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SASAKIAN TWISTOR SPINORS
AND THE FIRST DIRAC EIGENVALUE

Eur CuuL Kim

ABSTRACT. On a closed eta-Einstein Sasakian spin manifold of dimen-
sion 2m + 1 > 5, m = O0mod 2, we prove a new eigenvalue estimate for
the Dirac operator. In dimension 5, the estimate is valid without the
eta-Einstein condition. Moreover, we show that the limiting case of the
estimate is attained if and only if there exists such a pair (Lp% _1, 4,9%) of

spinor fields (called Sasakian duo, see Definition 2.1) that solves a special
system of two differential equations.

1. Introduction

Friedrich proved [6] that, on a closed Riemannian spin manifold (M",g)
with positive scalar curvature S > 0, any eigenvalue A of the Riemann Dirac
operator D satisfies

(1.1) Al =

where Smin denotes the minimum of the scalar curvature. Equality in (1.1)
occurs if and only if there exists a non-trivial solution ¥ to the Killing spinor
equation

Vit = —2X-p, 0#AER X eT(I(M))

where the dot “” indicates the Clifford multiplication [7]. Improvement of
(1.1) depends on the geometric structure that the manifold in question may
possess and is closely related to a generalization of the Killing spinor equation.
For Kéhler manifolds [14, 15, 18] and quaternionic Ké&hler manifolds [16, 17],
Friedrich’s estimate has been improved to

\/ 452 Smin if 2 is odd,

n : n 3
mSmin if § is even

(1.2) Al =
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and

(n+12)8

(1.3) Al > m7

respectively. Moreover, one can explicitly write down the spinor field equation
(a variant of the Killing spinor equation) characterizing the limiting case of
(1.2) (resp. (1.3)). For more information about the first Dirac eigenvalue and
generalizations of the Killing spinor equation, we refer the readers to references
[4, 5,8, 9,10, 11, 12].

We now turn to the first Dirac eigenvalue problem on Sasakian spin mani-
folds. A Sasakian spin manifold is an odd-dimensional Riemannian spin man-
ifold (M?™+1 g), m > 1, equipped with a tensor field ¢ of type (1,1), a unit
Killing vector field £ and a 1-form 7 such that

n€) =1, ¢*(X)=-X+n(X),
9(¢X, ¢Y) = g(X,Y) —n(X)n(Y), (Vxo)(Y)=g(X,Y)§—n(Y)X
hold for all vector fields X, Y. Denote by Vi the Levi-Civita connection act-

ing on sections ¢ € T'(X(M)) of the spinor bundle X(M) over M?™+1. The
Riemann Dirac operator D is defined by

2m—+1

D’L/J = Z Eu'vEuwa
u=1

where (E1, ..., Eam, Eomy1 = £) is a local orthonormal frame. Let £+ denote
the orthogonal complement of the Killing vector field £ in the tangent bundle
T (M) and consider a natural deformation [1, 13] of the Levi-Civita connection
V in the subbundle ¢+ C T/(M)

Vvb = Vvb—30(V)Eu, VeT(Eh)

Define non-elliptic, first-order operators C, @, D4, D_ by

2m

2m
Cp = > Eu-Vet, Qp =Y ¢(Eu) Ve,
u=1

u=1
1— vV—1—= 1— vV—1—
Diy = §C¢+TQ¢7 D_y = 507/)*7@1/)-
Then the operator identities

—2 —=2

CoG1QeC =0, C° =7
and
D+OD+ = D_OD_ = 0
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hold [13]. Now consider a two-parameter generalization of the Riemann Dirac
operator
— 1
Dy, :=C+aDg + (b 5)50@,

where a,b € R are real numbers, ® := g(-, ¢(-)) is the fundamental form and
Dy :=E,0V, — %5 o ®. The generalized Dirac operator D, coincides with the
Riemann Dirac operator D if (¢ = 1,b = 0) and with the so-called cubic Dirac
operatorin [1, 2, 3] if (a = 1,b = 1). Recall that a Sasakian manifold is said to
be eta-Finstein if the scalar curvature S is constant and the Ricci tensor Ric
is given by

S S
Ric = <— — 1>g+ <2m+1 —) nemn.
2m 2m
Recently, the author proved:

Theorem A (see Theorem 5.2 in [13]). Let (M?®,¢,&,1,9) be a 5-dimensional
closed Sasakian spin manifold. Assume that the parameters a,b of Dy, and the
minimum Smin of the scalar curvature satisfy

0<a<l, 0<b<

N =

and
1
0*(Smin +4) > S [8—a(l - 2b))°,
respectively. Then, for any eigenvalue X of Dgy, the inequality

Smin + 4)

(1.4) = Inhl{uh al " 4—1——2b}

holds, where w denotes

Smin + 4 1+\/3(Smin+4) 9  3(1—2b)

. b +
= ma — = _ —_ — - N =77
v x 2 3 779 8 402 2
; 1+¢&mﬁ4 16, 4(1-20)
2 2 a? a '

Theorem B (see Theorem 6.3 in [13]). Let (M?*™+1 ¢ £ n,9), m > 3, be a
closed eta-Finstein Sasakian spin manifold. Let the parameters a,b of Dy and
the scalar curvature S satisfy

1
0<a<l, 0§b<§

and
(2b—1)2
2 —a(l—2b)

20-1? 2 <S+2om < 2m(m+ 1),
m+1
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respectively. Then, for any eigenvalue A of Dgy, the inequality

(1.5)

N min{lpab(O) b—l—i— m—H(S—i—Qm)} for odd m >3,
>
14 \/QW("g:f(zL‘fS 2)(S 4 2m) + (b— %)2 for even m > 4,

holds, where Epab(o) = a(Sg—:fm) + m(12—2b)'

Equality |A| = ’1(S176+4) +1—2bin (1.4) can be attained and characterized
by the existence of a phi-Killing spinor (see Definition 3.3 in [13]). Equality
for odd m in (1.5) can be attained and characterized by the existence of a
phi—KiHing spinor if [A| = Lp,4(0) (resp. Sasakian Killing spinor if |\ =
b— %+ /ZEL(S + 2m), see Definition 3.4 in [13]). However, we don’t know

yet whether other equality cases in (1.4)-(1.5) may occur.

