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ABSTRACT. The aim of this paper is to study the geometry of contact CR-warped product
submanifolds in a cosymplectic manifold. We search several fundamental properties of
contact CR-warped product submanifolds in a cosymplectic manifold. We also give neces-
sary and sufficient conditions for a submanifold in a cosymplectic manifold to be contact
CR-~(warped) product submanifold. After then we establish a general inequality between
the warping function and the second fundamental for a contact CR-warped product sub-
manifold in a cosymplectic manifold and consider contact CR-warped product submanifold
in a cosymplectic manifold which satisfy the equality case of the inequality and some new
results are obtained.

1. Introduction

It is well known that the notations of warped product are widely used in dif-
ferential geometry as well as physics. The study of warped product manifolds was
initiated by R.L. Bishop and B. O’Neill with differential geometric point of view[9)].
After then several papers appeared which have dealt with various geometric aspects
of warped product submanifolds|references and their references].

CR-warped product was first introduced by B-Y. Chen. Recently, he studied
warped product CR-submanifolds in Kaehler manifolds and shown that there exist
no warped product CR-submanifolds in the form M x ; My in Kaehler manifolds.
Therefore he considered warped product CR-submanifolds in the form Mg x ¢ M|
called CR-warped product by reversing factor manifolds. He established a rela-
tionship between the warping function f and the second fundamental form of CR-
warped product submanifold in Kaehler manifolds[4, 3].

I. Hasegawa and I. Mihai obtained a similarly inequality for the squared norm
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of the second fundamental form in terms of the warping function for contact CR-
warped products in Sasakian manifolds and some applications were derived[10].

In [5], Authors studied contact CR~warped product submanifolds in Kenmotsu
space forms.

The notion of a contact CR-(warped) product submanifolds of cosymplectic
manifolds have not been to be widely used in the literature and in fact that papers
directly related to the problem are scarce so far. So I would like to study the
geometry of contact CR-warped product submanifolds in a cosymplectic manifold.

In this paper, we consider contact CR-warped product submanifolds which are
in the form M = My x ¢ M in a cosymplectic manifold M, where My and M, are
invariant and anti-invariant submanifolds of M, respectively. We obtain a sharp
estimation for the squared norm of the second fundamental form and the warping
function for a contact CR-warped product submanifold of cosymplectic manifold M.
We research necessary and sufficient conditions that inequality case to be equality
case and we derive results that product manifolds to be totally geodesic, totally
umbilical, minimal and real space form.

2. Preliminaries

Let M be 2m + 1-dimensional almost contact manifold with an almost contact
structure (p,&,7), i.e., § is a global vector field, ¢ is a (1, 1)-type tensor field and 7
is a 1-form on M such that

(22) X =X +n(X)E, nE) =1, p€=0, nop =0,
for any X € (T M), where T'(T M) denotes the set differentiable vector fields on M.

The almost contact manifold is called an almost contact metric manifold if there
exists a Riemannian metric g satisfying;

(2.3) 9(pX,9Y) = g(X,Y) —n(X)n(Y),

for any X, Y € T'(TM). Clearly, in this case, 7 is dual of £, i.e., n(X) = g(X, ), for
any X € I(TM).

The fundamental 2-form ¥ on M is defined as ¥(X,Y) = g(X,pY), for any
X,Y € T(TM). The M is called an almost cosymplectic manifold if  and ¥ are
closed, i.e., dn = 0 and d¥ = 0, where d is the exterior differential operator. Also,
an almost contact metric manifold is called normal if N, +dn® & = 0, where IV, is
the Nijenhuis tensor field which is defined by N, (X,Y) = ¢?[X,Y] + [pX, pY] —
o[pX,Y] — ¢[X,pY]. If M is almost cosymplectic and normal, M is said to be
cosymplectic manifold. It is well known that an almost contact metric manifold is
cosymplectic if and only if Vi = 0, where V denotes the Levi-Civita connection on
M. These manifolds are locally a product of a Kaehler manifold and a real line or
a circle[8].

