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ABSTRACT. In this paper we investigate the toroidality of the comaximal graph of a finite
lattice.

1. Introduction

The comaximal graph of a commutative ring R was first defined in [9]. Also,
in [6] and [10], the authors studied several properties of the comaximal graph. Re-
cently, in [1], the comaximal graph of a lattice was defined and studied.

The comaximal graph of a lattice L = (L, A, V), denoted by I'(L), is an undi-
rected graph with all elements of L being the vertices, and two distinct vertices a
and b are adjacent if and only if a Vb = 1. In this paper, we study the finite lattices
L with toroidal comaximal graphs.

First we recall some definitions and notation on lattices and graphs.

Recall that a lattice is an algebra L = (L, A, V) satisfying the following condi-
tions: for all a,b,c € L,

1. aha=a, aVa=a,

2. aANb=bAa, aVb=0bVa,

3. (anbyAc=aNn(bAc), aV (bVec)=(aVb)Ve and
4. aV(aAb)=aA(aVb)=a.
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Note that in every lattice the equality a A b = a always implies that a V b = b.
Also, by [7, Theorem 2.1], one can define an order < on L as follows: For any
a,b € L, we set a < b if and only if a Ab = a. Then (L, <) is an ordered set in
which every pair of elements has a greatest lower bound (g.1.b.) and a least upper
bound (l.u.b.). Conversely, let L be an ordered set such that, for every pair a,b € L,
g.lb.(a,b),l.ub.(a,b) € L. For each a and b in L, we define a A b := g.1.b.(a,b) and
aVb:=1lub.(a,b). Then (L,A,V) is a lattice. A lattice L is said to be bounded if
there are elements 0 and 1 in L such that 0Aa=0and aVvV1 =1, for all a € L.

Clearly, every finite lattice is bounded. Recall that in a partially ordered set
(P, <), we say that a covers b or b is covered by a, in notation b < a, if and only
if b < a and there is no element p in P such that b < p < a. An element a in L
is called a co-atom if a < 1. We denote the sets of all co-atoms in a lattice L by
C(L). Also, for an element a € L, we set [a]' = {b€ L | b < a}.

In a graph G, for two distinct vertices a and b in G, the notation a — b means
that a and b are adjacent. For a positive integer r, an r-partite graph is one whose
vertex-set can be partitioned into r subsets so that no edge has both ends in any
one subset. A complete r-partite graph is one in which each vertex is joined to every
vertex that is not in the same subset. The complete bipartite graph (2-partite graph)
with part sizes m and n is denoted by K,, ,,. A graph G is said to be contracted to
a graph H if there exists a sequence of elementary contractions which transforms G
into H, where an elementary contraction consists of deletion of a vertex or an edge
or the identification of two adjacent vertices. A subdivision of a graph is any graph
that can be obtained from the original graph by replacing edges by paths. A graph
is said to be planar if it can be drawn in the plane so that its edges intersect only
at their ends. A remarkable simple characterization of the planar graphs was given
by Kuratowski in 1930. Kuratowski’s Theorem says that a graph is planar if and
only if it contains no subdivision of K5 or K33 (cf. [2, p.153]).

By a surface we mean a connected compact 2-dimensional manifold without
boundary, that is a topological space such that each point has a neiborhood home-
omorphic to the open disc. It is well-known that every oriented compact surface is
homeomorphic to a sphere with g handles. This number g is a called the genus of
the surface. The torus can be though of as a sphere with one handle. This means
that the genus of torus is 1.

The canonical representation of a torus
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A graph G is embeddable in a surface S if the vertices of G are assigned to
distinct points in S such that every edge of G is a simple arc in S connecting the
two vertices which are joined in G. If G can not be embedded in S, then G has at
least two edges intersecting at a point which is not a vertex of G. We say a graph G
is irreducible for a surface S if G does not embed in .S, but any proper subgraph of
G embeds in S. A toroidal graph is a graph that can be embedded in a torus. Note
that the genus of a planar graph is zero. So the planar graph is not considered as a
toroidal graph. Also, a complete graph K, is toroidal if n = 5, 6 or 7, and the only
toroidal complete bipartite graphs are Ky 4 and K3 ,,, with n = 3,4,5,6 (see [3] or

[8])-

2. Toroidal Ccomaximal Graph of a Lattice

In this paper, we assume that L is a finite lattice. The comaximal graph of a
lattice L, denoted by I'(L), is an undirected graph with all elements of L being the
vertices, and two distinct vertices a and b are adjacent if and only if a Vb =1 (see
[1]). We denote the induced subgraph of I'(L) with vertex set L\ (J(L)U{1}), by
I'y(L), where J(L) is the set (,,cc(r, [m]!. It is easy to see that the vertex 1 is
adjacent to all vertices, also the vertices in J(L) are isolated vertices in the induced
subgraph with vertex set L\ {1}.

In this paper, we explore the toroidality of the graph I';(L). Clearly, by [1],
if To(L) is planar, then |C(L)| < 4. As |C(L)| = 1, then the graph T'a(L) is
an empty graph. Note that when |C(L)| = 2, we have that I';(L) is a complete
bipartite graph. So I'y(L) is planar if and only if either |[m;]' \ [ma)!| < 2 or
[[ma]t \ [m1]!] < 2, where C(L) = {m1,mz}. Also, one can easily see that T'5(L) is
toroidal if and only if either |[m1]"\ [ma]!| = |[m2]' \ [m1]!] = 4 or [[m1]'\ [m2]'| = 3
and [[ma]' \ [m1]'| € {3,4,5,6}, where C(L) = {m1, m2}. We begin this section by
the following lemma.

Lemma 2.1. IfT'2(L) is toroidal, then the size of C(L) is at most seven.

Proof. Assume to the contrary that |C(L)| > 8. Then the induced subgraph of
I'y(L) with vertex set C'(L) is isomorphic to Kg, which is a contradiction. 0

By Lemma 2.1., it is sufficient to study the toroidality of the graph I'o(L) in the
cases that C(L) has 3,4,5,6 or 7 elements. In this paper, we discuss on the case
that |C(L)| = 4. First we begin by the following notation.

Notation. Suppose that |C(L)| = n, where n > 1. To simplify notation, for 1 <
i < n, we denote the set [m;]!, where m; € C(L), by m;. We set S; := m;\ Uig{t} m;,
where 1 < 4,8 < n. Also, Syt = (Mg Ny N NMe )\ Uiggr, 1,60 M
where 1 < t; <ty < --- < t, < n. Note that each element in S; is adjacent to all
elements of S;, for 1 <14 # j <n, and also it is adjacent to all elements of Sy, ¢,. 4,
where t1,...,t, & {i}.

Now, suppose that | Ule St| > 10. Then it is easy to find a subgraph isomorphic
to K37 in the contraction of I';(L), and so it is not toroidal. Hence we have the



686

M. Afkhami, KH. Ahmad Javaheri and K. Khashyarmanesh

following lemma.

Lemma 2.2. IfT's(L) is toroidal, then |Uf:1 Sl <9.

In this section, we study the toroidality of the graph I';(L), whenever 5 <
UL, S <o.

