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Abstract 
 

Congestion control in Cluster Wireless Sensor Networks (CWSNs) has drawn widespread 
attention and research interests. The increasing number of nodes and scale of networks cause 
more complex congestion control and management. Active Queue Management (AQM) is 
one of the major congestion control approaches in CWSNs, and Random Early Detection 
(RED) algorithm is commonly used to achieve high utilization in AQM. However, 
traditional RED algorithm depends exclusively on source-side control, which is insufficient 
to maintain efficiency and state stability. Specifically, when congestion occurs, deficiency of 
feedback will hinder the instability of the system. 
In this paper, we adopt the Additive-Increase Multiplicative-Decrease (AIMD) adjustment 
scheme and propose an improved RED algorithm by using neighbor feedback and 
scheduling scheme. The congestion control model is presented, which is a linear system with 
a non-linear feedback, and modeled by Lur’e type system. In the context of delayed Lur’e 
dynamical network, we adopt the concept of cluster synchronization and show that the 
congestion controlled system is able to achieve cluster synchronization. Sufficient conditions 
are derived by applying Lyapunov-Krasovskii functionals. Numerical examples are 
investigated to validate the effectiveness of the congestion control algorithm and the stability 
of the network. 
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1. Introduction 

Wireless Sensor Network (WSN) is comprised of a set of sensor nodes which monitor 

physical environment and collect information for further processing [1-3]. Due to increasing 
number of nodes and scale of WSNs, it is essential to organize clusters in the network to 
achieve more flexible distributed control and effective management [4]. 

Cluster WSN (CWSN) consists of large quantity of clusters in order to implement the 
distributed control [5,6]. Each cluster has a cluster head (CH) and some member nodes. In 
each cluster, the data collected by member nodes are aggregated into the CH [7]. However, 
excessive amount of data transmission and interference from neighbor nodes may cause 
network congestion at the CH [8]. To achieve higher network efficiency and lower network 
congestion, global distributed congestion control is required for effective network 
management [9]. 

Active Queue Management (AQM) is commonly used to solve network congestion 
problem, which is implemented at source-node side. Random Early Detection (RED), as one 
of the most popular AQM schemes, keeps long queues proactively for alleviating network 
traffic problems in incipient congestion [10-12]. Depending on the current queue length 
threshold, RED randomly drops packets to achieve high utilization. The RED algorithm is 
adopted to implement the sliding windows at the source node in TCP congestion-avoidance 
mode [13-15]. The source node receives network congestion detection from RED algorithm 
and congestion state feedback from neighbor nodes, then drops packets appropriately. 

Additive-Increase Multiplicative-Decrease (AIMD) scheme is often used for tackling 
congestion control problems by making appropriate adjustments on the sending rate [16]. 
Concentrating on the characterization of the stable state of the AIMD model, in [17] the 
author obtains the mean value and quantities of the network throughput. 

The RED algorithm is initially designed to analyze and forecast congestion at 
source-node side, instead of the whole network. For global congestion control in CWSNs, 
we focus upon upgrading the throughput of network and keeping network parameters stable 
at the optimal state via the RED algorithm. To maximize the throughput of CWSN, a 
weighted fair scheduling algorithm is needed to pre-arrange the weight of the network 
parameters for each cluster. It is also difficult to keep network parameters stable at the 
optimal state due to the influence of many network parameters. We consider the sending rate 
at source-node side as the key parameter for global CWSN stability in this paper. 
Excessively restraining the sending rate at source-node side via RED algorithm in CWSNs 
may seriously decline the system throughput and link utilization, which prevents the network 
from working at the optimal state. Meanwhile, the sending rate at source-node side may 
fluctuate unstably around the optimal state. The instability of all source nodes may cause the 
instability of the whole network. 

To describe the global network stability, we define a novel concept as cluster 

http://www.jukuu.com/show-fluctuate-0.html
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synchronization in CWSNs. Cluster synchronization means the sending rate of every source 
node in a cluster reaches a stable weighted fair value. Each CH makes appropriate 
congestion control and management with high rate adjustment to realize global cluster 
synchronization. The source node makes additive-increase adjustments on its sending rate 
after receiving the non-congestion state feedback of neighbor nodes, while making 
multiplicative-decrease adjustments on it on receiving the congestion state feedback of 
neighbor nodes or forecasting the network congestion via RED algorithm. The sending rate 
at each source-side can feasibly reach a weighted value which maximizes the throughput of 
CWSN. The sending rate at source-node side is considered as a continuous variable, and the 
network model can be established by means of Lyapunov-Krasovskii functionals [18-23]. 

The CH is able to dynamically adjust its network parameters based upon varying 
network conditions, especially the feedback from neighbors in the same cluster, which is 
called as self-adjustment. Existing work has been proposed to tackle the stability problem of 
WSN based on QoS mechanism. In [24] an analytic study on the interval service time of the 
worst-case response was presented to evaluate the performance via blackburst mechanism. In 
[2] the authors proposed to a scheduling strategy, established the WSN dynamical model and 
adopted traditional control theory to address system state stabilization. Traditional control 
theory using RED algorithm in [13-15] are conducted on congestion avoidance in wireless 
dynamic networks. The authors in [10] proposed to vary performance parameters according 
to various congestion algorithms. Meanwhile, cluster synchronization is a key parameter in 
network stability, and cluster synchronization analysis is investigated for Lur’e type dynamic 
network with delay [18,22]. The authors in [18] analyzed the continuous-time and 
discrete-time Lur’e dynamic delayed network by using pinning control strategy. Under a 
uniform scheme, synchronization could be realized in the network model, and the conditions 
were found to achieve different synchronous forms [22]. 

However, the aforementioned studies have three crucial limitations: i) only congestion 
avoidance is discussed instead of congestion control in global network circumstance; ii) the 
approaches focus primarily on source-side rather than the whole CWSN, and excessively 
restraining the sending rate at source-node side control; iii) there exist numerous traditional 
control theories for global system state stability and synchronization, but they do not work 
well in today's dynamic networks, especially in CWSNs congestion control. In order to 
address these problems, we propose an improved cluster synchronization model using 
Lyapunov-Krasovskii functionals in Lur’e dynamical WSN network system. i) via feedback 
from neighbor nodes, congestion control scheme makes appropriate adjustments to sending 
rate at source-node side to achieve the cluster synchronization in CWSNs; ii) cluster 
synchronization utilizing RED algorithm at source-node side is extended to implement 
global network stability; iii) by means of combining reciprocal convex technique, we 
consider the cluster synchronization of sending rates at source-node side with both lower and 
upper bounds of delay by using Lyapunov-Krasovskii functionals. 
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In our paper, significant research efforts are put on self-adjustment, which aims at 
establishing AIMD adjustment scheme at source-node side in CWSNs based upon 
congestion state feedback and RED threshold. The sending rate, as a key parameter at 
source-node side, also depends upon these two factors. The congestion state feedback and 
overtopping RED traffic threshold would cause multiplicative-decrease of the sending rate; 
while the non-congestion or non-obtainment of feedback would cause additive-increase of 
the sending rate. This process of sending rate self-adjustment is expanded from the source 
node to the global network. Therefore, the throughput of the whole CWSN can be 
maximized by solving the problem of global network congestion control.  

We firstly adopt the AIMD adjustment scheme to analyze the delay in CWSNs, and 
establish a basic network model. Then, we discuss the global network throughput stability of 
congestion detection, cluster synchronization and parameter adjustments. Finally, numerical 
examples are given to demonstrate the effectiveness of theoretical analysis. 

The main contributions of this paper include the following aspects: 
i) More realistic controller strategy and delay analysis in CWSNs. Currently adopted 

control policies implemented in CWSNs are lack of global view of the network control 
architecture. It shows that global cluster synchronization can be achieved by means of the 
global view in the realistic CWSN. Moreover, the propagation delay is considered to make 
the analysis more realistic. We define the upper bound of delay as the network propagation 
delay, and analyze its influences in global view of CWSN. 

ii) Wider and more effective applicability to solve the global cluster synchronization 
problem. Network optimization algorithm maintains the CWSN network states at the 
optimized values. By model transformations, the cluster synchronization network control 
system can be viewed as a normal stability control system. Thus, the global cluster 
synchronization that reflects the stability of CWSN control system can be applied wider and 
more effective.  

iii) More mathematical support based on Lyapunov-Krasovskii functionals. We propose 
a novel control theoretical methodology for the stability of global CWSN control system 
instead of traditional control theoretical methodology. Through Lyapunov-Krasovskii 
functionals, some novel LMI-based stability criteria are established. As a result, the stability 
converging state of CWSN control system can ensure the global cluster synchronization. 