The aim of the paper is to prove that (1.4) (resp. the latter part of (1.5)
for even m) can be improved to (3.5) (resp. (3.13)). In the next section we
will consider a special class of spinors called Sasakian duos (see Definition 2.1)
whose existence characterizes the equality case in (3.5) and (3.13). It turns out
that the Sasakian duos generalize the Sasakian Killing spinors in a natural way
(see Remark 2.1).

2. A special class of Sasakian twistor spinors

We start with recalling some general properties in Sasakian spin geometry
[13]. Throughout this paper we will denote by (M?*™*1 ¢ € n,g) a Sasakian
spin manifold of dimension 2m + 1 > 3 and by ¥ = X(M) the spinor bundle
over M?™+1 Denote Py (V), P_(V) the complex vector fields

PV)= 5 [V4VTTOW)], P(V) =3 [V - V7T6(V)], VeT(Ee).
Then it holds that
(Pro P)(V) = Po(V), (P-oP)(V)=P_(V),
(ProP_)(V) = (P-oPy)(V) =0,
Po(V) - Po(V) = P_(V) - P_(

zm: Py(E,)- P_(E,) = —m +/-1®,

> P(E.)-Pi(B,) =-m— V=10
and

1_ —_ . 2m o
D+=§C+ TQ = ZP+(Eu)'VEu = ;Eu'va(Eu)’
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- — 2m o 2m o
D_=30-Y=Q = ;P,(Eu)-wu = ;Emvmww

where @ := g( -, ¢(+)) is the fundamental form.
Under the action of the fundamental form @, the spinor bundle ¥ splits into
the orthogonal direct sum ¥ =¥y ® X1 & --- ¢ X, with

By, =v/—12r —m)I, dim(S,)= (T) re{0,1,...,m},

where I stands for the identity map. Since Vy commutes with ®, we have
Ve(I(2,) CT(E), Di(0(S)) CT(Epm1)s  D-(I(S))) € (1),

where we use the convention that X is the zero subbundle of ¥ if s ¢ {0,1, ..
m}.

Let ¢, € T'(X,) and ¢r41 € T'(Zr41), 7 € {0,1,...,m — 1}, be non-trivial
spinor fields on (M?™*1 ¢ €.n,g). Then ¢, and ¢,;1 are called a left and a
right Sasakian twistor spinor if, for all vector fields V € T'(¢14),

*9

— 1
= — P -D
VV()DT 2(T+ 1) (V) +$r
and
_ 1
= —— P -D_
Vv orit 2m—7) (V) Pr+1

hold, respectively. Via direct computations one verifies the formulas in the
following two propositions.

Proposition 2.1. Let ¢, € T'(%,), r € {0,1,...,m — 1}, be a left Sasakian

twistor spinor on (M*™+L ¢ €.n,g). Then D_ip, = 0 vanishes identically and

4(r +1)(m — 2r)
2r+1

) = garpgy (5 +2mher + (-1

DOSDT

= — (r+1) \/_ZE Ric(oEy) - ¢ + 2(r + 1)(m — 21) ¢,

(2.1) + (=1)"" 4m(r + 1) Doy

In particular, if (M?*™HL ¢, & 1, g) is eta-Einstein and r # 0, then it holds that

(2.2) Dogpr = (f1)m+rﬁ(s+2m)%
and
(2.3) Ty = TV (64 oy,

m(m+ 1)
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Proposition 2.2. Let o417 € T'(X,41), 7 € {0,1,...,m — 1}, be a right
Sasakian twistor spinor on (M*"*1 ¢ €,m,9). Then Dip.11 = 0 vanishes
tdentically and

=2 m—r
o) = 5m =51

4(m —r)(2r+2—m)
71m+r
+(=1) 2m —2r —1

:( _T\/_ZE -Ric(dFy) - @ri1

(S + 2m)(p,_+1

DO‘PTJrl

(2.4) +2(m — 7’)(27" +2—=m)prr1 + (1) dm(m — r)Dopri1.

In particular, if (M?™+L ¢, €1, g) is eta-Einstein and r # m — 1, then it holds
that

2r+1—m
_ (_1ymtr+12t T~
(2.5) Doprir = (=1) Sm(m +1) (S +2m)prsa
and
—2 _ (r+1)(m—r)
(2.6) C(pr41) = Tm 1) (S +2m)pria.

We now consider a special class of Sasakian twistor spinors that characterizes
the equality case in (3.5) and (3.13).

Definition 2.1. A pair (¢,, @rt1) of non-trivial spinor fields ¢, @41, 1 €
{0,1,...,m—1}, is called a Sasakian duo with characteristic numbers (¢4, c_)
if, for all vector fields V € I'(¢1), the systems of two differential equations

< I )

VVSOT - Q(T + 1)P*(V) 907"‘1’1’
(2.7) - by

V@r+1——m +( )'SOT

hold, where cy,c_ € C are complex numbers such that the product cyc_ € R
is a real number.