If a cosymplectic manifold M has constant @-sectional curvature, then it is
called a cosymplectic space form and denoted by M(c). Then the Riemannian
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curvature tensor R of M(c) is given by

RX.Y)Z = {o(Y.pZ)X - g(pX,0Z)Y +n(Y)g(X. 2)¢
(2.4) — (X)g(Y, 2)§ + g9(9Y, 2)pX — g(0X, Z)Y +29(X, oY) Z},

for any X,Y,Z € T(TM)[8].
Now, let M be an isometrically immersed submanifold in a cosymplectic mani-
fold M. Then the formulas of Gauss and Weingarten for M in M are given by

(2.5) ?XY = ny+h(X,Y)
and
(2.6) VxV =—-AyvX 4+ V4V,

for any vector fields X,Y tangent to M and V normal to M, where V denotes
the induced Levi-Civita connection on M, V- is the normal connection, Ay is the
shape operator of M with respect to V' and h is the second fundamental form of M
in M. h and A are related by

(2'7) g(h(X7Y),V) :g(AVva)

for any X,Y € ['(TM) and V € T(TM*)[1].
Let {ei,ea,...,e,} be an orthonormal basis of the tangent space T, M, x € M.
The mean curvature vector H of M is defined by

(2.8) H= %Zh(ei,ei).

~ The submanifold M is called totally geodesic, minimal and totally umbilical in
Mifh=0, H=0and h(X,Y) = g(X,Y)H, respectively, for any X,Y € T'(TM).
Also we put

n

(29) iy =g(h(eiej),en) and |BI* =Y g(h(es,e;), hleies)),

ij=1

where {e"}, 1 < r < s, are orthonormal basis vector fields of (TM1).
Furthermore, the equations of Gauss and Codazzi are, respectively, given by

(2.10) (R(X,Y)Z)" = R(X,Y)Z + Apix,2)Y — Any.z) X
and

(2.11) (R(X,Y)Z)" = (Vxh)(Y,Z) - (Vyh)(X, Z),
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for any XY, Z € I(TM), where (R(X,Y)Z)" and (R(X,Y)Z)* denote the tangent
and normal components of R(X,Y)Z, respectively, R is the Riemannian curvature
tensor of M. Also the covariant derivative of h is defined by

(212)  (VxW)(Y,2) = Vxh(Y,Z) = (VxY,Z) = l(Vx Z,Y).
For any X € T'(TM), we can write
(2.13) X =tX +nX,

where tX and nX denote the tangential and normal components of ¢ X, respectively.
In the same way, for any vector field V' normal to M, we put

(2.14) @V = BV +CV,

where BV and CV denote the tangential and normal components of ¢V, respec-
tively.

A submanifold M is said to be invariant if n is identically zero. On the other
hand, M is said to be anti-invariant submanifold if ¢ is identically zero.

For a contact CR-submanifolds, the above definition has been generalized as
follows.

For submanifolds tangent to the structure vector field &, there are different
classes of submanifolds. We mention the following.
1.) A submanifold M tangent to £ is called an invariant submanifold if ¢ preserves
any tangent space of M, i.e., (T, M) C T, M, for each x € M.
2.) A submanifold M tangent to & is called an anti-invariant submanifold if ¢ maps
any tangent space of M into the normal space, that is, (T, M) C T;M7 for each
reM.
3.) A submanifold M tangent to £ is called contact CR-submanifold if it admits an
invariant distribution ¢ € D whose orthogonal complementary distribution D+ is
anti-invariant, that is, TM = D @ D+ with oD, C D, and chj- C TjM for each
zeM.

In this paper, we are concern with case 3.) as general case. We denote the
orthogonal complementary distribution of ¢ D+ in T+M by v, then we have

(2.15) T+M = oD @ v.

We can easily to see that v is an invariant subbundle with respect to ¢.