The rest of the paper is organized as follows. In Section II, we establish an analytical 
network model by implementing AIMD scheme to adjust sending rate and utilizing RED 
algorithm to detect network congestion. In Section III, we introduce a scheduling problem 
formulation and some necessary preliminaries. Section IV addresses cluster synchronization 
of congestion control by means of Lyapunov-Krasovskii functionals, and the sufficient 
conditions are derived. In Section V, numerical examples are given to demonstrate 
effectiveness of theoretical results. Finally, the conclusions and direction for future work are 
presented in Section VI. 
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Notation: For a symmetric matrix A, A > 0 (A < 0)  means that A  is positive 
(negative) definite. A⨂B is the Kronecker product of matrices A and B. He(Z) = Z + ZT 
is used to shorten formulas. The symbol ∗ means a symmetric block in matrices. Identity 
matrices of dimension n × n are denoted by In×n. 

2. Model and Analysis 

The CWSN consists of numerous clusters, in which each cluster has a unique CH and 
some member nodes. The CWSN establishes a closed-loop control system, as shown in Fig. 
1. The CH acts as the unique congestion control and manage node in each cluster, which 
appropriately feeds the congestion control message. The source node adjusts its sending rate 
via the congestion control message by means of RED algorithm and AIMD scheme, and the 
member nodes in the same cluster still make influence on source-side rate adjustments in 
CWSNs. 

By considering AIMD scheme to make the sending rate adjustments, we utilize RED 
algorithm for detection and the feedback information of neighbor link congestion state for 
wireless channel competition. We classify closed-loop control system into three parts and 
analyze parameters of each approach, respectively. 

 

queue

member node
gateway node

CH node

destination nodesource node

( )f tτ

( )r tτ

AIMD scheme

RED

 
Fig. 1. The congestion control network scenario with delay by utilizing AIMD scheme and RED 

algorithm in CWSNs. 
 

The notations used in the rest of the paper are summarized in in Table 1. 
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Table 1. The notations used in establishing congestion control model 
Symbol Explanations Symbol Explanations 
τ(t) the whole round-trip time delay 

from the source node to the 
destination 

q average queue length 

𝜏𝑓(𝑡) forward propagation delay R(t) 
denotes round-trip= 𝑞(𝑡)

𝐶
+ 𝑇𝑝 

𝜏𝑟(𝑡) trip propagation delay C link capacity 
A a fixed weight for additive-increase 

to roughly adjust the sending rate 
of the source node 

𝑇𝑝 propagation delay 

D a fixed weight for 
multiplicative-decrease to roughly 
adjust the sending rate of the 
source node 

𝑁𝑠 load factor(number of sessions) 

B a fixed weight p probability 
η the sensitivity degree of the 

adjustment 
𝑡ℎ𝑚𝑖𝑛 the minimum threshold of 

dropping random packets through 
RED algorithm 

𝑥̇(𝑡) the time-derivative 𝑡ℎ𝑚𝑎𝑥 the maximal threshold of 
dropping random packets through 
RED algorithm 

W average window size   

2.1 Sending Rate Adjustment Considering AIMD Scheme  

In traditional network feedback mechanism, the neighbor nodes give their feedback 
messages to the source node to advertise the current congestion state information. If the 
congestion occurred in adjacent link, it feeds the message back to the source node within 
fixed time intervals. 

Fig. 1 gives an instance of data transmission process in CWSNs. The end-to-end 
communication process is modeled as a closed-loop control system, which contains a source 
node, some CHs in difference clusters, a set of gateway nodes, and a set of links connecting 
the nodes. Between each CH, the gateway nodes play an important role to connect two CHs 
in the neighboring clusters. We assume that each member node is a neighbor of the CH in 
the same cluster. It means that any member node is directly connected to the CH in the same 
cluster, and any CH in one cluster has only one hop to the gateway node in the same cluster, 
or two or three hops away from the CH in the neighboring cluster. When a member node has 
data to transmit, it’s called a source node, and it sends data to the CH in the same cluster. 
The CH in the source cluster puts the data in a queue, and transmits the data in the queue to 
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the neighboring cluster.  
Based on the AIMD scheme, the source node makes additive-increase scheme on its rate 

upon receiving the non-congestion state feedback information from the CH, while making 
multiplicative-decrease scheme on its rate upon receiving the congestion state feedback 
information for forecasting the network congestion by means of RED algorithm or from the 
CH.  

Before establishing the congestion control model, we firstly propose some concepts and 
assumptions for analyzing AIMD scheme. 

The whole round-trip time delay is 𝜏(t) = 𝜏𝑓(𝑡) + 𝜏𝑟(𝑡). The end-to-end communication 
process is formed as a closed-loop control system, as shown in Fig. 1. 

Assumption 1: The source node has an infinite stream of data awaiting transmission. 
Assumption 2: We define two queue lengths in any node: current queue length 𝓍 and 

ideal queue length 𝑥∗. The sending rate variation of the source node corresponds to the 
difference value (𝓍 − 𝑥∗). If x − 𝑥∗ > 0 , the node multiplicative-increase decreases its 
sending rate; else 𝓍 − 𝑥∗ < 0, the one additive-increase increases. The larger the difference, 
the more significant the rate variation at source-node side. Every node implements AIMD 
scheme by means of the difference value (𝓍 − 𝑥∗) including the CH, member nodes and 
gateway nodes. 

Assumption 3: The neighbor nodes (including the CH, the neighbor member nodes and 
the gateway node) explicitly advertise their congestion states via feedback to the source node. 
We assume that there is a local Congestion State (CS) added into the control message. This 
feedback message demonstrates the congestion state of the links in the whole round trip. The 
CS is either positive (congestion occurred) or non-positive (non-congestion). 

Suppose the CS message arrives at source-node side at the moment  𝑡𝑖 ≥ 0. The CHs 
feed the CS message back to the source node, and the time-varying sending rate at 
source-node side is denoted by r(𝑡𝑖). When the CS is non-positive, the source node 
increases its sending rate proportionally to weight A. Analogously, when the CS is positive, 
the source node decreases its rate proportionally to weight D. We formulate the behavior 
equation r(𝑡𝑖) as: 

𝑟(𝑡𝑖) = 𝑟(𝑡𝑖 − 1) − {𝐴�1− 𝜂�𝓍�𝑡 − 𝜏𝑟(𝑡)� − 𝑥∗�� − 𝐷𝑟(𝑡)[𝜂(𝓍�𝑡 − 𝜏𝑟(𝑡)� − 𝑥∗)]} 
we have: 
𝑟(𝑡𝑖) − 𝑟(𝑡𝑖 − 1)

𝑡𝑖 − 𝑡𝑖−1

= −
1

𝑡𝑖 − 𝑡𝑖−1
{𝐴�1 − 𝜂�𝓍�𝑡 − 𝜏𝑟(𝑡)� − 𝑥∗��

− 𝐷𝑟(𝑡)�𝜂�𝑥�𝑡 − 𝜏𝑟(𝑡)� − 𝑥∗��
= −𝐵𝑟(𝑡𝑖 − 𝜏(𝑡)){𝐴[1 − 𝜂�𝑥�𝑡 − 𝜏𝑟(𝑡)� − 𝑥∗� − 𝐷𝑟(𝑡)[𝜂(𝑥�𝑡 − 𝜏𝑟(𝑡)�
− 𝑥∗)]} 
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where 𝐵𝑟(𝑡𝑖 − 𝜏(𝑡)) = 1
𝑡𝑖−𝑡𝑖−1

, and 𝜂(𝓍 − 𝑥∗) denotes the probability parameter. 

Let 𝒶 = 𝐴𝐵, 𝑏 = 𝐷𝐵, and suppose 𝑟 = 𝑐, 𝓍 = 𝑥∗ in equilibrium state, thus it yields 

�
𝑟̇(𝑡) = (−𝑎𝑐𝜂 − 𝑏𝑐2𝜂) �𝑥�𝑡 − 𝜏𝑟(𝑡)�� − 𝑏𝑐 � 𝑎

𝑎+𝑏𝑐
𝑟(𝑡)�

𝑥̇(𝑡) = 𝑟 �𝑡 − 𝜏𝑓(𝑡)�
�              (1) 

Eliminating 𝓍(𝑡) from (1) gives the second-order differential equation 
𝑟̈(𝑡) + 𝜅𝑟̇(𝑡) + 𝜗𝑟�𝑡 − 𝜏(𝑡)� = 0                      (2) 

where 𝜅 = 𝑎𝑏𝑐
𝑎+𝑏𝑐

,𝜗 = 𝑐𝜂(𝑎 + 𝑏𝑐), and 𝓍(𝑡) is instantaneous queue length. Note that the 

second-order system can be modeled into a state variable equation from (2) as follows: 

𝑟̇(𝑡) = �0 1
0 −𝜅� 𝑟

(𝑡) + � 0 0
−𝜗 0� 𝑟�𝑡 − 𝜏(𝑡)�                 (3) 

Eq. (3) represents the sending rate adjustment at source-node side by utilizing AIMD 
scheme after receiving the CH state feedback. The congestion control network scenario with 
delay shown in Fig.1 is able to be modeled by (3). 