Lemma 2.3. Suppose that |Uf:1 Si| =5, |S1] = 2 and T'3(L) is a toroidal graph.
Then one of the following conditions holds:

(vii)

(viii)

(ix)

(xi)

|S1i,| = 3, for some unique i1 € {2,3,4} and |Siyis| = 1, Sijigis = Siyin =
Silis = @, fOT’ ig,ig ¢ {1,7,1}

|S14,| = 2, for some unique i1 € {2,3,4} and |Siyi,| = 1, for all ia,is & {1},
and also Sy;, = &, for all iy & {1,41}.

|S1i,| = 2, for some unique i1 & {1} and |Siyi,| = |Siis] = 1, |S1i,] > 0,
S1is = Siyiz = &, for some unique iz, i3 € {2,3,4}\ {i1}.

|Sli1| = |Si1i2| = |Si1i3| =1, |Si2i3| =2 and SliQ = Sli3 = J, fOT’ some
unique i1,1s,13 € {2,3,4}.

|Sli1| = |S¢2i3| =1, |Si1i2| = |S7;1i3| = 2, and Sliz = Slig = O, fOT' some
unique i1,12,13 € {2, 3,4}.

1S1i,| = [S1i,] = 1, S1iy = @ and [Si,i,| = [Siyis| = [Sizis| = 1, for some
unique i1,19,13 € {2,3,4}.

|S¢1i2| =2 and Sli1 = @, fO?” all il,iz g {1}

[Siris]l = 3, [Sisis| = 2, |Siis| = 1, for some unique i1,i2,i3 € {2,3,4} and
Slil =g, foralli, & {1}

[Sivial = 4, |Siyis| = |Sisis| = 1, for some unique i1,i2,i3 € {2,3,4} and
Slil == @, fOT’ all il ¢ {1}

|Sli1| = |Si2i3| =1 and Si1i2i3 =, fOT‘ all 11, 12,13 g {1}

Sivis = D, |S14,] = 0, [Siyigis] = 0, for all i1,ia & {1} and for some unique
i3 € {2,3,4}.

Proof. By our hypothesis, I's(L) is toroidal. If Sasg, Sas, Sos and Ss4 are empty,
then T'y(L) is planar, which is not toroidal. We know that, if the size of one of the
sets Saz, Soq or Ss4 is at least five, then the contraction of I's(L) contains a copy of
K3 7, which is impossible. So the size of all of the above sets is at most four. We
have the following situations.

(i)

We assume that [S14] = 4 and |Sa3] = 1. Then the contraction of I'y(L)
contains a copy of K3 7. So it is not toroidal. Also, if [S14] = 3, |S2s| = 1 and
Sa34 has at least one element, then the complement of I'y(L) is contained in
U6.6b, one of the listed graphs in [5] (see Figure i). So I'y(L) is not toroidal. In
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Figure 1, aj,as € S1, b € So, ¢ € S3, d € Sy, 514, 814,87, € S14 and so3 € Sa3.

Moreover, if |S14] = 3, |Ses| = |S34] = 1, then I'y(L) contains E6,2, one of
the listed graphs in [11] (see Figure 2). Hence it is not toroidal. In Figure 2,
ai,as € S1,b € Sy,c € S3,d € S4,514,$/14,S/1/4 € S14, S23 € Sa3 and s34 € S34.
In addition, if |S14| = |S2s| = 2, then the contraction of I'y(L) contains a copy

Figure 2

of K4 5. So it is not toroidal. Thus, we may assume that |S14] = 3, |S2s| = 1,
Soq = S34 = Sa34 = &. In this situation, the complement of I'y(L) contains
C415, one of the listed graphs in [5] (see Figure 3). So it is toroidal. In Figure
3, ai,as € Sl, be SQ, cE 53, de 54, 814,8/1478/1/4 € S14 and s93 € So3.

(i1) If |S14] = |Ss34] = 2 and |S23| = 1, then the graph I's(L) contains E6,2,
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one of the listed graphs in [11]. So it is not toroidal. Also, if |S14] = 2 and
|S13] = |S2s| = |S24] = 1, then the graph I's(L) contains G, one of the listed
graphs in [11] (see Figure 4). Hence it is not toroidal. In Figure ii, a1, as € Sy,
be Sy ceSs,de Sy, s13 € Si3, 514,514 € S1a, 523 € So3 and s24 € Soy.

Figure 4

We may assume that [S14] = 2, |Sa3] = |S24] = |S34] = 1 and S12 = S13 = .
Then the graph T'y(L), which is pictured in Figure 5, is toroidal. In Figure 5,
we have a1,as € Sl, be SQ, cE Sg, de S4, 814,8/14 € 514, S93 € 823, So4 € Soy
and s34 € S34.

(iii) In view of the previous situations, we may assume that |S14] = 2, |Ses| =
[S34] = 1, |S13| > 0 and Si2 = Soqy = &. In this case, the graph T'y(L),
in Figure 6, is toroidal. In Figure 6, aj,as € S1, b € Sy, ¢ € S3, d € Sy,
S13 € 513, S14, 8/14 S 5147 So3 € 523 and S34 € 534.

(iv) If |S23| = 3 and |S14] = 1, then the contraction of I's(L) contains a copy of
K45, and so it is not toroidal. On the other hand, if |Sa3| = 2 and |Sa4| =
|S13] = |S14| = 1, then the graph I';(L) contains G3, one of the listed graphs
in [11]. Hence it is not toroidal. Also, if |Sas| = |S34] = 2 and |S14] = 1, then



(vi)

When the Comaximal Graph of a Lattice is Toroidal 689

Figure 6

I';(L) contains G, one of the listed graphs in [11]. Hence it is not toroidal.
Therefore we may assume that |Sez| = 2, |S14| = |S24] = [S34] = 1 and
S12 = S13 = &. Then the graph I's(L) is toroidal, which is pictured in Figure
7. In Figure 7, a1,a € Sl, b e SQ, (S 53, de 54, S14 € 514, 823,8/23 c 523,
S04 € Soyq and s34 € S3y.

In view of the previous situations, we may assume that |Ss4| = [S24| = 2,
|Sas| = |S14] = 1 and S12 = S13 = &. In this case, the graph I'y(L), which
is pictured in Figure 8, is toroidal. In Figure 8, we have a1,as € Sy, b € S,
cE 53, de 54, S14 € 5147 So3 € 523, 824,8124 € Sy and 8347854 € S3q4.

If ‘513| = ‘Sl4l = |Sgg‘ = |SQ4‘ =1 and |S34‘ = 2, then the complement of
the contraction of I';(L) is contained in V6.5, one of the listed graphs in [5]
(see Figure 9). So it is not toroidal. In Figure 9, we have a1,as € S1, b € Ss,
c€ S3,de Sy, s13 € Si3, 823 € S93, S14 € S14, So4 € Soq and 834,834 € S34.

If |Sl3| = |514| = |SQ3‘ = |Sg4| = |S34| =1 and ‘SQ34| 2 O, then S12 = .



690 M. Afkhami, KH. Ahmad Javaheri and K. Khashyarmanesh

534 shy

523 — S14 524 — 513

Figure 9

In this situation, the graph I';(L), in Figure 10, is toroidal. In Figure 10,
ay,az € S1,b € Sz, c€ S3,d € 54, 513 € S13, 514 € S14, 523 € So3, S24 € Soa,
S34 € Sg4 and So34 € 5234.

