general solution achieving the equality in theorem (18), but a
simulation scheme proposed in this paper is used to make up for this discount to a certain
degree. By observing the simulation results, several interesting conclusions have been

obtained: for symmetric systems( M,N,K,d of each cell are the same), the bound
M +N >(GK +1)d is tight when d can be divided by M and N .
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