Obviously, if (¢r, ¢r+1) is a Sasakian duo with characteristic numbers
(¢4, c—), then @, (resp. @r41) is a left (resp. right) Sasakian twistor spinor
and it holds that

D_¢r = Dipry1 = 0,
Dipr = crpria, D_pri1 = c—pr,
D_Dipr = cre_or, DiD_pry1 = cre_prya.
Remark 2.1. Let (M?*™*1 ¢ € n,9), m > 3, be a Sasakian spin manifold

with m = 1mod2. Suppose that (M2?"+1 ¢ ¢ 7, g) admits a Sasakian duo

(o1, Yi141), 1 := mT’l, with characteristic numbers (¢, ¢), where 0 # ¢ € R is

a non-zero real number. Then the spinor field ¢ := ¢; 4+ ;41 is a Sasakian
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Killing spinor with characteristic number ¢, i.e., ¢ is a solution to the differen-
tial equation

— C C
— " V.ep—(=1)t1_=
Vve st T Y

Using Propositions 2.1 and 2.2 we obtain:

$(V)-&-¢, VeT(E).

Proposition 2.3. Let (M*™*1 ¢ €. n,g) admit a Sasakian duo (@, pri1), T €
{0,1,...,m — 1}, with characteristic numbers (c4, c—). Then

(1) (Veor, or) = (Veprs, ore1) = 0.

(2) Both (¢r, @r) and (@r+1,©r+1) are non-vanishing on an open dense sub-
set of M?™m+1,

(3) If 2r #m — 1, then (M?™+1 ¢, & n, g) must be eta-Einstein and it holds
that

_(r+1)(m—r)
cye = mim +1) (S +2m),
2r+1—m
D — _1 m—+r 2
opr = (=1) 8m(m + 1) (S+2m)er,
2r+1—m

DogDTJrl = (71>m+7‘+1 (S + 2m)gpr+1.

8m(m+1)
(4) If 2r = m—1 (m must be odd) and cyc_ > 0 is positive, then (M?™+! ¢,
&,m,9) is eta-Einstein and it holds that
+1
cye_ = m—(S +2m), Doy, = Dopry1 =0.
4m

Proof. Part (1) of the proposition is immediate from (2.1) and (2.4). We now
use the relation

div (Z(%, P_(E,)- ¢2)Eu>

u=1
= — (Dyp1, p2) + (¢1, D_g2), 1, w2 € T(X(M)),
and

(VE(,OT, 507“) = (vgsﬁrJrl; SQTJrl) = 0,
to check that

— (Dyor, Dyor) + (or, D_Dyp,) = (r+1)A(er, ¢r),
- (DfsﬁrJrl; D790r+1) + (SQTJrl; DJrD*SDTJrl) = (m - T)A(@TJrlv(PTJrl)v

where A := —div o grad. It follows that the functions (¢r,¢r), (©Ort1,©ri1)
satisfy
cyC_ cyCy
A(‘Pra (Pr) = r+1 (SDT, 907") - m(‘pr—kla ‘pr—i-l)a

c_c_

CyC_
A(pri1,pre1) = — ( (prs or) + ﬁ(%ﬂ,%ﬂ),

m—r)
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where ¢ (resp. ¢—) denotes the complex conjugate of ¢y (resp. c¢_). This
completes the proof of part (2) of the proposition. To prove part (3), we note
that, for any p € T'(X(M)) and V € T'(¢4), the identity

%Ric(V) o= —=Vy(Cp)+C(Vyp) =V -p—¢(V) - -0+ ¢(V) - Vep

2m 2m
1
(2.8) - E Ey-Vvg,ve+ B E Ey,-¢(VEe,V)-§- 0
u=1 u=1

holds. Applying (2.7) to (2.8), we obtain
cre—(m+1)
AT v,
dr+m—n] 7
cre—(2r+1—m)

1

4(r+1)(m—r) V=L1O(V) - r
(2.9) —2(=1)"*"V=1¢(V) - Doy,
and
1. _ cre—(m+1)
gRielV) - oren = {_1 * 4(:+ 1)(m — r)] Ve
cre—(2r+1

4(r+1)(m

(2.10) +2(=1)""V=1¢(V) - Dogrs1.
Using (2.1) and (2.4), we can now rewrite (2.9) and (2.10) as

(m —2r) [2(7" + 1)(m —r)Ric(V) + [4(r + 1)(m —r) — cxc—(m + 1)] V} O
(2.11) = [~cie_mm+1) + (r+1)(m —7)(S +2m)]| V=1 (V) - o,
and

(m—2-2r) {2(7" +1)(m —r)Ric(V) + 4(r + 1)(m —r) — cye_(m + 1)] V} S Org1
(2.12) = [—eyem(m+ 1)+ (r+1)(m —r)(S +2m)|V—-1(V) - ory1,

respectively. Since both (¢, ¢,) and (@,41, ¢r+1) are non-vanishing on an
open dense subset of M?™ 1 we can compare (2.11) with (2.12) to conclude
that part (3) of the proposition is true. However, it should be noted here that if
2r = m—1, then combing (2.11) with (2.12) alone does not suffice to prove part
(4). In the case 2r = m — 1, we make use of the fact that one can equivalently
rewrite

S P )
Vv o (V) - oig1,
— c_ m—1
VVSDl-i-l:_ P+(V)'90la l:= -5

m—+1
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as

Vv = ()L P (V) i,

Vvibipr = —(—1)”1%13#‘/) “hy,

where ¢y = (—1)" /e ¢ and Y41 := cp@ipr. Then, ¢ = ¢ + Y41 is a
Sasakian Killing spinor with characteristic number (—1)*1,/c5e—. A simple
computation shows that

R(V,&)(¢) = %V-W
= Vv Ve — VeVyih — Vipat
_ %V b+ é(—l)“r1 dS(V) & -4
Vo dmeyc_ l
Sy (S T ) b+ (Vg

from which it follows that dS(V) = 0 and S + 2m — 472;1; = = 0 vanish identi-

cally. We finally conclude from (2.9)-(2.12) that part (4) of the proposition is
true. 0

Recall [21] that a Sasakian manifold (M?™F! ¢, & n,g), m > 2, is called a
Sasakian space form of constant ¢-sectional curvature x € R if, at any point
of M?™*+1 the sectional curvature g(R(V,¢(V))d(V), V) = & is constant and
independent of the choice of unit vector V € ¢1. A complete simply-connected
Sasakian space form of constant ¢-sectional curvature x is isometric to one of
the following three model spaces:

(1) A sphere S?™*1(x) with constant ¢-sectional curvature £ > —3,

(2) A real vector space R*™1(—3) with constant ¢-sectional curvature
K =-3,

(3) A principal R-bundle (B?*™ x R!)(k) over B?™ with constant ¢-sectional
curvature £ < —3, where B?" C C™ denotes a simply-connected bounded
complex domain with constant holomorphic curvature x + 3 < 0.