(vii) In view of the previous situations, we may assume that |Saz| = [Sa4| = |S34| =
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Figure 10

2 and S12 = S13 = S14 = &. In this case, the graph I'y(L), in Figure 11, is
toroidal. In Figure 11, aj,as € S1, b € S2, ¢ € S3, d € Sy, Sa3, shy € Sag,
S24, Sl24 € So4 and 8347834 € S34.

Figure 11

(viii) If |Ss4] = 3 and |S23| = |S14] = 1, then the graph I';(L) contains a sub-
graph isomorphic to E6,2, one of the listed graphs in [11]. So it is not
toroidal. Therefore we may assume that [Ss4| = 3, |S2a| = 2, |S23| = 1
and Si2 = S13 = S14 = &. Then the graph I's(L) is pictured in Figure 12,
is toroidal. In Figure 12, ai,as € S1, b € Sy, ¢ € S3, d € Sy, S23 € Sog,
S24, 8/24 € Soq and 834,834,&%’4 € S34.

(ix) In view of the previous situations, we may assume that |Ss4| = 4, |Sas| =
[S24] =1 and S13 = S13 = S14 = . In this case, the graph I'y(L), in Figure
13, is toroidal. In Figure 13, ai,as € S1, b € So, ¢ € S3, d € Sy, s23 € Soz,
S04 € Soy and S1,892,53,84 € S34.
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(X) If |512| = |S13| = ‘514| = |523| = |Sg4‘ = |534| = |5234| = 1, then the

complement of the contraction of I'a(L) is contained in Y'7.4, one of the listed
graphs in [5] (see Figure 14). Thus it is not toroidal. In Figure 14, a1, a2 € Sy,
be Sy, ceS3,de Sy, s12 € Si2, 513 € S13, S14 € S14, 523 € S23, S24 € Sy,
534 € S34 and S234 € S34.
We may assume that [S12| = [S13| = [S1a] = [S23] = [S24] = |S3a] = 1 and
Sa34 = @. Then the graph I's(L), in Figure 15, is toroidal. In Figure 15,
a1,a2 € Sl, be SQ, c € Sg, de 84, S12 € 5127 S13 € 513, S14 € 514, S93 € 523
;824 € Soq and s34 € S234.

(xi) When Sp3 = Spq = S34 = &, |Sa34| > 0, [S12| > 0, [S13| > 0 and [S14| > 0,
the graph T's(L) is isomorphic to a subdivision of K5, and so it is toroidal. O
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Remark 2.4. Note that if the size of the set Ule Sy is five, |S1| = 2 and one of the
following cases holds, then it is a question that whether I's(L) is toroidal or not.
Case 1. |S34‘ = 3 and ‘Sgdl = |SQ4| =2.
Case 2. |Sg4‘ = |S34‘ = 3.
Case 3. |S24‘ =2 and ‘534| =4.

Now, the next theorem follows immediately from Lemma 2.3 and Remark 2.4.

Theorem 2.5. Suppose that |U?:1 St| =5 and |S1| = 2, and also the cases which
are mentioned in Remark 2.4. do not hold. Then T's(L) is toroidal if and only if
one of the following statements holds:

(i) |S1i,| = 3, for some unique i1 € {2,3,4} and |Si,is| = 1, Sijigis = S
Silig =d, fO?” 12,13 §_Z {1,i1},

i192
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(i) |S1i,| = 2, for some unique i1 € {2,3,4} and |Si,i,| = 1, for all ia,i3 & {1},
and also Sy, = &, for all iy & {1,341},

(iii) |S14,| = 2, for some unique i1 € {2,3,4}, and |Si iy| = |Sizis| =1, |S1is] > 0,
S1iy = Siyiz = &, for some unique iz,i3 ¢ {1,i1},

(iV) |S1i1| = |S7;”‘2| = |S7,113| =1, |S¢21‘3| = 2, and Sliz e 511‘3 = @, for some
unique i1,19,13 € {2,3,4},

(V) [S1i] = [Sisisl = 1, [Siyin| = [Siyis| = 2, and S1, = Sy, = @, for some
unique i1,1i9,13 € {2,3,4},

(Vi) |Sli1| = |Sli2| =1, Sli3 = @ and |Si1i2| = |Si1i3| = ‘Sizi?,‘ = 1, for some
unique i1,1i9,13 € {2,3,4},

(vii) |Siyip| =2, and Syi, = @, for all iy,is & {1}.

(vill) [Siyis] = 3, |Siis| = 2, |Siyis] = 1, for some unique iy,i2,i3 € {2,3,4} and
Slil =g, for alli, & {1},

(ix) |Siin] = 4, [Siyis] = [Sizis| = 1, for some unique 41,142,135 € {2,3,4}, and
Slil =g, for all iy & {1},
(X) |Sli1| = |Si2i3| =1 and Si1i2i3 =@, for all iy, 2,13 ¢ {1}

(xi) Siyi, =9, |S14,| = 0 and |Si,inis| = 0, for alliy,is & {1} and for some unique
is € {2,3,4).

Suppose that | U?Zl S¢| = 6. Then either one of the sets Sy’s, 1 <t <4, say Sy,
has three elements or two of the Sy’s, 1 <t <4, say S; and Sz, have two elements,
exactly.

In the first case, if |Sa34] > 3, then the complement of I'y(L) is isomorphic to
U6.6b, one of the listed graphs in [5]. So it is not toroidal.

And if |Sa34] = 2 and |Sa3| > 1, then the complement of I's(L) is contained in
U6.6b, one of the listed graphs in [5]. Thus it is not toroidal.

So we may assume that |Soz4| = 2 and Sag = Soq = S34 = @. Then T's(L)
contains a subgraph isomorphic to Ks \ (K3 U K3), which is toroidal (cf. [5, p.55]).

Now, suppose that |Sags| = |S23] = |Se4| = 1. Then the complement of I'y(L)
is contained in U6.6b, one of the listed graphs in [5]. Thus it is not toroidal.

In addition, if |Segs| = 1 and |S23| = 2, then the complement of I'z(L) is
contained in U6.6b, one of the listed graphs in [5]. So it is not toroidal.

Also, if |Sa34] = |S23] = 1 and |S14] = 2, then I'y(L) contains a subgraph
isomrphic to G3, one of the listed graphs in [11]. Hence it is not toroidal.

Therefore we may assume that |Saz4| = [Sa23] = [S14| = 1 and Soy = S34 = .
Then the complement of I'y(L) contains C'402, one of the listed graphs in [5], which
is toroidal (see Figure 16). In Figure 16, we have the vertices a1, as, as € S1, b € Ss,
cE 53, de 54, S14 € 514, S03 € Sa3 and S934 € S934.

When |S23| = 3, one can easily find a copy of K, 5 in the structure of the
contraction of I's(L). Hence it is not toroidal.
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Also, if |S14] = 1 and |Sa3| = 2, then the complement of T's(L) is contained in
S5.5, one of the listed graphs in [5] (see Figure 17). Thus it is not toroidal. In
Figure 17, a1,a2,a3 € Sl, be SQ, cE 53, de 54, S14 € S14 and 823,5/23 € Sos.