2.2 Collaborative Influence by Utilizing RED Algorithm 

The RED algorithm is used to detect the congestion state and adjust the sending rate at 
source-node side by randomly dropping packets beyond the pre-arranged threshold. In this 
paper, the RED algorithm collaborates with the AIMD scheme to detect and predict the 
network congestion situation to adjust sending rate of the source node, as shown in Fig. 2. 
Suppose that the member nodes periodically give the congestion state feedback to the CH in 
the same cluster. Then, the CH gives the feedback control and management to the source 
node. It means that the sending rate at source-node side makes appropriate adjustments 
through the AIMD scheme after receiving the CH control message. Meanwhile, the RED 
algorithm is utilized to detect the network congestion at source-node side, adjust the sliding 
window and make the source rate decrease after measuring up the threshold. For the gateway 
nodes, the feedback of congestion state is not only sent within the cluster, but also between 
the gateway nodes and the CHs in neighbor clusters. The CH sends data to the destination 
node in the destination cluster, and controls the sending rate after receiving the gateway 
node’s feedback of the congestion state. 

The adjustment of window size is considered as continuous-time variation instead of 
discrete-time variation based on the queue length at source-node side. It varies by 1 Round 
Trip Time (RTT) so that the continuous variation is described as 𝑑𝑡 𝑅𝑇𝑇⁄ . 
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 Fig. 2. The closed-loop network control system model with sliding windows and feedback message 
by collaboratively utilizing AIMD scheme and RED algorithm in CWSNs. 

 
Before considering the equilibria between the window size and the queue length, we 

simplify our model by ignoring the timeout mechanism [17]. This model relates to the 
average value of key wireless network variables and is described by the following coupled, 
nonlinear differential equations: 

𝑊̇(𝑡)= 1
𝑅�𝑞(𝑡)�−

𝑊(𝑡)𝑊�𝑡−𝜏(𝑡)�

2𝑅�𝑞�𝑡−𝜏(𝑡)��
𝑝�𝑥�𝑡−𝜏(𝑡)��

𝑞̇(𝑡)=�
𝑁𝑠(𝑡)𝑊(𝑡)

𝑅(𝑡)−𝐶,                        𝑞>0

𝑚𝑎𝑥�0,−𝑐+𝑁𝑠(𝑡)
𝑅(𝑡) 𝑊(𝑡) �,              𝑞=0

�
                       (4) 

 (4) can be linearized to obtain 𝑅0 ≐
𝑞0
𝐶

+ 𝑇𝑝 . Suppose 𝑁(𝑡) = 𝑁𝑠,𝑅(𝑡) = 𝑅0  are 

constants, we have 

𝛿̇𝑊(𝑡) = − 𝑁𝑠
𝑅02𝐶

�𝛿𝑊(𝑡) + 𝛿𝑊�𝑡 − 𝜏(𝑡)�� − 𝑅0𝐶2
2𝑁𝑠2

𝛿𝑝�𝑡 − 𝜏(𝑡)�

𝛿̇𝑞(𝑡) = 𝑁𝑠
𝑅0
𝛿𝑊(𝑡) − 1

𝑅0
𝛿𝑞(𝑡)

 

where 𝛿𝑊 ≐ 𝑊 −𝑊0, 𝛿𝑝 ≐ 𝑝 − 𝑝0, 𝛿𝑞 ≐ 𝑞 − 𝑞0. 
represent the perturbed variables about the operating point, we obtain 

𝛿𝑊̇(𝑡) = −
𝑁𝑠
𝑅02𝐶

�𝛿𝑊(𝑡) + 𝛿𝑊�𝑡 − 𝜏(𝑡)�� −
𝑅0𝐶2

2𝑁𝑠2
𝛿𝑝�𝑡 − 𝜏(𝑡)� 

As 𝑟(𝑡) ∝ 𝑊(𝑡)
𝑅0

, 𝑟̇(𝑡) ∝ �𝑊(𝑡)
𝑅0

�
′

= 𝑊̇(𝑡)
𝑅0

, we have 

𝑟̇(𝑡) = − 𝑁𝑠
𝑅02𝐶

𝑓�𝑟(𝑡)� − 𝑁𝑠
𝑅02𝐶

𝑓 �𝑟�𝑡 − 𝜏(𝑡)�� − 𝐶2

2𝑁𝑠2
𝑝�𝑡 − 𝜏(𝑡)�          (5) 

Considering the probability function 𝑝(𝑥)  of the RED algorithm that takes as its 
argument an estimate of the average queue length at the node, we have 

�
0,              0 ≤ 𝑥 ≤ 𝑡ℎ𝑚𝑖𝑛

𝑥−𝑡ℎ𝑚𝑖𝑛

𝑡ℎ𝑚𝑎𝑥−𝑡ℎ𝑚𝑖𝑛 𝑝𝑚𝑎𝑥 ,     𝑡ℎ𝑚𝑖𝑛 ≤ 𝑥 ≤ 𝑡ℎ𝑚𝑎𝑥

  1,              𝑡ℎ𝑚𝑎𝑥 < 0     

�                 (6) 
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Then, the second-order system in dropping packets threshold of RED algorithm 
combining with the terms in (5) and (6) is following as 

 

𝑟̇(𝑡) = �
0 0

𝑅0𝐶2

2𝑁𝑠2
𝑝 0� 𝑟�𝑡 − 𝜏(𝑡)� + �

0 0

0 −
𝑁𝑠
𝑅0𝐶

�𝑊(𝑡) + �
0 0

0 −
𝑁𝑠
𝑅0𝐶

�𝑊�𝑡 − 𝜏(𝑡)�

= �
0 0

𝑅0𝐶2

2𝑁𝑠2
𝑝 0� 𝑟�𝑡 − 𝜏(𝑡)� + �

0 0

0 −
𝑁𝑠
𝑅0𝐶

� 𝑓�𝑟(𝑡)�

+ �
0 0

0 −
𝑁𝑠
𝑅0𝐶

� 𝑓 �𝑟�𝑡 − 𝜏(𝑡)�� 

    (7) 

Eq. (7) indicates the collaborative effect by utilizing RED algorithm. The RED algorithm 
detects the congestion state and adjusts the sending rate based on the detection. The 
closed-loop network control system model with sliding windows and feedback message is 
able to be modeled by (7). 

2.3 Influence of Wireless Channel Competition among the Neighbor Nodes 

In addition to the aforementioned analysis, the problem of wireless channel competition 
in CWSNs is essential issue impacting on the sending rate adjustment at source-node side. 
By the broadcasting nature of the wireless medium, the nodes cannot simultaneously use the 
wireless channel [25]. The neighbor nodes around the source node may have data to send at 
the same moment. Thus, the source node needs to compete for the shared channel, as shown 
in Fig. 3. It is necessary to unify the sending rate at different source nodes in the same 
cluster for a period of time. 

Fig. 3 gives an instance of wireless channel competition in CWSNs. When node A has 
data to send, the wireless channel must be listened to avoid collision. At this moment, node 
B is communicating with CH and occupies the wireless channel. Thus, the node A must wait 
for it. Meanwhile, when node C and D in the same cluster also have data to transmit, it must 
also compete with the node A. 

The model analyzing the channel competition and interference is the same as the 
aforementioned analysis (shown in (3) and (7)). 
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Fig. 3. The channel competition of the neighbor nodes in CWSNs. 