We now prove that each subbudle X, & ¥, 1 of the spinor bundle ¥ over a
simply-connected Sasakian space form admits a Sasakian duo.

Theorem 2.1. Let (M*™+1 ¢ £,m,9) be a simply-connected Sasakian space
form of constant ¢-sectional curvature Kk € R. Then, for any r € {0,1,...,
m—1} and for any pair (cy, c—) of complex numbers satisfying cyc— = (r+1)
(m —7)(k + 3), there exists a Sasakian duo (¢, pr41) € T'(Z, & E,41) with
characteristic numbers (c4, c_).

Proof. Since the Riemann curvature tensor R of (M?™+1 ¢ & n, g) is given by

REXY)(Z) = 22 |g(v, 2)X — g(X, 2)Y
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Lt [gw, 2)(6X) — g(6X, Z)(8Y) — 29(6X,Y)(62)

[nmn(m D)X + (Y )g(X. 2)¢

—-n(X)g(Y,Z)§

and k is related to the scalar curvature S by
S = m(m+1)(k+3) —2m,

we see that, for all vector fields V,W € T'(¢é1), the action of the Riemann
curvature R(V, W) on a spinor field ¢ is given by

R(V, W)(p)
S+ 2m S +2m 1
= 7WV~WWO* [m§:| d(V)-p(W) -
213) - [% - ;] oV, W) - [% - 1] oV, 6V))® -

Define a connection V acting on sections (cpr,cprﬂ) € I'(X, ® X,41) of the
subbundle ¥, & X, 1 of X(M), r € {0,1,...,m — 1} by

() T
Pr+1 2(m ) PJr(V)
_ ( VVSQT (T+1) CPr+1 )

2(m ) P (V) or + VVSDrJrl

QOTJrl

and

~ 1
()= (e ()
Pr4+1 2 Pr4+1
_ Vepr + 2(m — 2r 4+ 2v)/~ 1y,
Veprsr + %(m —2—=2r+2v)vV—1pr41
where v € R is an arbitrary real number. Then, a direct computation show
that, for any pair (‘Prv QOTJrl) € F(Er S E’l“+1)5

D Pr VARY, Pr VRV, Pr o Pr
R(V, =VyV - V¢V -V
( 6)( Pr41 ) v g( Pr41 ) ¢ V( Pri1 ) (V) ( Pr+1 )
=0
vanishes identically. Moreover,

RV, W) ¥ V=VyVw | 7 J-Vuv( ©
(o) =ovon (2 ) o ()

Pr+1 Pr+1
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=0
vanishes identically if and only if the relations

0= RIV.W)pr) ~ [ 50(V) - 60) + 30(V. W)

~(m— 2+ 20)g(V, qs(vv))ﬁ] o

—C+07 . .
A [V W+ o(V) - (W) + 2g(V, W)
— 2g(V,¢(W))\/—_1] yre

1

= RVW)(rin) = | 50(V)-6) + 30(V. W)

= 2= 2 2V )V i

cyc_
e m=n

(2.14) +29(VW) + 29 (V, ¢<W>>¢—1] .

[v W B(V) - (W)

hold. Let us choose the constant v as
m—1—2r

“SmmT D) (S +2m).

V=

Then, one finally checks that (2.13) satisfies (2.14). O

Using the contact Bochner curvature tensor B [19] defined by
B(X,Y)(Z)

= R(X,Y)(Z) + 5

4
—Ric(Y, 2)X + g(¢X, Z)Ric(¢Y) — g(¢Y, Z)Ric(¢X) + 29(¢ X, Y)Ric(¢Z)
+ Ric(¢X, 2)(6Y) — Ric(8Y, Z)(6X) + 2Ric(6 X, Y)(62)
+n(Y)n(Z)Ric(X) — n(X)n(Z)Ric(Y) + n(X)Ric(Y, Z)¢
S+2m—8(m+1)
4m+1)(m+2)

[gw 2)(6X) - 9(6X, Z2)(6Y) - 29(6X. Y)(aszﬂ

[g(X, Z)Ric(Y) — g(Y, Z)Ric(X) + Ric(X, Z)Y

—n(Y)Ric(X, Z)f] + 9V, 2)X — g(X, Z)Y]

S+2m+4m(m+ 1)
4m+1)(m +2)

s [N a2 x a2
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—n(X)g(Y, 2)¢ |,

one can slightly generalize Theorem 2.1 as follows. Note that, over any Sasakian
space form, the contact Bochner curvature tensor B = 0 vanishes identically.
Since the proof is straightforward, we omit it.