C

Figure 17

In addition, if |S23| = 2 and |S24| = 1, then the complement of I's(L) is con-
tained in U6.6b, one of the listed graphs in [5]. So it is not toroidal.

Hence we assume that |Sas| = 2 and Sy4 = Soq = S54 = Sa34 = &. Then I'y(L)
is contained in Kg\ (K3.K3), (K3.K> is the union of K3 with K5 such that intersect
in one vertex), which is toroidal (cf. [5, p.55]).

Now, suppose that [S14] = 2 and [Sa3| = |S24| = 1. Then I'y(L) contains
a subgraph isomorphic to Gs, one of the listed graphs in [11]. Hence it is not
toroidal.

If |S14| = 3 and |S23| = 1, then one can find a copy of K37 in the contraction
of To(L). So it is not toroidal.
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Also, if |S14] = |S23| = 2, then the contraction of I'y(L) contains a copy of Ky 5.
Hence it is not toroidal.

So we may assume that |S14| = 2, |Sa3] = 1 and S234 = Sa4 = S34 = &. Then
the complement of T'y(L) contains C'603, one of the listed graphs in [5]. Thus it is
toroidal. To do this, in Figure 18, consider the vertices a;,as € Sy, b € Sa, ¢ € S3,
de 547 81478/14 € S14 and sa3 € Sos.

b 523 c
[} [ ) [ ]
514 ay as
/ a
d S14 2
Figure 18

If |Sa3] = |Sa4| = |S34] = 1, then the complement of T's(L) is contained in U6.6b,
one of the listed graphs in [5]. So it is not toroidal.

Also, if |S13] = [S14| = |S23] = |S24| = 1, then I's(L) contains a subgraph
isomorphic to G3, one of the listed graphs in [11]. Hence it is not toroidal.

Therefore we may assume that |512| = |Sgg| = ‘534‘ =1 and 5234 = 814 =
Sa4 = &. Then the complement of I'y(L) contains C402, one of the listed graphs in
[5]. So it is toroidal.

In the second case, when |Si| = |S2| = 2, if S54 has at least three elements,
then the contraction of I's(L) contains a copy of K4 5. Hence it is not toroidal.

Also, if |S34] = 2 and |S12] = 1, then the complement of T's(L) is contained in
S55.5, one of the listed graphs in [5]. So it is not toroidal.

Moreover, if |S34| = |S24| = 2, then I'a(L) contains a subgraph isomorphic to
G3, one of the listed graphs in [11]. Hence it is not toroidal.

In addition, if |S34| = 2 and |S14] = |S23]| = 1, then I'y(L) contains a subgraph
isomorphic to G3, one of the listed graphs in [11]. Hence it is not toroidal.

We may assume that |Ss4| = 2, |So3| = [Sa4| = 1, |S134 > 0|, |S234] > 0 and
S12 = S13 = S14 = @. Then T'y(L) is toroidal, since in Figure 19, we have the
vertices a1, as € Sl, bl,bg S 52, cE 53, de S4, So3 € 523, Soq4 € 5247 5347554 S S?,47
5134 € S134 and s34 € S234.

Also, we may assume that |Ss4| = 2, [S13] = |S23| = 1, S12 = S14 = Soy = &,
|S134] > 0 and |Sas4] > 0. Then I'y(L) is toroidal, since in Figure 20, we have the
vertices ai,as € Sl, bl,bQ S 52, cc 53, de S4, S13 € 513, So3 € 523, 5347554 S 5347
5134 € S134 and s34 € S234.

Now, suppose that |Siz4| = |S14| = |S23] = |Sa24] = |S34| = 1. Then the
complement of the contraction of T's(L) is contained in W6.6a, one of the listed
graphs in [5] (see Figure 21). So it is not toroidal. In Figure 21, we have a1,as € Sy,
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Cc 534 d C

Figure 20

bl,bg S SQ, c € 537 d € S4, S14 € 814, So93 € S23, So4 € 5247 s34 € S34 and
5134 € S134-

Now, if |S13| = |S14] = |S23| = |S24| = 1, then T'y(L) contains a subgraph
isomorphic to G3, one of the listed graphs in [11]. Hence it is not toroidal.

In addition, if |S1a| = |S14| = |S23] = |S54] = 1, then I'y(L) contains a subgraph
isomorphic to G, one of the listed graphs in [11]. Hence it is not toroidal.

Whenever |S13| = |Sez| = |Se4| = 1 and S3z4 = S14 = &, the complement of
I'y(L) contains a subgraph isomorphic to C416, one of the listed graphs in [5] (see
Fugure 22). Thus it is toroidal. In Figure 22, aj,as € Sy, b1,be € Sa, ¢ € Ss,
d € Sy, s13 € S13, So3 € Sa3 and Sg4 € Soy.

So we may assume that |S14| = |S23| = [Soa| = [S34] = 1, |Sa234] > 0 and
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d 823 — S14

b1 — 5134 bo

524

Figure 21

ai
°

a2 813

b1 bo

524

Figure 22

S12 = S13 = S134 = @. Then I'y(L) is toroidal, since in Figure 23, we have the
vertices ai,as € S1, bi1,by € So, ¢ € S3, d € Sy, S14 € S14, S23 € S93, So4 € Sog,
834 € S34 and S934 € Sa34.

Consider |Sa24| = 3 and |S34] = 1. Since I'y(L) contains E6, 2, one of the listed
graphs in [11], it is not toroidal.

When [Sa4| = 2 and |S12| = |S34| = 1, T'2(L) contains a subgraph isomorphic
to G, one of the listed graphs in [11]. Hence it is not toroidal.

Now, we may assume that |Sas| = [S24| = 2, |S34] = 1, [Sa34] > 0 and S12 =
S13 = S14 = Si134 = @. Then I'y(L) is toroidal, since in Figure 24, we have
ai,az € Sl, b1,by € SQ, cE 53, de 54, 82378/23 S 5237 824,8/24 € 524, s34 € S34 and
5234 € S234.

If |S14] = 1 and |Sas| = 2, then the complement of I's(L) is contained in S5.5,
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Figure 24

one of the listed graphs in [5]. So it is not toroidal.

We may assume that |Soz| = [So4| = 2, |S12] > 0, |S134] > 0, |Soz4| > 0 and
S13 = S14 = S34 = @. Then I'y(L) is toroidal. To do this, in Figure 25, consider
the vertices a1, as € S1, b1,ba € S2, ¢ € S3, d € Sy, s12 € S12, Sa3,8h3 € Sas,
So4, 854 € Saa, S134 € Si34 and Sozs € Sa34.

As |S24] > 4, the contraction of I';(L) contains a copy of K3 7. Hence it is not
toroidal.

If | S24] = 3 and |S14]| = 1, then I's(L) contains a subgraph isomorphic to E6, 2,
one of the listed graphs in [11]. So it is not toroidal.

If |So4| = 3 and |Saz| = |S134] = 1, then the complement of the contraction of
I';(L) contains U6.6b, one of the listed graphs in [5]. So it is not toroidal.

