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Abstract

The lifetime is a key characteristic of product quality. It is best to obtain the lifetime data of all samples, but
they are often censored due to time or expense limitations. In this paper, we propose a binomial cumulative
sum (CUSUM) chart to monitor the mean of type I right-censored Weibull lifetime data, for a fixed value of
the Weibull shape parameter. We compare the performance of the proposed binomial CUSUM chart with
CUSUM charts studied previously using the steady-state average run length (ARL). The results show that
the performance of the binomial CUSUM chart is better when the censoring rate is high and/or the sample
size is small.

Keywords: ARL, binomial CUSUM chart, censored data, Weibull lifetime

1. ME

2] AAakg A oAl FE| = (control chart)= F3 AEHE Iotstu AEY =FLS
APoe Ast whzsA BAske]l B34S EEM0R HelF ¢ A sk AN mrolth BelE
9] F&Hol+= Shewhart #E]=E v]EF F&E(cumulative sum; CUSUM) &%, A7l 5%
7 (exponentially weighted moving average; EWMA) #2]= 5o It}
AT AF] £HE FAS Uehihs 528 54N D 4+ vk $EAEE dukes
o AlFer A4 BEANAN BEE AlFo] i w7 Ade X
9l Aok Weo] FEATSE Aok WshA AR FEAT
A=t A1E F=ZEd(type I censoring) 2 54 A H7IA] AES
=2 (type II censoring)2 &4 7|2 4
EF oj= AlH o] 3R H J)r o] =
Hl, & =Rl 2y Bl 7 dubAe
AZo] £Ho) 3t Bz g 9ol B3 (Weibull distribution) 7} Tro] AR o] Xt} $}o] =
2] E2]3HAF Weibulle] A5e] sh3 Zxo theh Bx5 veh7] s Aldd=dl, AFe] +
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B Uehsd Attt €A ok £8E YellE EEWs T71 4= (shape parameter)
Bt AT R (scale parameter) nE Zb= 9FolE Bx | = Weibull(8,n) & Wty & u, 3543
(pdf) & FHEES (cdf) = 242 o3} 2T}

) = 2 (;)B exp [— (;)ﬁ] i, (L1)
F(t18,n) = 1 — exp {— (;)B] . t>0. (1.2)
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o} gEZFdorw g7t 14 7§—?— |48 Z (exponential distribution)7} Ew, 87} 3.449 A$ AFGE
3 (normal distribution) &} F-AFSE tf A o1 B2 HelE Yebdoh. =3 g7F 19 A Alte] ulel 1
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2. R&H[of] J|=et =AE 2els Exl
Dickinson 5 (2014)°] A|<ket F29 He)=e F=Ho 7|Zste] AT F45HATE HA AH

oA AlE e +8E IS5 15T (i=1,2,...,j=1,2,...,n)& UrE‘rHV} ojuff Fz] el
A= Weibull(8,1n0) S Wa1 O]%%EH A= Welbull(ﬁ,m)— Ul}tE}—T’— 7hg gkt oA AF st
vk} ZHo] Dickinson 5 (2014 Ao B4 n7t AaskeE A, S 0<d< 19 gdll m = (1 —d)no 2l
&g

EZT AT A5 7} 22X A 1A ZTEo ojst =38k (likelihood function)+&=
L(ﬁﬂi ‘ T’i17T’i27 oo 7T’LTL) = f(T |ﬂ 77) .j [1 - F(T’LJ |5777)]175 ’
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Table 4.1. Comparison of the ARL; values for ng = 1, 8 = 0.5, n = 5. The Binomial CUSUM and the CUSUM
charts are designed to detect a 35% decrease in the scale parameter (d = 0.35, 1 = 0.65).

peo = 0.15 (gep = 0.85) peo = 0.5 (gep = 0.5) peo = 0.95 (gep = 0.05)
m  hs=5905 ho— —13.623 hs — 9.304 ho — —12.125 hs — 6.597 ho — —6.113