3. Contact CR-Warped Product Submanifolds in a Cosymplectic Mani-
fold

Let (My,¢q1) and (Ma,g2) be two Riemannian manifolds and f is a positive
definite differentiable function on M;. The warped product of manifolds M; and
M, is the Riemannian manifold

(2.4) M = My x; My = (M x Ma,g),
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where g = g1 + f2g2. A warped product manifold M = M; x t Ms is characterized
by the fact that M7 and M are totally geodesic and totally umbilical submanifolds
of M, respectively.

We recall the general formulae on a warped product

(2.5) VX =VxZ=(XIf)Z,

for any X € I'(T'M;) and Z € I'(T' M), where V denote the Levi-Civita connection
on M|2].

Definition 3.1. A warped product submanifold M; x ¢ M of a cosymplectic man-
ifold M, with M is a (2p + 1)-dimensional invariant submanifold tangent to £ and
M, is a g-dimensional anti-invariant submanifold of M, is said to be a contact CR-
warped product submanifold and we shall denote by M7 x s M in the rest of this

paper.

The following theorems characterize the contact CR-warped product submani-
folds in cosymplectic manifolds.

Theorem 3.2. Let M be a warped product submanifold of a cosymplectic manifold

M. Then M is a contact CR-warped product submanifold of M if and only if nt = 0.

Proof. Let M be a contact CR-warped product submanifold of a cosymplectic man-
ifold M. Then we denote by P and @ the projections on the distributions D and
D, respectively. Then we have

(2.6) P+Q=1I, PP=P, Q*=Q and PQ=QP =0.
For any X € I'(T'M), we can write
X = PX + QX.

From (2.13) and taking into account of D and D being invariant and anti-invariant,
respectively, we have

(2.7) pX = pPX + pQX =tPX +nQX.
Since D is an invariant distribution, we get
(2.8) QtP =0, nP =0.
Again, from (2.13), we also have
PRX =tRX +n@QX.
Moreover, the invariant of D and the anti-invariant of D' lead to

(2.9) tP=t and tQ =0
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by Q = I — P. The ambient space M is a cosymplectic manifold and ¢ € I'(D), we
arrive at results

(2.10) t?=-T+n®&—Bn and Cn+nt = 0.

Here, applying P from to right to the second equation (2.10) and taking into account
of (2.9) and (2.8), we conclude

(2.11) nt =0,
which is equivalent to
(2.12) Cn =0.

Conversely, (2.11) is satisfied. Then for any X € I'(TM) and V € T(TM1), we
have

g(Xa BV) = *g(an V)
and

9(X,pBV) = g(enX,V)
g(X,tBV) = g¢g(CnX,V)=0,

which gives tB = 0 for Cn = 0. The ambient space M is a cosymplectic manifold,
by direct calculations, we get

(2.13) nB+C? = —I and tB+ BC = 0.

Thus we have BC' = 0. Now, applying the operators ¢ and C from the right to the
first equations of (2.10) and (2.13), respectively, we get

(2.14) t3+t=0 and C*+C =0.
We now set
(2.15) t?=-P+n®¢ and Q=1-P,
then it is easily seen that
P+Q=1I, P’=P, Q°=Q and PQ=QP=0.
These show that P and @ are orthogonal projections and they define orthogonal
distributions such as D and D=, respectively. By using o = t& = n& = 0, (2.14)
and (2.15), we obtain

tP =t and tQ = 0.
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On the other hand, the skew-symmetric of ¢ and symmetric of @) lead to
Qt=0 and QPt=0.
Moreover, from the first equation of (2.15), we get
nP = 0.

These equations show that the distributions D and D' are invariant and anti-
invariant distributions with respect to ¢, respectively. Furthermore, since P¢ = &
and Q¢ = 0, the invariant distribution D contain £. This completes the proof. [

Theorem 3.3. Let M be a contact CR-submanifold of a cosymplectic manifold
M. Then M is a contact CR-warped product submanifold if and only if the shape
operator A of M satisfies

(2.16) AyzX = (pX(n)Z, X eT(D), ZeT(Dh),
for some function pu on M satisfying Z(p) = 0.