Theorem 2.2. Let (M?™+1 ¢, & n, g) be a simply-connected eta-Einstein Sasa-
kian spin manifold of dimension 2m + 1 > 5 and let r € {0,1,...,m — 1}.
Suppose that

2m+1
(VW :742 );Eu>Eu'Ev'50:0

u,v=1

vanishes identically for all V,W € T'(é+) and ¢ € T'(2, @ X,41). Then, for any

pair (c4,c_) of complex numbers satisfying cyc_ = %(5 +2m), there

exists a Sasakian duo (pr, or+1) € T'(E, @ Xry1) with characteristic numbers
(C+a C—)'

Let (¢r, or+1) be a Sasakian duo with characteristic numbers (cy, c_)
on a Sasakian spin manifold (M2t ¢, £ n,g). Then the spinor field ¢ =
©r + @r+1 18 generally not an eigenspinor of the generalized Dirac operator
Dgp. More precisely, one verifies using Proposition 2.3 that ¢ = ¢, + @41 is
an eigenspinor of Dy, if and only if the relation (—1)"""c_ — (—=1)""c, =

[% +1- Qb} (m — 1 —2r) holds. If this is the case and ¢ = ¢, + @41

is associated with eigenvalue A, then one checks that

S+2m) 1
1)+ —b= metr alS +2m) ——b —-1-2
(A g b= (e | SO 2] (1 20)
2 1
RV [ G i) S Y P
8m(m+1) 2
Inserting this into cyc_ = % (S + 2m), one can now explicitly express

the characteristic numbers c4, c_ in terms of the scalar curvature. In what
follows, we fix the notation E*(Dg) to denote the space of all eigenspinors of
D, with eigenvalue A\ € C.

Proposition 2.4. Let (¢, @ri1) be a Sasakian duo with characteristic num-
bers (ci, c—) and let ¢ = @, + @rr1 € EN(Dap). Then all the possible values
for ey, c_ are:
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(r+1)(m-—r) a(S+2m) 1 2 ,

In this case X\ is equal to

(1)
1 (r+1)(m-—r) - a(S + 2m) 1 2m— 92
=0 2+\/ m(m+ 1) (5+2 )+{8m(m+1)+2 b]( L—2r)?.
(2)
(_1)m+rci
. a(S+2m) 1
= [m+§—b:|(m—l—2r)

(r+1)(m—r) a(S+2m) 1 1° )
\/W(S+2m)+|:m+§b] (m7172r).

In this case X\ is equal to

(1)
_ 1 (r+1)(m-—r) a(S+2m) 1 2 )

We remark that if S 4+ 2m > 0 in Proposition 2.4, then all of ¢y, c_, A are
real numbers. However, if S+ 2m < 0, then it may happen that all of c,c_, A
are complex numbers with a non-trivial imaginary part. The following two
propositions are easy to verify and we omit the proofs.

Proposition 2.5. Let (¢r, @ri1) be a Sasakian duo with characteristic num-
bers (cy,c_) and let ¢ = @, + @rp1 € ENDgp). Then the pair (¢ =
C—Pr, Pri1 = —Cyry1) s a Sasakian duo with characteristic numbers (¢’ :=
—c_, ¢’ = —cy) and ©* = @; 4 oy is an eigenspinor Day with eigenvalue

A= —A+4 (1) (2 — 1).

The above proposition means that if ¢ = ¢, + @41 € ENDgyp) is the
spinor field described in part (1) (resp. part (2)) of Proposition 2.4, then ¢* =
@+ i € BN (Dg) is the one described in part (2) (resp. part (1)).

Proposition 2.6. Let (M?™*! ¢.£,n,9) be an eta-Einstein Sasakian spin
manifold with S + 2m > 0 and let (o, ©r+1), 7 € {0,1,...,m — 1}, be a
Sasakian duo with characteristic numbers (¢4, c—). If we rescale the length of
or and pri1 as Pp = (=1)"Tc_p, and PYry1 = TOr11,

a(S+2m) 1

DO L bl (m—1-2
Smm+1) T2 0™ )
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. ¢w(s+2m)+ aS+am) 10

m(m + 1) 8m(m+1) 2
then (¥, r41) is a Sasakian duo with characteristic numbers ((—1)™T" <=,
(=1)™*"r) and v = ¥, + P11 is an eigenspinor of Dgyp.

As a consequence of Proposition 2.6, we may assume without loss of gener-
ality, by rescaling the length of spinor fields if necessary, that, for any Sasakian
duo (¢, pri1) on an eta-Einstein Sasakian spin manifold (M?™*! ¢ & 0, g)
with S+ 2m > 0, ¢ = p, + @r41 is an eigenspinor of Dp,.

Consider the Tanno deformation [20] of Sasakian structure (¢, ,7, g)

pi=¢, =1 ni=tt g=tlg+t -t men,

where t > 0 is a positive real number. Then the Ricci tensor Ric of (M2m+L qz,
£,1,9) is related to the Ricci tensor Ric of (M?™+L ¢ € n,g) by

Ric = Ric+2(1—t2)g+ @mt™* +2t72 —2m —2)n .

It follows that if (M?™+1 ¢, € n,g) is eta-Einstein with S + 2m > 0 and the

parameter t is chosen to be t? = %, then (M2m+1 q~3, £~, 7, g) has to

be Einstein with positive scalar curvature S = 2m(2m + 1). Now observe
that Sasakian duos are invariant under the Tanno deformation. Namely, if
(@r, r1) is a Sasakian duo on (M?*™F1 ¢ € n,g) with characteristic num-
bers (c4,c_), then the corresponding pair (Br, Pry1) on (M2mF1 ¢ € 7, §)
is a Sasakian duo with characteristic numbers (¢} := tcq, ¢— = tc_). By
Propositions 2.5 and 2.6, we can choose the characteristic numbers (¢1, ¢Z) to
be

(e
B a(S+2m) 1
= m+§—b (m—1-2r)
(r+(m-—-r), ~ a(S+2m) 1 ’ )
W(S+2m)+ m+§b‘| (m7172r).

In that case, 3 = @, + pri1 is an eigenspinor of Dy, with eigenvalue A,

(~1)"™+X

a(S+2m) 1

1 (r+1)(m—r) +_br(m12r)2.