NOW, consider |524| = 37 ‘SQ?,I = 1, 513 = 514 = 534 = 5134 = @, |512| Z 0
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Figure 25

and |Sa34] > 0 . Then the graph I';(L), in Figure 26, is toroidal. In Figure 26,
ai,az € S1, b1,by € So, c € S5, d € Sy, s12 € S12, S23 € Sa3, S24, Shy, Shy € Sa24 and
8234 € S234-

Figure 26

If |S12] = 2 and |Sa3| = |S34| = 1, then I'y(L) contains a subgraph isomorphic
to (i3, one of the listed graphs in [11]. Hence it is not toroidal.

In addition, if |Si2| = 2 and |S34] = |S234] = 1, then the complement of the
contraction of I';(L) contains V6.5, one of the listed graphs in [5]. So it is not
toroidal.

If |S12| = 3 and |S54] = 1, then I'o(L) contains a subgraph isomorphic to E6, 2,
one of the listed graphs in [11]. So it is not toroidal.

Now, we may assume that |S12| = 2, |S54] = 1 and S134 = Saz4 = S13 = S14 =
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Sa3 = Sog = &. Then the complement of I's(L) contains C610, one of the listed
graphs in [5]. So it is toroidal, since in Figure 27, we have the vertices aj, as € Sy,
b1,bs € 52, cE 53, de 547 81278/12 € S12 and s34 € S34.

[
S34 d

it Xe)

a 512

a2 by

512 b1

Figure 27

If |Sa4| = 2 and |S14| = |Sa3] = 1, then I'y(L) contains a subgraph isomorphic
to G, one of the listed graphs in [11]. Hence it is not toroidal.

If |S14] = |S24| = 2, then T's(L) contains a subgraph isomorphic to E6,2, one
of the listed graphs in [11]. So it is not toroidal.

Suppose that |S24‘ = 2, |Sl4| = |Sg4| =1, S12 = S13 = So3 = 9, |5134| >0
and |Sas4| > 0. Then the graph I's(L), in Figure 28, is toroidal. In Figure 28, we
have the vertices aj,as € S1, b1,by € Sa, ¢ € S3, d € Sy, S14 € S14, S24, S5y € Sa4,
534 € S34, 5134 € S134 and s234 € So34.

Figure 28

Moreover, if |Si2| = [S13] = |S23]| = [S34| = 1, S1a4 = Soa = @, [S134] > 0 and
[S234] > 0, then the graph I'y(L) is toroidal, which is pictured in Figure 29. In
Figure 29, ai,as € Sl, bl,bg c SQ, (S 53, de 54, S12 € 512, S13 € 5137 So3 € 523,
534 € S34, 5134 € S134 and s234 € So34.
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Figure 29

AISO7 if |512| = |523| = |SQ4| = ‘Sg4| = 1, 513 = 514 = @, |5134| Z 0 and
|S234] > 0, then the graph T's(L) is toroidal, which is pictured in Figure 30. In
Figure 30, ay1,a2 € Sy, b1,by € So, c € S3, d € Sy, s12 € S12, S23 € Saz, S24 € Soy,
and s34 € S34.

Figure 30

Now, from the above discussion, we state some necessary and sufficient condi-
tions for the toroidality of I's(L) in the next two theorems.

Theorem 2.6. Suppose that |Uf:1 Si| =6 and |S1]| = 3. Then I'y(L) is toroidal if
and only if one of the following statements holds:

(1) If|S¢1i2i3| =2, then Si1i2 =g, fOT’ all iq,19,13 ¢ {1},
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(ii) If |S1i,| = 1, for some unique i1 € {2,3,4}, then [Si,i,| = 1, for {iz,is} =
{2,3,4}\ {i1} and Sii, = @, for all iy € {i2,i3}, and also |Si,iyis| =1,

(iii) If |Siyin] = 2, for some unique i1,i2 € {2,3,4}, then Siyu, = &, for all is &
{1,41,02}, ia € {1,41,42} and Sy izi, = 9,

(iv) If |S1i| = 2, for some unique i1 € {2,3,4}, then |Siyi,| = 1, for {iz,iz} =
{2,3,4} \ {i1} and S;;i, = @, for all iy € {iz,i3}, and also S;, i, = 9,

(v) If |S14,| = 1, for some unique i1 € {2,3,4}, then |Si,i,| = 1, for {is,iz} =
{2,3,4} \ {i1} and |Si,:,| = 1, for some unique iy € {iz,i3}, and also S1;; =
Sivis = 9, for some unique is € {i2, i3} \ {ia} and Si,iyi, = .

Remark 2.7. Note that if U;l:l St has six elements, |S1| = |S2| = 2 and one of the
following cases holds, then it is a question that whether I's(L) is toroidal or not.
Case 1. |S23| = 2 and |S24| = 3.
Case 2. |Sgg| = |SQ4‘ =2 and |534| = |5134| = 1.

Theorem 2.8. Suppose that |U§:1 St| =6 and |S1| = |S2] =2, and also the cases
which are mentioned in remark 2.7. do not hold. Then I's(L) is toroidal if and only
if one of the following statements holds:

(1) 512 =& and |Si1i2| = 2; fO?" 7;17i2 € {1u2} AZSO: lf ‘Shis‘ = ‘Si2i3‘ = 1: fOT
some unique iz € {1,2}, then Si,;, = Siyi, = &, for iy € {1,2}\ {is},

(ii) S12 = & and |Si1i2| =2, foriy, iz & {1,2}. Also, if ‘Sli3| = |SQZ'3| =1, for
some unique iz € {3,4}, then S1;, = Sai, = &, foris & {1,2,i3},

(i) Sii, = @, foriy,is & {1,2} and |Siy,| = 1, for some unique iz € {1,2} and
for all iy € {i1,i2}. Also, if |Siis| = 1, for some unique iq € {i1,i2} and for
i5 S {1,2} \ {’ig}, then SisiG = @, fOT iﬁ S {il,iQ} \ {i4},

(iv) Si2 =@, |Sii,| =1, forir,ia & {1,2} and |Si,i,| = 1, for some unique is €
{1,2}, for all iy € {i1,i2}. Also, if |Si,i5| = 1, for some unique iq € {i1,i2},
foris € {1,2} \ {i3}, then S; i, = @, forig € {il,ig} \ {24} and S;iyis = 9,

(v) S12 =@ and |Siyi,| =1, foriy,ia & {1,2}. Also, if |Sizi,| = 2, for some unique
is € {1,2} and for all iy € {i1,i2}, then S;,iy, = @, foris € {1,2}\ {iz} and
Sivizis = 9,

(Vi) Sii, =@, foriy,ia & {1,2}. Also, if |Sizi,| = 2, for some unique iz € {1,2}
and for all iq4 € {i1,i2}, then Siy = &, for all iy € {i1,i2} and for i5 €
{127\ {is},

(Vi) Siyi, = @, for iy, iz & {1,2}. Also, if |Sizi,| = 3, for some unique iz € {1,2}
and for some unique iy € {i1,i2}, then |Sii;| =1, foris € {i1,i2} \ {ia} and
Sivie = Sizie = Sirizie = D, foris € {1,2}\ {iz},

(Viii) |512| = 2. AZSO, Zf |Si1i2| = 1, fO’F ’il,ig ¢ {1,2}, then Si1i3 = Si2i3 = Si1i2i3 =
@, for all iz € {1,2},
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(ix) Si2 =@ and |Sii,| = 1, foriy,ia & {1,2}. Also, if |Sizi,| = 2, for some unique
i € {1,2}, for some unique iy € {i1,i2} and |Siis| = 1, foris € {1,2}\ {is},
then Sii, = Sa, = 9, forig € {il,ig} \ {i4},

(X) |512| = |Si1i2| =1, for 11,12 g {1,2}. Also, Zf |Si3i4| =1, fOT’ all i3 € {1,2}
and for some unique iy € {i1,i2}, then Si;, = &, for all is € {1,2} and for
some unique i5 € {i1,i2} \ {ia},

(xi) [S12] = [Siin| = 1, foriy,ia & {1,2}. Also, if |Sizi,| = 1, for some unique
iz € {1,2} and for all iy € {i1,i2}, then S;,i. = &, foris € {1,2}\ {is}.