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM

0.95 221.27 220.75 227.48 234.77 276.63 291.78
0.90 146.02 140.58 154.78 160.11 232.44 246.02
0.85 99.52 91.98 107.67 109.88 196.01 205.24
0.80 70.32 62.16 76.81 78.51 166.57 175.13
0.75 51.23 44.23 55.77 57.01 140.22 146.90
0.70 39.01 32.55 41.92 42.48 117.76 123.51
0.65 30.45 24.84 32.38 32.70 99.22 104.87
0.60 24.67 19.61 25.62 25.75 83.61 87.48
0.55 20.49 15.95 20.70 20.80 70.89 74.75
0.50 17.32 13.27 17.00 16.97 59.92 62.40
0.45 14.92 11.18 14.13 14.15 50.09 52.79
0.40 13.13 9.52 11.96 11.84 42.36 44.38

ARL = average run length, CUSUM = cumulative sum, BCUSUM = Binomial CUSUM.

Table 4.2. Comparison of the ARL; values for no = 1, 8 = 1, n = 5. The Binomial CUSUM and the CUSUM
charts are designed to detect a 30% decrease in the scale parameter (d = 0.3, 71 = 0.7).

pco = 0.15 pco = 0.5 pco = 0.95

n1 hs =4.199 he = —9.141 hs =6.795 hco = —4.421 hs =5.675 hc = —3.891

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM
0.95 178.63 168.04 180.61 186.42 244.50 257.92
0.90 93.89 84.35 97.59 100.08 181.36 189.84
0.85 53.48 45.34 56.33 57.21 1533.16 141.69
0.80 33.59 26.81 34.79 35.19 100.55 106.43
0.75 23.11 17.49 23.35 23.24 76.14 80.70
0.70 17.25 12.60 16.69 16.53 58.83 62.17
0.65 13.79 9.60 12.59 12.40 45.80 48.45
0.60 11.56 7.69 9.90 9.66 36.20 38.30
0.55 10.06 6.38 8.02 7.81 28.80 30.51
0.50 9.06 5.42 6.68 6.44 23.29 24.51
0.45 8.35 4.73 5.65 5.44 18.70 19.86
0.40 7.86 4.20 4.89 4.62 15.18 16.01

ARL = average run length, CUSUM = cumulative sum, BCUSUM = Binomial CUSUM.
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Table 4.3. Comparison of the ARL; values for no = 1, 8 = 3, n = 5. The Binomial CUSUM and the CUSUM
charts are designed to detect a 20% decrease in the scale parameter (d = 0.2, n1 = 0.8).

pco = 0.15 pco = 0.5 pco = 0.95

m hg =2.244 hgo = —4.474 hg =4.084 hc = —4.469 hg =4.309 hc = —3.461

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM
0.95 78.89 77.15 85.86 87.02 155.20 169.91
0.90 25.71 21.37 26.81 26.38 76.40 80.82
0.85 12.86 8.92 11.60 11.22 41.49 43.53
0.80 8.70 5.19 6.67 6.33 24.77 26.15
0.75 7.03 3.70 4.62 4.27 16.00 16.82
0.70 6.35 2.96 3.60 3.21 11.00 11.52
0.65 6.10 2.52 3.06 2.60 7.88 8.25
0.60 6.02 2.21 2.77 2.22 5.84 6.08
0.55 6.01 2.00 2.65 1.99 4.38 4.55
0.50 6.01 1.92 2.60 1.90 3.36 3.46
0.45 6.01 1.89 2.60 1.87 2.62 2.67
0.40 6.01 1.88 2.60 1.86 2.08 2.09

ARL = average run length, CUSUM = cumulative sum, BCUSUM = Binomial CUSUM.