=b— -+ 7(§+2m)+

2 m(m+1) 8m(m+1) 2

Note that the spinor field ¢ = @, + @,+1 becomes a Killing spinor satisfying

(_1)m+r+1

Vxp = fX - P, X e I(T(M)),
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when (M?2m+L ;5, E, 7, g) is Einstein and the parameters a, b for Dy, are chosen
as (a = 1,b = 0). Suppose that (M?>m+1 q~3, E, 7, g) is a simply-connected
closed Sasaki-Einstein spin manifold that is neither 3-Sasakian nor the round
sphere. Then we know that M2?™+! admits exactly two Killing spinors v, ¥,
with ¢ € T'(X9) and 9, € I'(X,,) [4, 8, 12]. Thus we have proved:

Theorem 2.3. Let (M*™T1 ¢ £,m,9) be a simply-connected closed eta-Einstein
Sasakian spin manifold with S +2m > 0 and let M?™ 1 admit a Sasakian duo
(@r,s Pri1)-

(1) If m > 3 is odd, then (M?*™HL1 ¢.& n,g) must be isometric to either a
(2m + 1)-dimensional spherical Sasakian space form or a Tanno deformation
of 3-Sasakian manifold.

(2) If m > 2 is even, then (M?™+L ¢, & n, g) must be isometric to a (2m+1)-
dimensional spherical Sasakian space form.

We close the section with a lemma which is useful in studying the limiting
case of (3.5) and (3.13).

Lemma 2.1. Let (M*™t ¢.£,n,9) be a closed Sasakian spin manifold with
constant scalar curvature S+ 2m > 0 and let ¢ := ¢, + Y41 € E)\(Dab)v re
{0,1,...,m — 1}. Assume that ¥y, P41 satisfy Doy, = (—1)™ " veh,. and
Dotpri1 = (1) upyy with v = — g =25 (S + 2m).

(1) If ¢, is a left Sasakian twistor spinor, then ,41 s a right Sasakian
twistor spinor and hence (Y, ¥r41) is a Sasakian duo with characteristic num-
bers (cy,c_) described in Proposition 2.4

(2) If ¥ry1 is a right Sasakian twistor spinor, then . is a left Sasakian
twistor spinor and hence (Y, ¥r41) is a Sasakian duo with characteristic num-
bers (c4,c_) described in Proposition 2.4.

Proof. We prove part (1). The proof for part (2) is similar. Let ¢ = ¢+, 11 €
E*(Dgp) and let 1, be a left Sasakian twistor spinor. Denote

0% .= (1)’””A+%br [au <%b) (m12r)r.

Then, by (2.1), we have

+1 4(r+1)(m —2r)v
2.15 0> = —— 1 (S+2
(2.15) ST 2r + 1
Combining (2.15) with v = — %(5 + 2m) leads immediately to
m—r 4(m —r)(m —2 = 2r)v
2.1 - 2m) — = 0.
(2.16) 2om—2r—1) 0 m 2m —2r — 1 0

From (2.16) we now conclude that

2m

= 1
Z/ (VENPTH + gy P (Bu) - D-trs1,
u—l M2m+1 (m — 7’)
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1
2(m —r)
where p denotes the volume form, and so .41 is a right Sasakian twistor
spinor. ([

Veutbrer PA(B) Dbt ) = 0

3. Eigenvalue estimates for the generalized Dirac operator D,

In this section we prove the main results (Theorems 3.1 and 3.2) of the paper.
All the Sasakian spin manifolds (M?2?™+1 ¢, £ 1, g) considered in the section are
closed manifolds. Let Spec(Dgp), a # 0, denote the set of all eigenvalues of the
generalized Dirac operator Dg,. Then, for each A € Spec(Dyp), at least one of
the following two statements is true.

(1) There exists a non-trivial eigenspinor 1 € E*(Dgp) such that ¢ = 1, €
I'(X,) is a section in ¥, for some p € {0,1,...,m}.

(2) There exists an eigenspinor ¢ € EN(Dy;) such that ¢ = 1, + 41 €
I(3, ® 3,41) is a section in X, @ ¥, for some r € {0,1,...,m — 1} and all
of ¥y, Yry1, Dyt)y, D_1),41 are non-trivial.

An eigenspinor ¢ € E*(D,;) described in part (1) (resp. part (2)) is called
a one-component (resp. two-component) eigenspinor of Dg,. Let us fix the
notations

Spec(Dap, I) := {\ € Spec(Dgp) | There exists a one-componrnt eigenspinor

¥ =ty € E(Dap)},
Spec(Dgp, IT) := {\ € Spec(D,p) | There exists a two-componrnt eigenspinor

Y =Y + 1 € BN Dap)}-

Then it holds that Spec(Dyp) = Spec(Day, I) U Spec(Day, IT).
Recall that, for any A € Spec(Dgp,I), a # 0, there exists some r € {0,1,...,
m} such that the inequality

(3.1)  a(=1)""" T (m —2r)\ > % (Smin +2m) +a (% — b) (m —2r)?

holds. Equality in (3.1) occurs if and only if there exists a one-component
eigenspinor 1) = 1, € E*(D,) such that ¢ is a phi-Killing spinor, i.e., 9
satisfies )
Vv = Vv —36(V)-€-w = 0, Ver(Eh).
Denote K the operator
2m
K = Z (VE, +tE, 0 C+ (—1)""tg(E,) o & 05)*
u=1
2m . . .
0 (V. +tE,0C+ (=1)"""tg(Ey) 0o C),

u=1
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where ¢ € R is a real number and (-)* denotes the adjoint operator of (-) with
respect to the L?-Hermitian product (see (3.1)-(3.3) in [13]). Then, for any
two-component eigenspinor ¢ = 1, + 1,11 € E*(Dgp), we have

1 K
62@”)5é52%5(s+2””¢r(1V”T4“*£?$12”1%¢T
and
% K(Wri1) = O (trs1) = ﬁ (S + 2m)ds
—-0—1Y”+T+14(”1;%2¥f;;:?£—2r)l)owT+l

which respectively yield (3.2) and (3.3) in the following proposition.