 
For system (9), the following assumption is proposed for our cluster synchronization 

model throughout this paper. 
Assumption 4: we define the influence of the coupled nodes as the reciprocal feedback 

influence among the nodes. The whole CWSN network in the same cluster is diffusively 

coupled. Each node is coupled with other nodes in the same cluster. Let 𝐋 = �𝑙𝑖𝑗�𝑁×𝑁 be 

Laplace coupling matrix, which stands for the coupling configuration of the CWSN. The 
diagonal elements of the matrix L is defined as 𝑙𝑖𝑖 = −∑ 𝑙𝑖𝑗𝑁

𝑗=1,𝑗≠𝑖 , 𝑙𝑖𝑗 > 0, 𝑖, 𝑗 = 1,2, … ,𝑁. 
This diagonal matrix represents the topology of the cluster. If there is a connection between 
node i and j (i.e. node i and j are neighbors),  𝑙𝑖𝑗 = 𝑙𝑗𝑖 = 1; otherwise, 𝑙𝑖𝑗 = 𝑙𝑗𝑖 = 0(𝑖 ≠ 𝑗). 
The row sum of L is zero. The whole network is connected and the matrix L is irreducible. 

Now, we consider the Laplace coupling matrix 𝐋 = �𝑙𝑖𝑗�𝑁×𝑁 to represent the topology 

in a cluster. 𝑙𝑖𝑗 represents whether the node is the neighbor member node (𝑙𝑖𝑗 = 1, 𝑖 ≠ 𝑗) or 
not (𝑙𝑖𝑗 = 0, 𝑖 ≠ 𝑗). Through the Laplace coupling matrix L, the topology of all neighbor 
nodes around the source node in the same cluster can be described. We define 𝑟𝑖(𝑡) as the 
sending rate on the source node i. It follows (3) and (7), and the influence of AIMD scheme 
and RED algorithm in the neighbor nodes are simultaneously considered in the second-order 
system. 

𝑟𝚤̇(𝑡) = ∑ 𝐆(𝟏)𝑙𝑖𝑗𝑟𝑗(𝑡)𝑁
𝑖=1 +∑ 𝐆(𝟐)𝑙𝑖𝑗𝑟𝑗�𝑡 − 𝜏(𝑡)�𝑁

𝑖=1 + ∑ 𝐇(𝟏)𝑙𝑖𝑗𝑓 �𝐶𝑇𝑟𝑗(𝑡)�𝑁
𝑖=1 +

∑ 𝐇(𝟐)𝑙𝑖𝑗𝑓 �𝐶𝑇𝑟𝑗�𝑡 − 𝜏(𝑡)��𝑁
𝑖=1                                 (8) 

where 𝐺(𝑘) > 0,𝐻(𝑘) > 0,𝑘 = 1,2  denote the coupling weights of AIMD scheme 
adjustment and RED algorithm detection, respectively. Therefore, the coupling 
influence of each neighbor node for the channel competition among the neighbor nodes 
has been described in (8). 

Thus, we proposed our model for the global cluster synchronization of the CWSN. The 
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sending rate of each node in the cluster is denoted by 𝑟𝑖(𝑡), 𝑖 ∈ {1, … ,𝑁}. Generally, we 
consider the congestion control model of CWSN with each node being a n-dimensional 
delayed Lur’e dynamical networks, which can be abstractly formulated by combing (3),(7) 
and (8) as  

𝑟𝚤̇(𝑡) = 𝐀𝑟𝑖(𝑡) + 𝐁𝑟𝑖�𝑡 − 𝜏(𝑡)� +𝐃𝑓 �𝐂𝐓𝑟𝑖(𝑡)�+ 𝐃𝑓 �𝐂𝐓𝑟𝑖�𝑡 − 𝜏(𝑡)��+ 𝑢𝑖(𝑡) +

∑ 𝐆(𝟏)𝑙𝑖𝑗𝑟𝑗(𝑡)𝑁
𝑖=1 +∑ 𝐆(𝟐)𝑙𝑖𝑗𝑟𝑗�𝑡 − 𝜏(𝑡)�𝑁

𝑖=1 + ∑ 𝐇(𝟏)𝑙𝑖𝑗𝑓 �𝐂𝐓𝑟𝑗(𝑡)�𝑁
𝑖=1 +

∑ 𝐇(𝟐)𝑙𝑖𝑗𝑓 �𝐂𝐓𝑟𝑗�𝑡 − 𝜏(𝑡)��𝑁
𝑖=1                                 (9) 

where 𝑟𝑖(𝑡) = [𝑟𝑖𝑙(𝑡), … , 𝑟𝑖𝑛(𝑡)]𝑇 and 𝐀 = �𝑎𝑖𝑗�𝑛×𝑛,𝐁 = �𝑏𝑖𝑗�𝑛×𝑛,𝐃 = �𝑑𝑖𝑗�𝑛×𝑛,𝐂 =

�𝑐𝑖𝑗�𝑛×𝑛1
= �𝑐1, 𝑐2, … , 𝑐𝑛1�  denote the parameters of the CWSN and 𝑓�𝑪𝑇𝑟𝑖(∙)� =

�𝑓1 �𝑐1𝑇𝑟𝑖(∙)� , … ,𝑓𝑛1 �𝑐𝑛1
𝑇 𝑟𝑖(∙)�� means the RED algorithm of each node in CWSNs, we also 

assume 𝐺(𝑘) > 0,𝐻(𝑘) > 0,𝑘 = 1,2, which denote the coupling influence strength of the 
other neighbor nodes, i.e. the influence of state feedback of the other neighbor nodes, 𝑢𝑖(𝑡) 
is the control input The delay plays a key role in the global cluster synchronization of the 
CWSN. 𝜏(𝑡) denotes the network propagation delay that satisfies 0 ≤ 𝜏0 ≤ 𝜏(𝑡) ≤ 𝜏𝑚 ,
𝜇0 ≤ 𝜏̇(𝑡) ≤ 𝜇𝑚 < +∞, and 𝜏0, 𝜏𝑚 , 𝜇 are constants, 𝜏̅𝑚 = 𝜏𝑚 − 𝜏0. Thus, the maximum 
value of the propagation delay 𝜏𝑚   represents the upper limit of the CWSN network 
timeout. 
 Eq. (8) represents the influence of channel competition among the neighbor node. Fig. 3 
shows the influence of channel competition for data transmission. The equation considers 
three circumstances by the congestion control model established in section 2.1, 2.1 and 2.3, 
and combines (3), (7) and (8) for the global congestion control model. 

3. A Scheduling Problem Formulation for Maximizing the Global CWSN 
Throughput 

This section introduces maximizing the global CWSN throughput under the congestion 
control and the global cluster synchronization. The CH as a control and management node 
can not only send data as a source node and collect data from the member nodes, but also 
forward the data for other clusters through the gateway nodes. We consider the CH as a 
criterion node in the CWSN and a scheduling problem needs to be pre-arranged in order to 
unify the network parameters of each node in a cluster. Following the aforementioned 
analysis, we have to allocate appropriate sending rates at source-node side based on the 
feedback of the CH. Ideally, there exists an optimized stable sending rate state in each cluster 



4354                                             Hu et al.: An Efficient and Stable Congestion Control Scheme with 
Neighbor Feedback for Cluster Wireless Sensor Networks 

under congestion control to achieve global cluster synchronization. 
Now, we consider maximizing the global throughput with limited wireless network 

resources in CWSNs. We have a set of k clusters 𝑁𝐶1 , … ,𝑁𝐶𝑘, where each cluster contains 
only one CH. Each CH 𝑁𝐶𝑖 (i=1,…,k)  has a maximum process capability 𝐶𝑖. We assume 
that there are only k levels of sending rate at source-node side, which are proportional to 
weights w𝑖 . Additionally, the CHs can process a set of data flows 𝑃(𝑡)1, … ,𝑃𝑚(𝑡) 
(j=1,…,m) by scheduling. All data flows must be transmitted to the CH, and the process 
capabilities on each CH is 𝐶𝑖. For convenience, suppose 0 < 𝐶1 ≤ ⋯ ≤ 𝐶𝑘 < +∞. Each 
data flow 𝑃𝑗 is processed by a series of CHs 𝑢𝑖𝑗 ∈ {𝑁𝐶1, … ,𝑁𝐶𝑘}. Ignore the process 
delays on CH, we simplify the optimized model to maximize the global throughput. The 
optimization problem can be formulated as following, noted that throughput rate 𝑆𝑖  (t)(i =
1, … , k) associated with data flows on the CH. 

𝑚𝑎𝑥
𝑤𝑖>0,𝑆𝑖>0

�𝑆𝑖
𝑖

(𝑡)  

s.t. 0 ≤ 𝑆𝑖(𝑡) = ∑ 𝐶𝑢𝑖𝑗𝑗 ≤ 𝐶𝑖 , 

0 ≤ 𝐶𝑢𝑖𝑗  ≤ 𝑚𝑖𝑛 {𝐶𝑖} = 𝐶1, 

𝑆1(𝑡)
𝑤1

= ⋯ = 𝑆𝑖(𝑡)
𝑤𝑖

= ⋯ = 𝑆𝑘(𝑡)
𝑤𝑘

, 

∑ 𝐶𝑢𝑖𝑗𝑖 = 𝑃𝑗(𝑡). 