Table 4.4. Comparison of the ARL; values for no = 1, 8 = 5, n = 5. The Binomial CUSUM and the CUSUM
charts are designed to detect a 15% decrease in the scale parameter (d = 0.15, n; = 0.85).

pco = 0.15 pco = 0.5 pco = 0.95

n1 hs =1.763 hc = —2.200 hs =3.352 hgo = —2.158 hs =3.873 hc = —1.820

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM
0.95 40.90 40.30 49.34 47.05 105.49 110.12
0.90 12.21 8.67 11.54 10.74 39.23 40.79
0.85 7.44 3.98 5.16 4.66 18.28 19.09
0.80 6.31 2.67 3.30 2.92 10.18 10.57
0.75 6.09 2.14 2.47 2.21 6.37 6.62
0.70 6.06 1.92 2.09 1.93 4.28 4.40
0.65 6.06 1.87 1.96 1.85 3.03 3.10
0.60 6.06 1.85 1.94 1.82 2.22 2.27
0.55 6.06 1.83 1.94 1.79 1.73 1.75
0.50 6.06 1.81 1.94 1.77 1.41 1.42
0.45 6.05 1.80 1.94 1.77 1.14 1.14
0.40 6.05 1.80 1.94 1.76 1.01 1.01

ARL = average run length, CUSUM = cumulative sum, BCUSUM = Binomial CUSUM.

=23 Pe) = (BCUSUM)Q] &80 Dickinson 5 (2014)2] 23 #e]x= (CUSUM) T} 271} £
A% RIS DY BASYL, 17} vle AT Wee] 279k SAsA WS F99 3
T agA= EAShech

4.1. B2t pcOil WE zSHZ0| Bl

FEEIVE n =52 1P T, o] Wl st FEHAZolE v|ws FFr} Table 4.10]4 Table
4.49) JER} ¢th Table 4.1 AR 47} 8 = 0.5, Table 4.2= 8 = 1, Table 4.3 8 = 3, 281
Table 4.4% 8 =521 ZA-f-o]ar, Z-zkell thsfl peo = 0.15,0.5,0.95, = gco = 0.85,0.5,0.056¢1 A& 11
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Table 4.5. Comparison of the ARL; values for ng = 1, 8 = 0.5, pc = 0.15. The Binomial CUSUM and the
CUSUM charts are designed to detect a 35% decrease in the scale parameter (d = 0.35, n1 = 0.65).

n=3 n=>5 n =10
m hg =5.245 hg = —12.218 hs =5.905 hg = —13.623 hg = 6.740 hc = —15.419

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM
0.95 232.99 235.43 221.27 220.75 203.24 202.29
0.90 165.44 160.89 146.02 140.58 122.26 115.19
0.85 119.36 111.39 99.52 91.98 76.36 68.75
0.80 87.90 79.43 70.32 62.16 50.18 43.53
0.75 66.54 58.48 51.23 44.23 34.83 29.13
0.70 51.98 43.98 39.01 32.55 25.66 20.65
0.65 41.48 34.18 30.45 24.84 19.58 15.50
0.60 33.97 27.28 24.67 19.61 15.63 12.08
0.55 28.33 22.31 20.49 15.95 12.90 9.80
0.50 24.13 18.55 17.32 13.27 10.91 8.14
0.45 20.90 15.71 14.92 11.18 9.41 6.86
0.40 18.43 13.43 13.13 9.52 8.26 5.86

n = 20 n = 50 n = 100

m hsg =7.751 hg = —16.842 hg =8.185 hgc = —18.10 hg = 8.2974 hg = —18.248

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM
0.95 183.69 178.23 154.25 150.10 129.47 133.11
0.90 98.72 90.65 69.65 64.23 51.88 50.38
0.85 55.91 48.94 34.89 30.83 23.42 21.25
0.80 34.53 28.85 19.52 16.20 12.25 10.33
0.75 22.81 18.25 12.20 9.80 7.39 5.93
0.70 16.30 12.77 8.50 6.61 5.02 3.91
0.65 12.23 9.38 6.36 4.78 3.75 2.84
0.60 9.70 7.27 5.03 3.69 2.99 2.22
0.55 7.98 5.84 4.15 3.00 2.47 1.82
0.50 6.70 4.84 3.54 2.51 2.13 1.52
0.45 5.79 4.10 3.08 2.18 1.88 1.30
0.40 5.08 3.50 2.72 1.90 1.69 1.13