Lemma 2.9. Suppose that |Ui}:1 St| = 7 and |S1] = 4. If one of the following
conditions holds, then T's(L) is not a toroidal graph.

(1) |Si1i2| = ‘Shls‘ =1, fOT i1,102,13 g {1}

(ii

(iii

) |S1i,| = |Sinis| = 1, for some unique iz, iz & {1,41}.

) |Sirisis] = |Siyin| = 1, for some unique iy,1i2,i3 & {1}.
(iv) [Siyizis| = 2, forin, iz, iz & {1}.
(v)

Proof.

|Siiin| = 2, for some unique i1,is & {1}.

(i) If |S234| > 2, then the contraction of I'y(L) contains a subgraph isomorphic
to K475.

(ii) If Sag, Soa or Ssq has at least two elements, then one can find a copy of K4 5
in the structure of the contraction of I's(L).

(iii) If |So34| = 1 and Sas, Soq or S3y has one element, then the complement of
I'5(L) is contained in S5.5, one of the listed graphs in [5].

(iv) If |So3| = |S24] = 1, then the complement of T's(L) is contained in S5.5, one
of the listed graphs in [5].

(v) If |S12] = |S34] = 1, then the complement of I's(L) is contained in S5.5, one
of the listed graphs in [5].

In all of the above cases, I'2(L) is not a toroidal graph. O

Now, we may assume that Sa34 has at most one element and S35 = Soy = S34 =
@. In this situation, I's(L) is contained in Kz \ (K3 U K3). Hence it is a toroidal
graph (cf. [5, p.55]). In addition, we assume that S34 has exactly one element.
Then Sa34 = S15 = So3 = Sou = . So FQ(L) is contained in Ky \ (Kg UKQ), which
is toroidal (cf. [5, p.55]).

As a consequence of the above discussion and Lemma 2.9., one can easily check
that the toroidality of the graph I'o(L), when | Ule St| =7 and |S1] = 4.

Theorem 2.10. Suppose that | Ule St| =7 and |S1]| = 4. Then T's(L) is a toroidal
graph if and only if one of the following conditions is satisfied:
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If |Si1i2i3| = ]., then Si1i2 = @, fOT‘ all il,ig,’ig g {1}

If |Si,i,| = 1, for some unique iy,ia & {1}, then Si iy, = &, for iz & {1} and
Sh‘4 = Si1i4 = Si2i4 =4, fO?” 14 ¢ {il,iQ}.

Lemma 2.11. Suppose that |Uf=1 Si| =17, 1S1| = 3 and |S2| = 2. If one of the
following conditions holds, then the graph I's(L) is not toroidal.

(i
(i
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(xvi

[S2iyi,| = 2, foriy,io & {1}.

[S14,| > 3, for some unique i; & {2}.

|S2i, | > 2, for some unique iy & {1}.

[Siyin| = 2, foriy,is & {1,2}.

[S2iyi,| = |Sii,| = 1, for iy, is & {1,2}.

[S2iyis| = |S2i5| = 1, foriy,ia & {1,2} and for some unique iz € {i1,i2}.
[S2i,ip| = 1 and |S1is| = 2, foriy,ia & {1,2} and for some unique is € {i1,i2}.
[S1ivin| = |S141] = 1521, | = |Siyi,] = 1, for some unique i1,i5 € {3,4}.
[Siin| =1 and |S14,| = 2, for some unique iy,iz € {3,4}.

[Sii,| =1 and |S12| = 2, foriy,is & {1,2}.

[S2i,| = 1 and |S1i,| = 2, for some unique i1 € {3,4}.

[Siyin| = |S2i| = 1, foriy,ia & {1,2} and for some unique iz € {i1,i2}.
|S2i, | = |S2i,| = 1, foriy,ig & {1,2}.

[S1i, | = |S2i,| =1, foriq, iz & {1,2}.

[S12] = |14, | = |Siyi,| = 1, for some unique i1,is € {3,4}.

[S12] = |Siin| = |S1iyin| = 1, for iy, is & {1,2}.

Proof.

If |Sa34] > 2, then the complement of T'o(L) is contained in V6.5, one of the
listed graphs in [5].

If |S13] > 3 or |S14| > 3, then the contraction of T's(L) contains a copy of
If |Sas] > 2 or |S24| > 2, then the contraction of I'y(L) contains a copy of
If |S34] > 2, then the contraction of I';(L) contains a copy of Ky 5.

If | S234| = |S34] = 1, then the complement of T's(L) is contained in U6.6b, one
of the listed graphs in [5].
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If |So34| = |S24] = 1, then the complement of I'y(L) is contained in S5.5, one
of the listed graphs in [5].

If | S234] = 1 and |S14] = 2, then I'y(L) contains a subgroph isomorphic to G,
one of the listed graphs in [11].

If |Si34] = |S13] = |Se3| = [S34] = 1, then the complement of the contraction
of T'y(L) is contained in S5.5, one of the listed graphs in [5].

If |S34] = 1 and |S14] = 2, then I'3(L) contains a subgraph isomorphic to G,
one of the listed graphs in [11].

If |S34] = 1 and |Si2| = 2, then I'y(L) contains a subgraph isomorphic to Gs,
one of the listed graphs in [11].

If |So4| = 1 and |S14] = 2, then T'y(L) contains a subgraph isomorphic to G,
one of the listed graphs in [11].

If |Sa4] = |S54] = 1, then the complement of I'y(L) is contained in S5.5, one
of the listed graphs in [5].

If | So3| = |S24] = 1, then the complement of I'y(L) is contained in W*7.5, one
of the listed graphs in [5], and so it is not toroidal (see Figure 31). Since in
Figure 31, we have the vertices a1, a2,a3 € Sy, by,bs € Sy, ¢ € S3, d € Sy,
S93 € So3 and S94 € So4.

b1 ¢

524

Figure 31

If |S13| = |S24] = 1, then the complement of I'y(L) is contained in S5.5, one
of the listed graphs in [5].

If |S12| = |S13] = [Ss34| = 1, then I's(L) contains a subgraph isomorphic to
G3, one of the listed graphs in [11].