   The data flows within an optimized scheduling can be assigned to maximize the 
throughput of global CWSN under the aforementioned satisfaction conditions. The problem 
is to keep the optimization model system stable in the CWSN, which maintains allocated 
weighted proportion at source-node side as 𝑆(𝑡) = {𝑆1(𝑡), 𝑆2(𝑡), … , 𝑆𝑘(𝑡)}. If the global 
cluster synchronization of the CWSN is achieved, the CWSN system is stable at the maximal 
network throughput. Therefore, when the optimized state 𝑆(𝑡) is calculated and achieved, 
each sending rate in a cluster needs to synchronize at this criterion state 𝑆(𝑡). 

It is preferred to keep the optimized state 𝑆(𝑡) stable under congestion control. The 
sending rate of each node in the same cluster with desired inhomogeneous state needs to be 
unified as 𝑟1(𝑡), … , 𝑟𝑚1

(𝑡) → 𝑆1(𝑡), 𝑟𝑚1+1(𝑡), … , 𝑟𝑚2
(𝑡) → 𝑆2(𝑡), … , 𝑟𝑚𝑘−1+1(𝑡), …,  

𝑟𝑚𝑘
(𝑡) → 𝑆𝑘(𝑡), where 𝑟𝑖(𝑡) → 𝑆𝜒(𝑡)  denotes that 𝑙𝑖𝑚𝑡→+∞ ∥ 𝑟𝑖(𝑡) − 𝑆𝜒(𝑡) ∥= 0  for 

𝑖 = 1,2, … ,𝑁;  𝜒 = 1,2 … ,𝑘, the congestion control of cluster synchronization based on the 
sending rate is modeled by CWSN systems under optimized input control policy. 

In this paper, we consider an appropriate optimized policy control input 𝑢𝑖(𝑡) that is 
obtained by the aforementioned analysis for system (9), and we have 

𝑢𝑖(𝑡) = −𝑣𝐆(𝟏) �𝑟𝑖(𝑡) − 𝑆𝜒(𝑡)� − 𝜃𝐆(𝟐) �𝑟𝑖�𝑡 − 𝜏(𝑡)� − 𝑆𝜒�𝑡 − 𝜏(𝑡)��         (10) 
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with 𝚼 = 𝑑𝑖𝑎𝑔�𝑣1,𝑣2, … , 𝑣𝑛1�,𝚯 = 𝑑𝑖𝑎𝑔�𝜃1,𝜃2 , … ,𝜃𝑛1�. 

Let 𝑒(𝑡) = {𝑒1(𝑡),𝑒2(𝑡), … , 𝑒𝑛(𝑡)}𝑇 = ��𝑟1(𝑡) − 𝑆𝜒(𝑡)�
𝑇

, �𝑟2(𝑡) − 𝑆𝜒(𝑡)�
𝑇

, … , �𝑟𝑛(𝑡) −

𝑆𝜒(𝑡)]𝑇� be the error states to solve the cluster synchronization problem. After calculating 

the optimized throughput of the global CWSN, we focus on these error states as the variables 
in order to unify the sending rates at source-node side in the same cluster. Combine the term 
(9) with (10), and expanded from the source node to the global CWSN analysis (e → 𝑒𝑖), the 
global cluster synchronization error system of congestion control is described as follows: 

𝑒𝚤̇(𝑡) = 𝐀𝑒𝑖(𝑡) + 𝐁𝑒𝑖�𝑡 − 𝜏(𝑡)� +𝐃𝑓̅ �𝐂T𝑒𝑖(𝑡)�+𝐃𝑓̅ �𝐂T𝑒𝑖�𝑡 − 𝜏(𝑡)�� − 𝑣𝐆(𝟏)𝑒𝑖(𝑡)

− 𝜃𝐆(𝟐)𝑒𝑖�𝑡 − 𝜏(𝑡)� +�𝐆(𝟏)𝑙𝑖𝑗𝑒𝑗(𝑡)
𝑁

𝑖=1

+�𝐆(𝟐)𝑙𝑖𝑗𝑒𝑗�𝑡 − 𝜏(𝑡)�
𝑁

𝑖=1

+�𝐇(𝟏)
𝑁

𝑖=1

𝑙𝑖𝑗𝑓̅ �𝐶𝑇𝑒𝑗(𝑡)� +�𝐇(𝟐)𝑙𝑖𝑗𝑓̅ �𝐶𝑇𝑒𝑗�𝑡 − 𝜏(𝑡)��
𝑁

𝑖=1

 

                                (11) 

where  𝑓�̅𝐂𝑇𝑒𝑖(∙)� = 𝑓 �𝐂𝑇𝑒𝑖(∙) + 𝐂𝑇𝑠𝜒(∙)� − 𝑓�𝐂𝑇𝑒𝑖(∙)�.  

Eq. (11) represents the error state of sending rate at source-node side in CWSNs. The 
sending rate adjustment is considered by detection of RED algorithm, adjustment of the 
AIMD scheme and influence of the channel competition among the neighbor nodes. 

4. Cluster Synchronization Criteria for Keeping WSN Network Parameters 
Stable at Optimized States 

This section introduces the cluster synchronization criteria in order to derive the sufficient 
conditions. We adopt the control theoretical methodology of the global stability for 
achieving the global cluster synchronization in CWSNs. Firstly, we present some 
mathematical lemmas in this section. Then, we discuss a new stability criterion for the 
sufficient conditions of global cluster synchronization in our CWSN network system. Finally, 
the drive system (9) synchronizes with the response system (11). 

For presentation convenience, we denote 𝐀� = 𝐀⨂𝐈𝐍,𝐁� = 𝐁⨂𝐈𝐍,𝐃� = 𝐃⨂𝐈𝐍,𝐂� =

𝐂⨂𝐈𝐍 , and e(t) = �𝑒𝑖𝑇(𝑡)� , 𝑖 = 1,2, … ,𝑁. 

Using the Kronecker product, we can rewrite the error system (11) into a more compact 
form as 
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𝑒̇(𝑡) = 𝐀�𝑒(𝑡) + 𝐁�𝑒�𝑡 − 𝜏(𝑡)� +𝐃�𝑓̅�𝐂�𝑇𝑒(𝑡)� +𝐃�𝑓̅ �𝐂�𝑇𝑒�𝑡 − 𝜏(𝑡)�� − �𝚼⨂𝐆(𝟏)�𝑒(𝑡)

− �𝚯⨂𝑮(𝟐)�𝑒�𝑡 − 𝜏(𝑡)� + �𝐆(𝟏)⨂𝐋�𝑒(𝑡) + �𝐆(𝟐)⨂𝐋�𝑒�𝑡 − 𝜏(𝑡)�

+ �𝐇(𝟏)⨂𝐋�𝑓�̅𝐂�𝑇𝑒(𝑡)�+ �𝐇(𝟐)⨂𝐋�𝑓̅ �𝐂�𝑇𝑒�𝑡 − 𝜏(𝑡)�� 

Lemma 1: [22,26,27] Let ⨂ denote the notation of Kronecker product. Then, the 
following properties are satisfied in appropriate dimensions. 

i) (𝛼𝐀)⨂𝐁 = 𝐀⨂(𝛼𝐁) 
ii) (𝐀 + 𝐁)⨂𝐂 = 𝐀⨂𝐂 + 𝐁⨂𝐂 
iii) (𝐀⨂𝐁)(𝐂⨂𝐃) = (𝐀𝐂)⨂(𝐁𝐃) 
Lemma 2: [23] For any symmetric matrix 𝐖 ∈ ℝ𝑛×𝑛,𝐖 = 𝐖𝑇 > 0, scalar 0 ≤ ℎ(𝑡) ≤

ℎ𝑀, vector function 𝜔: [0,ℎ𝑀] → 𝑅𝑛 such that the follow integrations is well defined, then 

−ℎ(𝑡)∫ 𝑒̇𝑇(𝑡 + 𝑠)𝐖𝑒̇(𝑡 + 𝑠)𝑑𝑠0
−ℎ(𝑡) ≤ �𝑒(𝑡) − 𝑒�𝑡 − ℎ(𝑡)��

𝑇
𝐖�𝑒(𝑡) − 𝑒�𝑡 − ℎ(𝑡)��; 