Proposition 3.1. Let (M?™* ¢, £ n,9) be a closed Sasakian spin manifold.
For any X € Spec(Dap, IT) \ Spec(Dap, 1), a # 0, there exists some real number
veR and r € {0,1,...,m — 1} such that both inequalities

(1V”TA+%42[m/<%b>@n12m%zﬁiiﬂﬁljﬁ22

a(2r+1)
r+1 4(r +1)%(m — 2r)?
Z 2 g 1) Smin + M) - = Ty
2(1 — 2b)(r + 1)
(32) + W(m — 2T)(m —1- 27’)
and
mars 1 2 1 2(m—r)(m —2—-2r)1°
(—1)™* /\+§—b} - [au— (5 - b) (m—1-2r)+ a@m—3r—1)
m-—r 4(m —1r)%(m — 2 — 2r)?
Z S —ar =) omin T2 - 1y
2(1 —2b)(m —r)
(3.3) a@m—2r = 1) (m—1-=2r)(m—2-2r)
hold.

We can now prove one of the principal results of the paper.

Theorem 3.1. Let (M5, $,£,1m,9) be a 5-dimensional closed Sasakian spin
manifold. Assume that the parameters a,b of Dgy and the minimum Sy of
the scalar curvature satisfy

1
0<a<l, 0<b<g

(3.4) a*(Smin +4) > % 8 —a(1—2))%,
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respectively. Then, for any eigenvalue \ € Spec(Dgy), the inequality

a/(Smin + 4)

3.5 Al > mi
3.5) A2 min{ o, 2

+1—2b}

holds, where w is equal to

2
b1+\/smlg+4+[a(smm+4)+%b}

2 48

for a*(Smin +4) < 24[8 —a(1 — 2b)],
1 \/Smin +4 16  4(1—2b)
- + - @@ 7

h— =
2+

2 a? a

for a®(Sumin +4) > 248 — a(1 — 2b)].

2
Equality [\ = b— § + \/S‘“‘§‘+4 + [a(sﬁg‘ﬂ) +4- b} in (3.5) occurs if and

only if there exists a Sasakian duo (1o, Y1) with characteristic numbers

a(S+4) 1 ]+\/S+4+[a(5+4) 1 r'

~ b ~ b
+ 2 +

Ci]F{ 48 2 8 2

If this is the case and M?® is simply-connected, then (M?®,¢,€,m,g) must be
isometric to a 5-dimensional spherical Sasakian space form.

Proof. As pointed out in [13] (see Remark 5.1), there exists no one-component
eigenspinor t of Dy, with v = ¥ € T'(X1). Let A € Spec(Dap, I). Then,
inserting m = 2, r = 0 (resp. m = 2, r = 2) into (3.1) yields

a(Smin + 4)

16

On the other hand, for any A € Spec(D,y, II), there exists a two-component
eigenspinor 1 = 1)y + 11 € E*(Dgy) such that Doty = v1bg and Dotpy = —vi);
for some real number v € R. Let us first consider the case that v+ S‘“jl;éﬂ <0.
Inserting m = 2, r = 0 into (3.3) yields

1 ®  Suin+4 1 2
<A+§b> _u+<au§+b>

(3.6) A > +1—2b.

>
3
Smin +4 a(Smin + 4) 1 2
> - —b| .
=73 7 [ T }

Since the scalar curvature satisfies (3.4), it follows that

1 Smin + 4 a(Smin + 4) 1 2
. > b— =+ + + = — .
(3.7) [Al b 5 \/ 3 [ 5 b]
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Consider the next case v + S’“jfé“ > 0. Inserting m = 2, r = 0 into (3.2) and

noting that a?(Smin +4) < 248 — a(1 — 2b)] implies “mutd) | 1,4 <

48
and
(wogror)
av— - +b+ —
2 a
B a(Smin +4)  a(Smin +4) 1 nk
- {‘”’+ 8 4 a2ttty
Swmin + 4\ Smin +4\ [a(Smin +4) 1 4
_ 2 min _ min min - =
=a <V+748 ) 2a<l/+ 18 )[ 18 +2 b .
a(Smin +4) 1 417
i PR L Z 2
+{ 8 T3 a]’
we obtain
1 ®  Smmt4 16 4(1—2b) 1 4\?
Abs—b) >F— - — 4+ —— 4 av—=+b+-
2 2 a? a 2 a
Smin+4 16 4(1—2b)  [a(Smin+4) 1 nk
>mm 0 - - —__p—- =
- 2 a? a + 48 +2 b a
Smin + 4 a/(Smin + 4) 1 2
> ~—b

which again yields (3.7). Since

Smin+4 | [a(Smin+4) 1 1% _ Sww+4 16  4(1—2b)
Sy > BwnvTE 20 A4
3 + [ 48 + 2 - 2 a? a
holds under condition (3.4), inequality (3.5) is valid indeed. The statement for
the limiting case is immediate from Lemma 2.1 and Theorem 2.3. ([

In the case where (a =1,b=0) or (a = 1,b = %), we can explicitly describe
(3.5) as follows.

Corollary 3.1. Let (M®,¢,£,1m,9) be a 5-dimensional closed Sasakian spin
manifold.
(1) Ifa=1 and b = 0, then any eigenvalue A of Dy satisfies

-

14 \/sn,m+4 4 (Smint28)? — 4 < Smin < 164,
(38) N > 3 3 2304 for <

Smin—20
1./ o for  Smin > 164.

N

(2) Ifa=1and b= %, then any eigenvalue A of Dy satisfies
S”‘%&“ for —4 < Spin <92,
(3.9 A > \/ Swiptd | Gmindd® - fn 99 < 5,0, < 188,

\/@ fOT Smin 2 188
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Remark 3.1. Estimate (3.8) (resp. (3.9)) improves (5.19) (resp. (5.20)) in [13].
Moreover, (3.8) is better than the estimate (1.1). It is still an open question

whether equality [\ = —4 + 1/ 228=20 in (3.8) (resp. |\| = {/Z=12=20 in (3.9))

may hold.