If | S12| = |S34] = |S134] = 1, then I'y(L) is contained in S5.6, one of the listed
graphs in [5] (see Figure 32). In Figure 32, we have the vertices a1, as, a3 € Sy,
bl,bg ESQ,CES3,dES4, S12 6512 and 534 6534. O
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P4

a2

Figure 32

Moreover, we assume that Ss4 and Sy3 are singleton sets and S1o = So3 = Soy =
Sa34 = @. Then the complement of I'y(L) contains C'420, one of the listed graphs
in [5] (see Figure 33). In Figure 33, aj,as,a3 € S1, b1,ba € Sa, ¢ € S5, d € Sy,
$13 € S13 and s34 € S34. So it is toroidal.

d
534 c e bl
513
[ ) b2
al as
a2
Figure 33

AlSO, if 512 and 534 are singleton sets and 513 = 514 = 523 = 524 = 8134 =
Sa34 = &, then the complement of I'o(L) contains C402, one of the listed graphs
in [5]. So it is toroidal. Now, consider Sj3 and Si4 have exactly one element and
So3 = So4 = S34 = Sa34 = . Then the complement of I'y(L) contains C517, one
of the listed graphs in [5] (see Figure 34). In Figure 34, we have a1,a9,a3 € S,
b1,b2 € SQ, cE Sg, de 54, S13 € 513 and s14 € S14. So it is toroidal.

In the case that S14 and S54 have exactly one element and S13 = Soz3 = S34 =
Sa3a = &, the complement of T's(L) contains C'403, one of the listed graphs in [5]
(see Figure 35). In Figure 35, we have the vertices aj,as,a3 € Si, by,by € So,
c€ S3,de Sy, s14 € S14 and s94 € So4. Therefore it is toroidal.

Now, if So34 and S14 have exactly one element and S13 = So3 = Soq = S34 = O,
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b b
cl. ai .2d

513 S14

as as

Figure 34

bye— by

524 ¢ d

514
ay a2

as

Figure 35

then the complement of T'y(L) contains C'402, one of the listed graphs in [5]. So it
is toroidal.

Finally, if S14 has two elements and Si3 = So3 = Soq = S34 = So34 = &, then
the complement of T'y(L) contains C'603, one of the listed graphs in [5]. So it is
toroidal.

Remark 2.12. Note that if the size of the set Ule St is seven, |S1| = 3, |Ss| =2
and one of the following cases holds, then it is a question that whether T'o(L) is
toroidal or not.

Case 1. |513| = |Sl4| = |5234| = 1.

Case 2. |S13| =1 and |S14| = 2.

Case 3. |513| = |Sl4| = |S34| =1

Now, the next theorem follows immediately from Lemma 2.11 and Remark 2.12.

Theorem 2.13. Suppose that \U?Zl St| =7, |S1] =3, |S2] =2, and also the cases
which are mentioned in Remark 2.12. do not hold. Then the graph T'a(L) is toroidal
if and only if one of the following conditions holds:

(l) |Sl‘17;2| = |Sli1‘ =1 and SQZ‘”‘2 = 512 = 811‘2 = SQil = Sgiz = @, f07“ some
unique i1, € {3,4},

(i) |Sii,| = |S12] = 1 and Siiyi, = S2iyiy = S1iy = S1iy = S2iy = Soi, = I, for
i15i2 ¢ {172}7
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(iil) [S1iy| = [S1in] = 1 and Sa4yi, = S2iy = S2i, = Siyi, = I, forin,ia & {1,2},

(1V) |SM‘1| = |S2i1| =1 and SQiliz = Slig = 521'2 = Sﬁig = @, fOT some unique
il,iQ € {3,4},

(v) |S2iyi,] = |S14,] = 1 and S1i, = Soi, = So2i, = Siyi, = &, for some unique
i17i2 € {3,4},

(Vl) |SM1| = 2 and SZhiz = Sli2 = S2i1 = SQZ'Z = Siliz = @, fO?” some umque
11,12 € {3,4}

Lemma 2.14. Suppose that |Uf:1 St| =7 and |S1| = 1. If one of the following
conditions holds, then the graph T's(L) is not toroidal.

) |Siin| = 3, for some unique i1,i2 € {2,3,4}.
) |S1i,| = 2, for some unique i; € {2,3,4}.
) |S1iy| = |Sinis| = 1, for some unique i1,i2,i3 € {2,3,4}.
) |S1i, | =1 and |S;,4,| = 2, for some unique iq,i2 € {2,3,4}.
) [Sivia| =2 and |Siyi5| = 1, for ix,i2,i5 & {1}.
6) [Sivio| =2 and [S1iis| = 1, for iy, iz, iz & {1}.
) |Siyis] =2 and |S1iyis| = 1, for iy, ia,i5 & {1}.
) |S1i, | = |S1in| = |Siyin| = 1, for some unique iq,is € {2,3,4}.
) |S1i, | =1, for all iy &€ {1} and |S14,i,| = 1, for some unique 41,2 € {2, 3,4}.
)

[S1i, | = |Siyin| = |Siris| = |S1inis| = 1, for some unique iz, i3 € {2,3,4}.

Proof. In (1) and (2), the contraction of I'y(L) contains a subgraph isomorphic to
Ks 7 and Ky 5, respectively. In (3), the complement of I';(L) is contained in S5.5.
In (4) and (5), we can find a copy of G3 in the structure of I's(L). In (6) and
(7), the complement of T'y(L) is contained in U6.6b. In (8), the complement of the
contraction of I's (L) is contained in Z*8.3, one of the listed graphs in [5] (see Figure
36). In Figure 36, we have a € Sy, by,by € So, ¢1,c2 € S3, d1,da € Sy, s13 € Si3,
S14 € S14 and s34 € S34.

In (9), the complement of the contraction of I'y(L) is contained in Z*8.3, one
of the listed graphs in [5]. In (10), the complement of the contraction of I's(L) is
contained in W6.6a, one of the listed graphs in [5]. In the all of the above cases,
['5(L) is not toroidal. a

In the sequel, we assume that Si2, S13 and Si4 are singelton sets and Sz =
So4 = S34 = S123 = S124 = S134 = &. Then the graph I's(L) is toroidal, which is
pictured in Figure 37. In Figure 37, a € Sy, by,bs € So, ¢1,¢c0 € S3, di,dy € Sy,
S12 € Si2, 813 € S13 and s14 € S14.

Also, consider S14, S24 and S34 are singleton sets and S1o = S13 = So3 = S103 = D
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C2
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534

Figure 36
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b1

Figure 37
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1
1
1
1
1
1
1
1

bo

by

Figure 38
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Then I'z(L) is toroidal (see Figure 38). In Figure 38, we have the vertices a € Sy,
b1,bs € 52, c1,c9 €83, di,do € Sy, S14 € S14, S24 € So4 and s34 € S34. We observe
that if Sgg has two elements and 512 = Slg = 514 = 524 = 534 = 5124 = 5134 = @,
then the complement of I'y(L) contains C'603, one of the listed graphs in [5]. So it
is a toroidal graph. Finally, if So3, Sa4 and Ss4 are singleton sets and S12 = Si3 =
S14 = &, then the graph I'y(L) is pictured in Figure 39, which is toroidal. In Figure
39, we have the vertices a € S1, b1,bo € S, ¢1,c0 € S3, di,dy € Sy, 823 € Sog,
So4 € Soq and s34 € S34. O

Figure 39

Theorem 2.15. Suppose that |U;1:1 St| =7 and |S1| = 1. Then To(L) is toroidal
if and only if one of the following conditions holds:

(1) ]f |Sli1| =1, fm‘ all iq g {1}, then Silig = Sli1i2 =4, fO?” all 1,19 ¢ {1},

(il) If |S14y] = |Siis]l = |Siyis] = 1, for some unique iy,i2,i35 € {2,3,4}, then
S1is = S1iy = Stizis = 9,

(iil) If |Siyin| = 2, for some unique i1,i2 € {2,3,4}, then S is = Siyis = Stiyis =
Stiyis = D, for iz & {1,i1,42} and Sy, = @, for all iy & {1},
(iv) If |Siin) = 1, for all iy,ia & {1}, then S1;, = @, for all iy & {1}.