Lemma 3: [21] Let the functions 𝑓1(𝑡),𝑓2(𝑡), … ,𝑓𝑁(𝑡):ℝ𝑀 → ℝ  have the positive 
values in an open subset 𝔻  of ℝ𝑚  and satisfies (1 𝛼1⁄ )𝑓1(𝑡) + (1 𝛼2⁄ )𝑓2(𝑡) +⋯+
(1 𝛼𝑁⁄ )𝑓𝑁(𝑡):𝔻 → ℝ with 𝛼𝑖 > 0 and ∑ 𝛼𝑖𝑁

𝑖=1 = 1, then the reciprocal convex technique 

of 𝑓𝑖(𝑡)  over the set 𝔻  satisfies ∑ 𝑓𝑖(𝑡)
𝛼𝑖𝑖 ≥ ∑ 𝑓𝑖(𝑡)𝑖 + ∑ 𝑔𝑖,𝑗(𝑡)𝑖≠𝑗    ∀𝑔𝑖,𝑗(𝑡):ℝ𝑚 →

ℝ        �
𝑓𝑖(𝑡) 𝑔𝑖,𝑗(𝑡)
𝑔𝑖,𝑗𝑇 (𝑡) 𝑓𝑖(𝑡)

� ≥ 0; 

Assumption 5: For 𝑖 ∈ {1,2, … ,𝑁} and any α,β ∈ ℝ,α ≠ β, the activation function 

𝑓(∙)  satisfies the following conditions: 𝜎− ≤ 𝑓(𝛼)−𝑓(𝛽)
𝛼−𝛽

≤ 𝜎+  where 𝜎−,𝜎+  are given 

constants. It is easy to find 𝑓(0) , we set 
∑+ = 𝑑𝑖𝑎𝑔�𝜎1+,𝜎2+, … ,𝜎𝑛1

+ �,∑− = 𝑑𝑖𝑎𝑔�𝜎1−,𝜎2−, … ,𝜎𝑛1
− � , and 

∑𝟏 = 𝑑𝑖𝑎𝑔�𝜎1+𝜎1−, … ,𝜎𝑛1
+ 𝜎𝑛1

− �,∑𝟐 = 𝑑𝑖𝑎𝑔 �𝜎1
++𝜎1−

2
, … ,

𝜎𝑛1
+ +𝜎𝑛1

−

2
� 

Theorem 1: Under the Assumptions 1 to 5, the congestion control system can achieve the 
desired cluster synchronization, if there exist 𝑛 × 𝑛  constant matrices 𝐏 > 0,𝐐𝐢 >
0 (𝑖 = 1, … . ,5),𝑋𝑖 > 0 (𝑖 = 1,2),𝐘 > 0, 𝑛1 × 𝑛1  diagonal matrices 𝜦 > 0,𝜩 > 0,𝚽 >
0,𝚷 > 0, so that the following conditions in (12) to (13) hold: 

 

�
𝐗𝟐 𝐘
𝐘𝐓 𝐗𝟐

� ≥ 0                             (12) 
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𝜴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝛀𝟏𝟏 𝐗𝟏 𝛀𝟏𝟑 𝟎 𝛀𝟏𝟓 𝛀𝟏𝟔 𝛀𝟏𝟕
∗ 𝛀𝟐𝟐 𝐗𝟐 − 𝐘 𝐘 𝟎 𝟎 𝟎
∗ ∗ 𝛀𝟑𝟑 𝐗𝟐 − 𝐘𝐓 𝛀𝟑𝟓 𝛀𝟑𝟔 𝛀𝟑𝟕
∗ ∗ ∗ 𝛀𝟒𝟒 𝟎 𝟎 𝟎
∗ ∗ ∗ ∗ 𝛀𝟓𝟓 𝛀𝟓𝟔 𝛀𝟓𝟕
∗ ∗ ∗ ∗ ∗ 𝛀𝟔𝟔 𝛀𝟔𝟕
∗ ∗ ∗ ∗ ∗ ∗ 𝛀𝟕𝟕⎦

⎥
⎥
⎥
⎥
⎥
⎤

< 0,         (13) 

where 
𝛀𝟏𝟏 = 𝐐𝟏 +𝐐𝟐 +𝐐𝟓 − 𝐗𝟏 − 𝚽∑𝟏 + 𝐍𝟏�𝐀� − 𝚼⨂𝐆(𝟏) + 𝐆(𝟏)⨂𝐋�

+ �𝐀� − 𝚼⨂𝐆(𝟏) + 𝐆(𝟏)⨂𝐋�
𝐓
𝐍𝟏 

𝛀𝟏𝟑 = 𝐍𝟏𝐁� + 𝐀�𝐓𝐍𝟐𝐓 + 𝐍𝟏�−𝚯⨂𝐆(𝟐) + 𝐆(𝟐)⨂𝐋�+ �−𝚼⨂𝐆(𝟏) + 𝐆(𝟏)⨂𝐋�
𝐓
𝐍𝟐𝐓

+ 𝐁�𝐓𝐍𝟑𝐓 

𝛀𝟏𝟓 = 𝐏 + (∑+𝚵 − ∑−𝚲) − 𝐍𝟏 + 𝐀�𝐓𝐍𝟑𝐓 + �−𝚼⨂𝐆(𝟏) + 𝐆(𝟏)⨂𝐋�
𝐓
𝐍𝟑𝐓 

𝛀𝟏𝟔 = 𝚽𝚺𝟐 + 𝐍𝟏𝐃� + 𝐍𝟏�𝐇(𝟏)⨂𝐋�+ 𝐀�𝐓𝐍𝟒𝐓 + �−𝚼⨂𝐆(𝟏) + 𝐆(𝟏)⨂𝐋�
𝐓
𝐍𝟒𝐓 

𝛀𝟏𝟕 = 𝐍𝟏𝐃� + 𝐍𝟏�𝐇(𝟐)⨂𝐋�+ 𝐀�𝐓𝐍𝟓𝐓 
𝛀𝟐𝟐 = −𝐐𝟏 +𝐐𝟑 − 𝐗𝟐 − 𝐗𝟏 
𝛀𝟑𝟑 = (𝛍𝐦 − 𝟏)𝐐𝟑 + (𝟏 − 𝛍𝟎)𝐐𝟒 − (𝟏 − 𝛍𝐦)𝐐𝟓 − 𝐗𝟐 − 𝐗𝟐𝐓 + 𝐘+ 𝐘𝐓 − 𝚷𝚺𝟏 + 𝐍𝟐𝐁�

+ 𝐁�𝐓𝐍𝟐 + 𝐍𝟐�−𝚯⨂𝐆(𝟐) + 𝐆(𝟐)⨂𝐋� + �−𝚯⨂𝐆(𝟐) + 𝐆(𝟐)⨂𝐋�
𝐓
𝐍𝟐 

𝛀𝟑𝟓 = −𝐍𝟐 + �−𝚯⨂𝐆(𝟐) + 𝐆(𝟐)⨂𝐋�
𝐓
𝐍𝟑 

𝛀𝟑𝟔 = 𝐍𝟐𝐃� + 𝐍𝟐�𝐇(𝟐)⨂𝐋�+ 𝐁�𝐓𝐍𝟓𝐓 + �−𝚯⨂𝐆(𝟐) + 𝐆(𝟐)⨂𝐋�𝐍𝟒𝐓 
𝛀𝟑𝟕 = 𝚷𝚺𝟐 + 𝐍𝟐𝐃� + 𝐍𝟐�𝐇(𝟐)⨂𝐋�+ 𝐁�𝐓𝐍𝟓𝐓 + �−𝚯⨂𝐆(𝟐) + 𝐆(𝟐)⨂𝐋�𝐍𝟓𝐓 
𝛀𝟒𝟒 = −𝐐𝟐 − 𝐐𝟒 − 𝐗𝟐 
𝛀𝟓𝟓 = �𝛕𝟎𝟐𝐗𝟏 + 𝛕�𝐦𝟐𝐗𝟐� − 𝐍𝟑 
𝛀𝟓𝟔 = (𝚲 − 𝚵) + 𝐍𝟑𝐃� + 𝐍𝟑�𝐇(𝟏)⨂𝐋� − 𝐍𝟒𝐓 
𝛀𝟓𝟕 = 𝐍𝟑𝐃� + 𝐍𝟑�𝐇(𝟏)⨂𝐋� − 𝐍𝟓𝐓 

𝛀𝟔𝟔 = −𝚽 + 𝐍𝟒�𝐃� + 𝐇(𝟏)⨂𝐋�+ �𝐃� + 𝐇(𝟏)⨂𝐋�
𝐓
𝐍𝟒 

𝛀𝟔𝟕 = 𝐍𝟒�𝐃� +𝐇(𝟐)⨂𝐋�+ �𝐃� + 𝐇(𝟏)⨂𝐋�
𝐓
𝐍𝟓 

𝛀𝟕𝟕 = −𝚷 + 𝐍𝟓�𝐃� +𝐇(𝟐)⨂𝐋�+ �𝐃� +𝐇(𝟐)⨂𝐋�
𝐓
𝐍𝟓 
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Theorem 1 is deployed to propose sufficient conditions by applying Lyapunov-Krasovskii 
functionals. The congestion control system can achieve desired cluster synchronization if all 
network parameters satisfy the sufficient conditions derived from Theorem 1. Numerical 
examples are given to analyze the congestion control system in the following section. 