Proof. Let M = Mr xy M, be a contact CR-warped product submanifold of a
cosymplectic manifold M. Then for all X € TI'(T'Mr) and Z € I'(T'M_), since the
ambient space M is cosymplectic manifold, we have

(2.17) OVxZ + oh(X,Z) = —AuzX + VxpZ.
By taking the inner product of (2.17) by Y, for any Y € I'(T'Mr), we find
(2.18) 9(VxZ,Y) = —g(ApzX,0Y) = —g(M(X, ¢Y), pZ).

Furthermore, since M = My X y M> is a warped product and M is a totally geodesic
submanifold in M, we get

9(M(X,9Y),pZ) = 0.
It follows that A,p.D € I'(D*). Thus for any W € TM,, we have

9(ApzX, W) = g(MX,W),0Z) = g(VwX,0Z) = —g(VweX, Z)
= —9(VweX,Z) = —(¢XIn f)g(Z, W),
which implies that A,z X = (—¢X In f)Z. Here, setting p = In(1/f) and consider-
ing f is a function on My, we get desired result.

Conversely, we suppose that M is a contact CR-warped product submanifold
of a cosymplectic manifold M satisfying (2.16). From (2.16), we obtain

(2.19) g(MX,Y),0Z) =0, ie., g(h(D,D),oD')=0
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and
(2.20) g X, W), 0Z) = (pX(1)g(Z, W),

for any X,Y € T'(D) and Z,W € I'(D+). The condition in (2.19) implies that the
invariant distribution D is integrable and it is totally geodesic in M. From [8], we
known that the anti-invariant distribution D+ of a contact CR-submanifold of a
cosymplectic manifold is always integrable, W (u) = 0, for any W € I'(D+), imply
that each leaf of D' is an extrinsic sphere in M, that is, it is a totally umbilical
submanifold with parallel mean curvature vector. Thus M is a locally the warped
product M = Mg Xy M, of a cosymplectic manifold M, where My and M| are
invariant and anti-invariant submanifolds of M, respectively, M7 and M, denote
the leaf of D and D+, respectively and f is also warping function on M. O

The following theorems characterize the contact CR-warped product submani-
fols as well as contact CR-product submanifolds in cosymplectic space forms.

Theorem 3.4. Let M be a submanifold of a cosymplectic space form M (c) with
¢ # 0. Then M is a contact CR-(warped)product submanifold if and only if the
mazimal invariant subspaces D, = T, M N p(T,M), for each x € M, define a
non-trivial differentiable distribution D on M such that

(2.21) K(D,D,D* D*) =0,

where D+ denotes the orthogonal complementary distribution in M and K denotes
the Riemannian Christoffel curvature tensor of M.

Proof. Let M be a contact CR-product submanifold of M. By using (2.4), we get

K(X,Y,2,W) = g(R(X,Y)Z,W) =0,
for any X, Y € I'(D) and Z, W € I'(D%}), that is, (2.21) is satisfied.
Conversely, we assume that the maximal invariant subspace D, of T, M define
a non-trivial differentiable distribution on M such that (2.21) holds. Then we have

C
K(X,0X,Z,W)=g(R(X,pX)Z,W) = 59(90X7 ©X)9(Z,oW) =0,

for any X € T'(D) and Z, W € T'(D+). So we conclude g(Z, pW) = 0 because ¢ # 0
and D # {0}. It follows that D" is orthogonal to DL. on the other hand, since
D is an invariant distribution, we also have

9(X,0Z) = —g(pX,Z) =0,

for any X € I'(D) and Z € I'(D1), which implies that D1 is orthogonal to
D. Furthermore, one find g(&,9Z) = 0 for any Z € I'(D+). Finally, we reach
@D+ C T,M*, for each x € M, that is, D} is an anti-invariant distribution on M
and M becomes a contact CR-(warped) product submanifold. O
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Theorem 3.5. Let M be a submanifold tangent to & of a cosymplectic space form
M(c) with ¢ # 0. Then M is a contact CR-(warped) product submanifold if and
only if anti-invariant subspaces D C T, M, for each x € M, on M such that

(2.22) K(D,pD,v,D) =0,

where v is defined as (2.15) and D is orthogonal complementary distribution of D=+
in M.