Let (M2™+1 ¢ €. n,9), m > 2, be a closed eta-Einstein Sasakian spin mani-
fold. Let ¥ = 9, + 1,41 € EX(Dap), 7 € {0,1,...,m— 1}, be a two-component
eigenspinor such that

Doty = (1) " wipp,  Dothpyr = (=1)" " uihyn, veER,
and
(3.10) [4r+4+a(1—2b)(m—1—2r)] [4m—4r—a(l—2b)(m —1—2r)] >0
hold. Then we have [13]
1 2
[(1)m+TA + 5~ b] — a*v?
8(r+1)(m —7r) +a(l —2b)(m —1—2r)?
8m(m+1)

(3.11) + (b %)2(m127’)2.

Using (3.11) we can now improve the estimate

1 2m(m + 2) + a(1 — 2b) 1\’
(A > b§+\/ Sm(m + 1) (S+2m)+<b§)

>

-(S+2m)

for even m >4 in (1.5) to (3.13) in the following theorem.

Theorem 3.2. Let (M?™FL ¢ &1, g) be a closed eta-FEinstein Sasakian spin
manifold of dimension 2m + 1> 9, m = 0mod 2. Assume that the parameters
a,b of Dyp and the scalar curvature S satisfy

1
0<a<l, 0§b<§
and
(1—2b)2
12 2m < ————— -2 1
(3.12) 0 < S+2m < i) m(m + 1),

respectively. Then, for any eigenvalue A of Dgy, the inequality
\/(m+2)(5+2m) aS+2m) 17

1
(313) D = b-5+

4(m+1) 8m(m+1) 2

holds. The equality case in (3.13) occurs if and only if there exists a Sasakian

duo (Ym_1, Ym ) with characteristic numbers
2 ’ 2
m _

(—1)% tex
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2

B a(S+2m) lib N (m+2)(S+2m) a(S+2m) E,b
B 8m(m+1) 2 4(m+1) 8m(m+1) 2

If this is the case and M™% is simply-connected, then (M?™T1 ¢, & n,g) must
be isometric to a (2m + 1)-dimensional spherical Sasakian space form.

Proof. Let ¢ = 1, + 1,41 € EX(Dgp), r € {0,1,..., 52}, be a two-component
eigenspinor satisfying Do, = (=1)™ %", and Dothpi1 = (—1)"F " o,y
for some real number v € R. Then, inserting

2r 42

2r + 1 K(’L/JT)
- 62(1/}T) o 2(%_‘_11) (S 4+ 2m)y, — (,1)m+r4(7’ +21T)E:n1f 2r) Do,
mto
z: 1 ? /Mzmﬂ (K (), ) pp > 0
yields
corened
(r+1)(S+2m)  (r+1)(m—2r)(S+2m)
2(2r+1) 22 + Dm(m + 1)
a(S + 2m) 1 2
" [m+ (5b> (m12r)}
S +2m 5 GQ(S + 2m)
+ |:I/+ m] |:0, 14 m
(3.14) - % —a(l—2b)(m—1-2r) + 4(r +2171):7_nl— 2r)

First consider the case that v + % > 0. Note that the function

4(r 4+ 1)(m —2r)
2r+1

a?(S +2m
hi(r) := —7( )

dm(m +1)
at the last line of (3.14) is decreasing on the interval [0, Z:2]. Because of (3.12),
we have h; (msz) > 0 and therefore hy(r) > 0 for all » € {0,1, ..., msz}
Consequently, (3.14) becomes

—a(l—=2b)(m—1-2r)+

o 1]

(7’+1)(m2+2r). S+ 2m
= 202r+1)  m(m+1)

. S (1) 1)
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Since the function

(r+1)(m2+2r) S+2m

h = .
2(r) 2(2r + 1) m(m+ 1)
at the right side of (3.15) is decreasing on the interval [0, Z:-2], inserting r =
m—2 into (3.15) yields (3.13). Consider the next case that v + % <0.

Observe that, if the scalar curvature satisfies (3.12), then the function

8(r+1)(m—r7)+a(l —2b)(m—1—2r)2

o) . 2
x(r) 8m(m + 1) (§+2m)
1\ 2
+ <b 5) (m —1—2r)?
at the right side of (3.11) is decreasing on the interval [0, Z:-2]. Since
2
2 S+ 2m ’
8m(m+1)
(3.11) now becomes
1 ? m— 2 a(S +2m)1?
1 )" A+ = b > x| —— —_—
I e I G s R

from which (3.13) is immediate. On the other hand, use Proposition 6.1 in [13]
together with (3.1) to find that any A € Spec(Dgp,I) satisfies
Al > a(S +2m) n m(1 72b).
8m 2
A simple computation however shows that, if the scalar curvature satisfies
(3.12), then

a(S +2m) N m(1 — 2b)

8m 2
2
> b—l (m+2)(S +2m) a(S +2m) —|—l—b ,
2 4(m+1) 8m(m+1) 2

which establishes (3.13). The statement for the limiting case is immediate from
Lemma 2.1 and Theorem 2.3. O

Inserting (¢ = 1,b = 0) into (3.12)-(3.13) we obtain (3.17) in the following
corollary. (3.17) improves estimate (6.15) for even m > 4 in [13].

Corollary 3.2. Let (M*™*1 ¢ £,m,9) be a closed eta-Einstein Sasakian spin
manifold of dimension 2m + 1 > 9, m = 0mod 2. Suppose that the parameters
a,b of Dyp, are chosen to be (a = 1,b=0) and the scalar curvature S satisfies

0 < S+2m < 2m(m+1).
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Then, for any eigenvalue X of Dy, the inequality

(3.17) n > —Ly [mE2E+2m) { S +2m 1]2

= 73 A(m+ 1) Sm(m+1) 2
holds.
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