5. Numerical Examples 

In this section, numerical examples are used to illustrate the efficiency and stability of our 
sufficient conditions for global cluster synchronization given in Theorem 1. Following from 
(12) to (13), we consider the state equation of entire systems (9) with the parameters as 
follows: 𝜅 = 1.55,𝜗 = 0.6,𝑅0 = 2,𝐶 = 16,𝑝 = 0.5,𝑁𝑠 = 2,𝑁 = 4  and 

𝐀 = �0 1
0 −𝜅� ,𝐁 = �

0 0
−𝑅0𝐶2𝑝
2𝑁𝑠2

− 𝜗 0� ,𝐃 = �
0 0
0 − 𝑁𝑠

𝑅0𝐶
�  where the coupling matrix is 

𝐋 = �

−3 1 1 1
1 −2 1 0
1 1 −3 1
1 0 1 −2

� and a cluster synchronization pattern of the initial conditions is 

considered as 𝑒(𝑡) = (0 1 0 2 0 0.5 0 1.5)𝑇 . 
We consider a four-dimension matrix denotes four clusters in the closed-loop CWSN  

system. There are four clusters in the congestion control system and all the nodes in these 
clusters need to synchronize the sending rate in the same cluster. For simplicity, we assume 
that the state 𝑠𝜒 is the cluster synchronization of nodes’ sending rates.𝑟1(𝑡), … , 𝑟𝑚1

(𝑡) →
 𝑠1(𝑡), 𝑟𝑚1+1(𝑡), … , 𝑟𝑚2

(𝑡) → 𝑠2(𝑡), 𝑟𝑚2+1(𝑡), … , 𝑟𝑚3
(𝑡) → 𝑠3(𝑡), 𝑟𝑚3+1(𝑡), … , 𝑟𝑚4

(𝑡) →
𝑠4(𝑡), denote the cluster synchronization in the different clusters. The congestion control 
system can achieve desired cluster synchronization if the error state 𝑒(𝑡) approaches to zero. 
The traditional RED algorithm is not utilized for global stability, so that the CWSN may not 
achieve global cluster synchronization under the congestion control of traditional RED 
algorithm. Thus, there is possibility for the error state of closed-loop control system to 
diverge. 
Example 1 

This simulation example is demonstrated to show the effective optimized control in 
non-convergence CWSN network control scenarios.  

Here, we first display the error states  𝑒𝑖(𝑡), 𝑖 = 1,2,3,4  in the aforementioned 
conditions without any control law. We define the inner coupling matrices as 𝐆(𝟏) =
𝑑𝑖𝑎𝑔{1, 2},𝐆(𝟐) = 𝑑𝑖𝑎𝑔{4, 10},𝐇(𝟏) = 𝑑𝑖𝑎𝑔{1.5, 1},𝐇(𝟐) = 𝑑𝑖𝑎𝑔{2, 3.5}  for establishing 
the non-convergence network control scenario. Fig. 4 depicts the performance of the 
unstable (non-convergent) congestion control system based on traditional RED algorithm. As 
it can be observed from Fig. 4, the error states 𝑒𝑖(𝑡), 𝑖 = 1,2,3,4 are not convergent in 8 
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seconds. 
The source node using our congestion control scheme adjusts its sending rate that reflects 

the efficiency influence of the coupled nodes’ feedback. Compared with Fig. 4, the result for 
cluster synchronization in Fig. 5 𝑒𝑖(𝑡), 𝑖 = 1,2,3,4 denotes error states with 4 dimension 
couple control matrices. According to Theorem 1, there exists the feasible solution to LMI in 
(11)-(12). We obtain the allowable control gain (our congestion control scheme) as 
𝚼 = 𝑑𝑖𝑎𝑔{−1.1,− 1,−1.5,−2.1}, 𝚯 = 𝑑𝑖𝑎𝑔{−1.2,−1.1,−1.3,−1.1}. 

Fig. 5 shows that the convergence of these error states has collaborative impact on other 
coupled nodes’ states. Notably, the applied control force is very effective to generate 

practical implementation and all error states can achieve stability after a finite length of time. 
Interaction is obviously described with the couple matrices. Thus, the array of the error states 

in Lur’e dynamical network can achieve cluster synchronization, as still shown in Fig. 5.

 

Fig. 4. The trajectories of error state 𝑒𝑖(𝑡), 𝑖 = 1,2,3,4 in the system (11) for 
non-convergence cluster synchronization.
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Fig. 5. The trajectories of error state 𝑒𝑖(𝑡), 𝑖 = 1,2,3,4 under the control law in the 

system (11) for non-convergence cluster synchronization. 
 
Moreover, Fig. 5 obviously shows both two error states converge to 0 after a finite length 

of time, which means lim𝑡→+∞ ∥ 𝑟𝑖(𝑡) − 𝑠𝜒 (𝑡) ∥= 0  for 𝑖 = 1,2,3,4;  𝜒 = 1,2,3,4 . 
Therefore, this figures and numerical results effective optimized control under our 
congestion control scheme in non-convergence CWSN network control architecture. 
 

Example 2 
This simulation example is demonstrated to show the object parameter (the sending rate 

at source-node side) stability in convergence network control scenarios.  
Here, we first display the error states 𝑒𝑖(𝑡), 𝑖 = 1,2,3,4 in the aforementioned conditions 

without any control law. We define the inner coupling matrices as 
𝐆(𝟏) = 𝑑𝑖𝑎𝑔{1, 2},𝐆(𝟐) = 𝑑𝑖𝑎𝑔{2, 2.5},𝐇(𝟏) = 𝑑𝑖𝑎𝑔{1.5, 1},𝐇(𝟐) = 𝑑𝑖𝑎𝑔{2, 3.5}  for 
establishing the convergence network control scenario. Fig. 6 illustrate the performance of 
the stable congestion control system based on traditional RED algorithm. Fig. 6 notably 
shows that the error states 𝑒𝑖(𝑡), 𝑖 = 1,2,3,4 have been converged after a finite length of 
time. 
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Fig. 6. The trajectories of error state 𝑒𝑖(𝑡), 𝑖 = 1,2,3,4 in the system (11) for convergence cluster 

synchronization. 

 
Fig. 7. The trajectories of error state 𝑒𝑖(𝑡), 𝑖 = 1,2,3,4 under the control law in the system (11) for 

convergence cluster synchronization. 
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By using our congestion control scheme, the source node adjusts its sending rate that 
reflects the stability influence of the coupled nodes’ feedback. Applying Theorem 1 to this 
simulation example, we obtain the allowable control gain as 𝚼 = 𝑑𝑖𝑎𝑔{1.1, 1.4, 1.5, 2.1}, 
𝚯 = 𝑑𝑖𝑎𝑔{1.2, 1.1, 1.3, 1.8}  and the result for cluster synchronization 𝑒𝑖(𝑡), 𝑖 = 1,2,3,4 
denotes error states with 4 dimension couple control matrices in Fig. 7. Compared with Fig. 
6, it is clear that the maximum amplitudes have been abbreviated under the control. 
Therefore, this simulation figures and numerical results stabilize the network parameter – 
sending rate at source-node side under our congestion control scheme in convergence 
network control architecture. 

6. Conclusion 

In this paper, we have adopted the additive-increase multiplicative-decrease (AIMD) 
scheme and proposed an improved RED algorithm by using neighbor feedback. A 
congestion control model in CWSNs has been designed, which is a linear system with a 
non-linear feedback modeled by a Lur’e type system. In the context of delayed Lur’e 
dynamical network, we have proposed the concept of cluster synchronization and shown that 
the system is able to achieve cluster synchronization. Sufficient conditions have been derived 
via Lyapunov-Krasovskii functionals. Numerical examples have investigated to validate the 
effectiveness of the CWSN optimization and the stability of the network parameter. The 
approach in this paper can possibly be extended to model and analyze complex 
synchronization network control mechanisms. For future studies, accurate modeling of RED 
algorithm would be discussed. 
 