Proof. Let M be a contact CR-product submanifold of a cosymplectic space form
M(c). From (2.4), we obtain

C
K(X,9Y,V,Z) = g(R(X,pY)V, Z) = —§Q(¢X7 ©Y)g(eV,Z) =0,

for any X,Y,Z € I'(D) and V € I'(v), that is, (2.22) is satisfied.

Conversely, we suppose that anti-invariant subspaces D+ C T,M, for each
x € M, define a non-trivial differentiable distribution D+ on M such that (2.22)
holds. From (2.4) we obtain

C
(2.23) K(X,pX,V,X) = 59(@X7 eX)g(pX,V) =0,

for any X € I'(D) and V € I'(v). Thus (2.23) implies that ¢D is orthogonal to
v. Since D' is an anti-invariant distribution and using (2.3), we also get @D is
orthogonal to ¢ and ¢ D+. So we mean that oD, C T,M and @D, = D, for each
x € M, that is, D is an invariant distribution and M becomes a contact CR-product
submanifold. The proof is complete. O

Now, we state the following estimation of the squared norm of the second fun-
damental form for a contact CR-warped product submanifolds in a cosymplectic
manifold by the following theorems.

Theorem 3.6. Let M = Mp x5 M, be a contact CR-warped product submanifold
of a cosymplectic manifold M such that My is a (2p + 1)-dimensional invariant
submanifold tangent to & and M, is a g-dimensional anti-invariant submanifold of
M. Then

1.) The squared norm of the second fundamental form h of M satisfies

(2.24) IAl* = 24]|V In f]]?,

where, Vn f is the gradient of In f.

2.) If the equality sign of (2.24) holds identically, then My is totally geodesic
inwvariant submanifold and M, is a totally umbilical anti-invariant submanifold of
M. In this case, M is a minimal contact CR-warped product submanifold of M.
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Proof. Let M = Mrp Xy M, be a contact CR-warped product submanifold of a
cosymplectic manifold M such that Mr is an invariant submanifold tangent to £
and M, is an anti-invariant submanifold of M. Then by using (2.3), (2.5) and (2.5),
we have

g(WeX,Z),eW) = g(VzeX,oW)
= g(eVzX,oW) =g(VzX, W)
(2.25) = g(VzX,W)= (X f)g(Z,W),

for any X € T'(TMr) and Z,W € T'(TM,). In the same way, by taking X for ¢ X
n (2.25), we get

(2.26) g(MX,Z), W) = (—pX1n f)g(Z,W).

On the other hand, since the ambient space M is a cosymplectic manifold, we
can easily to see that

(2.27) EU) = h(£,€) =0 and Elnf =0,

for any U € I'(T'M). Furthermore, if we denote by A the second fundamental form
of My in M, then for any X € I'(TMy) and Z,W € I'(T'M, ), making use of (2.5),
we have

g(hi(Z,W), X) =9g(VwZ,X) = —9(VwX,Z) = —(Xn f)g(Z, W)
which is also equivalent to
(2.28) hi(ZW) = =V (n f)g(Z.W).