Theorem 2.16. Suppose that |Uf:1 St| = 8. Then the graph T's(L) is toroidal if
and only if one of the following conditions holds:

(i) There is S; with |S;| = 5, for 1 < i < 4 and Siyiyis = Siyi, = &, for all
i17i2ai3 ¢ {7’}7

(ii) There are unique S;, S; with |S;| = 4 and |S;| = 2, for 1 < i,j < 4 and
Sivigis = Siyin = D, for all iq,42,13 & {Z}, Sii, =@, fori) & {i,j},
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(iii) There are unique S; and S; with |S;| = |S;] = 3, for 1 < i,j < 4 and
Sviyiy, = Sjiyi, = Siiy = Sjiy, = Siyi, = @, for all iy, iz & {1, j},

(iv) There are unique S; and S; with |S;| =3 and |S;| =1, for 1 <i,j <4 and
|Siiy| = 1, for some unique i1 € {1,2,3,4}\ {3, 5}. Also, Sij = Sii, = Sigi, =
Siizj = Siriag = @, for iz & {4, j,i1} and for all iz, is & {i},

(V) For all1 <i <4, |Sz‘ =2 and Siyiyis = Siyi, =9, for 1 <iq, 49,13 < 4.

Proof. If one of the above conditions holds, then one can easily check that T's(L) is
toroidal.

Conversely, let I'o(L) be a toroidal graph. Then we can consider the following
cases:

(i) Assume that there is a unique S;, say Sy, such that |S1| = 5. If Soz4 has at
least one element, then we can find a copy of K 5 in the contraction of I's(L),
which is impossible. Also, if So3, So4 or S34 has at least one element, then
the complement of T's(L) is contained in S5.5, one of the listed graphs in [5].
Thus it is not toroidal, which is again impossible. Hence for toroidality of
FQ(L), we assume that Ss34 = Soz3 = Sy = S34 = . In this situation, FQ(L)
is contained in Kg \ (K3 U Ka2) (cf. [5, p.55]).

(ii) Assume that there are unique S; and S;, say Sy and Ss, such that |S1| = 4
and |Sa| = 2. If Sa34, So3 or Sos has at least one element, then we can find
a copy of K, 5 in the contraction of I's(L). So it is not toroidal, which is
impossible. Also, if Si3 or S14 has at least one element, then the complement
of T'y(L) is contained in S5.5, one of the listed graphs in [5]. Thus it is not
toroidal, which is impossible. In addition, if S34 has at least one element, then
the complement of T'y(L) is contained in W7.7d, one of the listed graphs in [5]
(see Figure 40). In Figure 40, a1, as,a3,a4 € S1, by,by € So, c € S3, d € Sy,
S34 € S34. Thus it is not toroidal, which is impossible.

L2834~

- ~
. ~

c d

Figure 40

Therefore we assume that all of the above sets are empty. In this situation,
I'y(L) is contained in Kz \ (K3 U K3), which is toroidal (cf. [5, p.55]).

(iii) Assume that there are unique S; and Sj, say S and S, such that |S;| =
|S2] = 3. If Si34 or Sasq has at least one element, then the complement of
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I';(L) is contained in S5.5, one of the listed graphs in [5]. Thus it is not
toroidal, which is impossible. Moreover if Sy3, S14, So3 or Soq has at least
one element, then the contraction of I'y(L) contains a subgraph isomorphic to
K, 5. It means that I'y(L) is not toroidal, a contradiction. Also, if S34 has at
least one element, then the complement of I'a(L) is contained in S5.5, one of
the listed graphs in [5]. Thus it is not toroidal, a contradiction. Therefore, for
toroidality of I'a(L), we assume that all of the above sets are empty. In this
situation, T'a(L) is contained in Ky \ (K5 U K3) (cf. [5, p.55]).

(iv) Assume that there are unique S; and S;, say Si and Ss, such that |S;| = 3
and |S3| = 1. If Si3 or Si4 has at least two elements, then we can find a
copy of K37 in the contraction of I';(L), which is impossible. Also, if Sya,
Sas, Sa24 or S34 has at least one element, then we can find a copy of K45 in
the contraction of I'y(L), a contradiction. In addition, if So3s4 has at least
one element, then the complement of I'y(L) is contained in S5.5, one of the
listed graphs in [5]. Thus it is not toroidal, a contradiction. In the case that
|S13] = |S14] = 1, the graph I's(L) contains G5, one of the listed graphs in [11].
Hence it is not toroidal, which is contradiction. Finally, if |S13| = |[Si24] = 1
or |S14| = |S123] = 1, then the complement of I'y(L) is contained in S5.6, one
of the listed graphs in [5]. Thus it is not toroidal, a contradiction. So, for the
toroidality of I's(L), we assume that either Si3 has at most one element by
condition 512 = 514 = 523 = 524 = 534 = 5124 = 5234 = @, or 514 has at most
one element by COIlSideI"iIlg 512 = 513 = 523 = S24 = S34 = 5123 = 5234 = U.
In these cases, the complement of I'y(L) contains a subgraph isomorphic to
(415, one of the listed graphs in [5], which is toroidal.

(v) Assume that Sy, S, S3 and Sy have two elements. As Siaz, Si24, Si34 OF
Sa34 has at least one element, then I'y(L) contains Kg \ (K12 U2K>s). So it
is not toroidal (see [4]). Also, if S12, Si3, S14, S23, S24 or S34 has at least
one element, then the contraction of I';(L) contains a copy of Ky5. The
contradiction is clear. Hence we assume that all of the above sets are empty.
In this situation, I'2(L) is isomorphic to a complete 4-partite graph with all
parts of size two, which is toroidal. O

We end this paper with the following theorem.

Theorem 2.17. Suppose that |Uf:1 St| =9 . Then the graph I's(L) is toroidal if
and only if there exists S; with |S;| =6, for 1 <1i <4 and S;,i,is = Siyi, = D, for
all il, ig,ig g {Z}

Proof. Let T'o(L) be a toroidal graph and for all 1 < ¢ < 4, |S;| # 6. Then the
contraction of I';(L) contains a copy of K45. Hence it is not toroidal, which is
impossible. Therefore we assume that there exists a unique S; with |S;| = 6, for
1 <i < 4. Now, if |Sag4| > 1, then we can see a subgraph isomorphic to K4 ¢ in the
contraction of I'y(L), which is not toroidal. When Sag, Sa4 or S34 has at least one
element, the contraction of I';(L) contains a copy of K3 7. It means that I'y(L) is
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not toroidal, which is impossible. Now, assume that all of the sets Sa3, S24, S34 and
Sasq are empty. Then the complement of I'y(L) contains C'603, one of the listed
graphs in [5], which is toroidal.

The converse statement is clear. O
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