Appendix 
A mathematical induction is employed to prove that the CWSN can achieve the desired 

cluster synchronization from (12) to (13) in Theorem 1. 
Proof:  Consider the following Lyapunov-Krasovskii functionals acting on system (11) as 

𝐕�𝑒(𝑡)� = �𝐕𝐢(𝑡)
3

𝑖=1

 

𝐕1�𝑒(𝑡)� = 𝑒𝑇(𝑡)𝐏𝑒(𝑡) 

𝐕2�𝑒(𝑡)� = 2�𝜆𝑖 � �𝑓𝑖̅(𝑠)− 𝛿−(𝑠)� 𝑑𝑠
𝑒𝑖(𝑡)

0

𝑛

𝑖=1

+ 2�𝜉𝑖 � �𝛿+𝑠 − 𝑓𝑖̅(𝑠)�
𝑒𝑖(𝑡)

0
𝑑𝑠

𝑛

𝑖=1

+� 𝑒𝑇(𝑠)𝐐𝟏𝑒(𝑠)
𝑡

𝑡−𝜏0
𝑑𝑠 + � 𝑒𝑇(𝑠)𝐐𝟐𝑒(𝑠)𝑑𝑠

𝑡

𝑡−𝜏𝑚
+� 𝑒𝑇(𝑠)𝐐𝟑𝑒(𝑠)𝑑𝑠

𝑡−𝜏0

𝑡−𝜏(𝑡)

+� 𝑒𝑇(𝑠)𝐐𝟒𝑒(𝑠)𝑑𝑠
𝑡−𝜏(𝑡)

𝑡−𝜏𝑚
+� 𝑒𝑇(𝑠)𝐐𝟓𝑒(𝑠)𝑑𝑠

𝑡

𝑡−𝜏(𝑡)
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𝐕3�𝑒(𝑡)� = 𝜏0 � � 𝑒̇𝑇(𝑠)𝐗𝟏𝑒̇(𝑠)𝑑𝑠𝑑𝜃
𝑡

𝑡+𝜃

0

−𝜏0
+ 𝜏̅𝑚 � � 𝑒̇(𝑠)𝐗𝟐𝑒̇(𝑠)𝑑𝑠𝑑𝜃

𝑡

𝑡+𝜃

−𝜏0

−𝜏𝑚
 

with 𝑛1 × 𝑛1  diagonal matrices 𝚲 = diag�𝜆1, … , 𝜆𝑛1� > 0, 𝚵 = diag�𝜉1, … , 𝜉𝑛1� > 0  to 
be determined. For any appropriate dimension matrix 𝐍𝐢(𝑖 = 1,2,3,4,5), we have 
0 =

2 �𝑒𝑇(𝑡)𝐍𝟏 + 𝑒𝑇�𝑡 − 𝜏(𝑡)�𝐍𝟐 + 𝑒̇𝑇(𝑡)𝐍𝟑 + 𝑓̅𝑇�𝐂�𝑇𝑒(𝑡)�𝐍𝟒 +

𝑓̅𝑇 �𝐂�𝑇𝑒�𝑡 − 𝜏(𝑡)��𝐍𝟓� �−𝑒̇(𝑡) + 𝐀�𝑒(𝑡) + 𝐁�𝑒�𝑡 − 𝜏(𝑡)� +𝐃�𝑓̅�𝐂�𝑇𝑒(𝑡)� + 𝐃�𝑓̅ �𝐂�𝑇𝑒�𝑡 −

𝜏(𝑡)�� − �𝚼⨂𝐆(𝟏)�𝑒(𝑡) − �𝚯⨂𝑮(𝟐)�𝑒�𝑡 − 𝜏(𝑡)� + �𝐆(𝟏)⨂𝐋�𝑒(𝑡) + �𝐆(𝟐)⨂𝐋�𝑒�𝑡 −

𝜏(𝑡)� + �𝐇(𝟏)⨂𝐋�𝑓�̅𝐂�𝑇𝑒(𝑡)� + �𝐇(𝟐)⨂𝐋�𝑓̅ �𝐂�𝐓𝑒�𝑡 − 𝜏(𝑡)���                     (14) 

It follows from Assumption 5 for positive diagonal matrices, we can get that 

0 ≤ �
𝑒(𝑡)

𝑓̅ �𝐂��𝑒(𝑡)���
𝑇

𝐉𝟏 �
𝑒(𝑡)

𝑓̅ �𝐂��𝑒(𝑡)���+ �
𝑒�𝑡 − 𝜏(𝑡)�

𝑓̅ �𝐂� �𝑒�𝑡 − 𝜏(𝑡)���
�

𝑇

𝐉𝟐 �
𝑒�𝑡 − 𝜏(𝑡)�

𝑓̅ �𝐂� �𝑒�𝑡 − 𝜏(𝑡)���
�(15) 

where 𝐉𝟏 = �−𝚽𝚺𝟏 𝚽𝚺𝟐
𝚽𝚺𝟐 −𝚽� , 𝐉𝟐 = �−𝚷𝚺𝟏 𝚷𝚺𝟐

𝚷𝚺𝟐 −𝚷 �. 

Now, applying Assumption 4 and Lemmas 2 and 3, we estimate the time derivative of 
𝐕�𝑒(𝑡)� along the system as follows: 
𝐕̇𝟏�𝑒(𝑡)� = 2𝑒(𝑡)𝐏𝑒̇(𝑡) 
𝐕̇𝟐�𝑒(𝑡)� ≤ 2�𝑓̅𝑇�𝑒(𝑡)�(𝚲− 𝚵)𝑒̇(𝑡) + 𝑒𝑇(𝑡)(𝚺+𝚵 − 𝚺−𝚲)𝑒̇(𝑡)�

+ 𝑒𝑇(𝑡)[𝐐𝟏 +𝐐𝟐 +𝐐𝟓]𝑒(𝑡) + 𝑒𝑇(𝑡 − 𝜏0)[−𝐐𝟏 +𝐐𝟑]𝑒(𝑡 − 𝜏0)
+ 𝑒𝑇(𝑡 − 𝜏𝑚)[−𝐐𝟐 − 𝐐𝟒]𝑒(𝑡 − 𝜏𝑚)
+ 𝑒𝑇�𝑡 − 𝜏(𝑡)�[(𝜇𝑚 − 1)𝐐𝟑 + (1 − 𝜇0)𝐐𝟒 + (𝜇𝑚 − 1)𝐐𝟓]𝑒�𝑡 − 𝜏(𝑡)� 

𝑉̇3�𝑒(𝑡)� ≤ 𝑒̇𝑇(𝑡)[𝜏02𝐗𝟏 + 𝜏𝑚2𝐗𝟐]𝑒̇(𝑡) − [𝑒(𝑡) − 𝑒(𝑡 − 𝜏0)]𝑇𝐗𝟏[𝑒(𝑡) − 𝑒(𝑡 − 𝜏0)] −

�
𝑒(𝑡 − 𝜏0)
𝑒�𝑡 − 𝜏(𝑡)�
𝑒(𝑡 − 𝜏𝑚)

�

𝑇

𝐊 �
𝑒(𝑡 − 𝜏0)
𝑒�𝑡 − 𝜏(𝑡)�
𝑒(𝑡 − 𝜏𝑚)

�                                              (16) 

where 𝐊 = �
𝐗𝟐 𝐘 − 𝐗𝟐 −𝐘
∗ 𝟐𝐗𝟐 − 𝐘 − 𝐘𝐓 𝐘𝐓 − 𝐗𝟐
∗ ∗ 𝐗𝟐

�. 

It follows from (14) to (16), that 𝐕̇(𝑡) ≤ 𝜍𝑇(𝑡)𝛀𝜍(𝑡) , where 𝛀   is respectively 
expressed in (13), and 
𝜍𝑇(𝑡) =

�𝑒𝑇(𝑡) 𝑒𝑇(𝑡 − 𝜏0) 𝑒𝑇�𝑡 − 𝜏(𝑡)� 𝑒𝑇(𝑡 − 𝜏𝑚) 𝑒̇𝑇(𝑡) 𝑓̅𝑇 �𝐂�𝐓𝑒(𝑡)� 𝑓̅𝑇 �𝐂�𝐓𝑒�𝑡 − 𝜏(𝑡)���
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 Based on Ω < 0  in (12) and convex combination technique that 𝑉̇(𝑡) ≤ 0  and 
𝑉̇(𝑡) = 0 if and only if 𝜍(𝑡) ≡ 0. Thus, proof is completed, and the sufficient conditions are 
proposed for global cluster synchronization in CWSNs. 
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