Now, let {e1,€2,...,€p, €p11 = Qe1,€pt2 = Pe2,...,e2, = e, &, et €%, ...,el} be a
local orthonormal frame of T'(T'M) such that e; and ¢/, 1 < i < p, 1 < 7 < gq, are
tangent to Mp and M , respectively. Then we have

2p
Hh”2 = g(h(ehej) 6276] +QZZQ 61, 61,6 ))
i,j=1 i=1r=1
+ Zg(h(e e! +Zg (€i, &), h(ei,§))
rd=1

r=1
2p q
= Z g(h(euej 6276] + Z g 6 ,eé))
i,j:l =1

(2.29) + QZZg (ei,€"), h(ei,e")).
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Thus, by using (2.25), (2.26) and (2.27), we arrive at

=2 > ghles, e, hleie)) = 2 (eiIn f)*g(e", e")

M-
M=

i=1r=1 i=1r=1
p q
+ 2> (pein f)%gle”, €,
=1 r=1
or
(2.30) 8] > 2¢[V In £|1%.

This proves the assertion (2.24). If equality sign in (2.30) holds identically, then by
using (2.25) and (2.29), we obtain

(2.31) WT My, TMy) =0, h(TM,,TM,)=0,
and
(2.32) h(TMp, TM,) € T(p(TM_)).

The first condition in (2.31) implies that Mz is totally geodesic submanifold in M
because M is a totally geodesic submanifold in M. Since M is a totally umbilical
submanifold in M, the second condition in (2.31) and (2.28) imply that M, is
totally umbilical submanifold in M. Moreover by (2.31) and (2.32) it follow that
contact CR-warped product submanifold M is a minimal in M. O

Theorem 3.7. Let M = My xy M, be a contact CR-warped product submani-
fold in cosymplectic space form M (c) of constant p-sectional curvature c. If (2.24)
equality is satisfied, then we

1.) My is totally geodesic invariant submanifold of M(c). Thus My is a cosym-
plectic space form of constant p-sectional curvature c.

2.) M is a totally umbilical anti-invariant submanifold of M(c). Thus M, is a
real space form of sectional curvature € = § + ||V 1In f|%.

3.) If ¢ > 1, then the warping function f satisfies |V f||? = 1(4e — c) f2.

Proof. If (2.24) is satisfied, then M7 is totally geodesic submanifold of M (c). So one
conclude that My is also cosymplectic space form of constant ¢-sectional curvature
c.

In the same way, if (2.24) is satisfied, then M is totally umbilical anti-invariant
submanifold of M (c). If we denote the Riemannian curvature tensor of M by R,
then by direct calculations, we can derive

RL(Z,W)U = (7 + VI fI*){g(Z,U)W — g(W,U) 2},

for any Z,W,U € I'(TM_). This prove that M, is a real space form of sectional
curvature € = § + |[|[VIn f||2. Furthermore, if dim(M) > 1, then the warping
function f satisfies the condition ||V f|? = }(4e — ¢) f2. O
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We note that the square of the length of the mean curvature of a totally umbilical
submanifold is constant.

Theorem 3.8. Let M = Mr xy M, be a contact CR-warped product submanifold
of a cosymplectic space form M (c) such that My is a (2p+1)-dimensional invariant
submanifold tangent to & and M, is a q-dimensional anti-invariant submanifold of
M. Then
1.) The squared norm of the second fundamental form of M satisfies
(2:33) Il = 22 = 2V f|? = S A S,

4 2 2
where Aln f denote the Laplacian of In f.
2.) The equality sign of (2.83) holds if and only if
2a.)Mr is a totally geodesic invariant submanifold of M(c). Hence, Mr is cosym-
plectic space form of constant p-sectional curvature.
2b.) M, is a totally umbilical anti-invariant submanifold of M(c). Hence M, is a
real space form of sectional curvature e = ||VIn f||> + <.

Proof. In [7], it was proved that

2 P44 2 4
(2.34) ;;Hhu(e“ew IV - A,

where h, denotes the component of h in v. Thus combining (2.24) and (2.34), we
obtain the inequality (2.33). If we consider the equality case of inequality, then
form Theorem 3.6 we reach desired results. O
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