ARL = average run length, CUSUM = cumulative sum, BCUSUM = Binomial CUSUM.
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Table 4.6. Comparison of the ARL; values for no = 1, 8 = 0.5, pc = 0.5. The Binomial CUSUM and the CUSUM
charts are designed to detect a 35% decrease in the scale parameter (d = 0.35, 1 = 0.65).

n=3 n=>5 n =10
m hs = 8.227 hc = —10.767 hsg =9.304 he =-—12.125 hg = 10.763 hg = —14.036

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM
0.95 241.05 251.88 227.48 234.77 210.50 216.75
0.90 172.93 181.90 154.78 160.11 129.8/ 134.18
0.85 127.69 131.48 107.67 109.88 83.60 84.93
0.80 94.97 97.76 76.81 78.51 55.17 55.73
0.75 72.00 73.67 55.77 57.01 38.30 38.48
0.70 55.48 56.83 41.92 42.48 28.86 28.05
0.65 43.61 44.64 32.38 32.70 20.96 20.95
0.60 35.16 35.59 25.62 25.75 16.31 16.32
0.55 28.56 28.95 20.70 20.80 13.08 13.04
0.50 23.59 23.86 17.00 16.97 10.76 10.63
0.45 19.76 19.97 14.13 14.15 8.94 8.81
0.40 16.64 16.71 11.96 11.84 7.54 7.43

n =20 n = 50 n = 100

m hg =12.13 hg = —15.638 hsg =134 hg = —17.331 hg = 14.147 hg = —18.06

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM
0.95 183.69 178.23 154.25 150.10 146.05 144.90
0.90 98.72 90.65 69.65 64.23 61.40 60.63
0.85 55.91 48.94 34.89 30.83 28.36 27.68
0.80 34.53 28.85 19.52 16.20 14.68 14.18
0.75 22.81 18.25 12.20 9.80 8.68 8.38
0.70 16.30 12.77 8.50 6.61 5.73 5.54
0.65 12.23 9.38 6.36 4.78 4.14 3.99
0.60 9.70 7.27 5.03 3.69 3.19 3.06
0.55 7.98 5.84 4.15 3.00 2.55 2.46
0.50 6.70 4.84 3.54 2.51 2.11 2.05
0.45 5.79 4.10 3.08 2.18 1.79 1.74
0.40 5.08 3.50 2.72 1.90 1.54 1.48

ARL = average run length, CUSUM = cumulative sum, BCUSUM = Binomial CUSUM.

A o3 AT el o] Yol B £/ Lhebuth Table 4.2014] Table 4.4% 741, 3, 52 2% 77
o)g AT BelEe) Aol § L A9 A Folmk A2 ¢ 4 9

9 Aol o3 BE F9oA o $AY Belwe] Aol o FA vebet

Table 4.1¢] 4] Table 4.49] Z3}& A5 & uj, 57} AA 55 Dickinson 5 (2014)9] =23 I =9 4
ol H Fo, peo7t ARFE F BEE BF A5 FA5A v A wk Aokt o] F A e
T dsol Aoz o F5S5 45 A

4.2. 0 W2 ZS20| b2

Table 4.504] Table 4.7l no = 17} B = 0.5 A3 & pey = 0.15, 0.5, 0.952 F$ BE 7]
n2] W3}l tf gt Dickinson 5 (2014)2] FA 3 #A2|x e} o) FHF FAejxo A< vlust Aot
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Table 4.7. Comparison of the ARL; values for ng = 1, 8 = 0.5, pc = 0.95. The Binomial CUSUM and the
CUSUM charts are designed to detect a 35% decrease in the scale parameter (d = 0.35, n1 = 0.65).

n=3 n=>5 n =10
m hg =5.474 hco = —5.043 hg =6.597 hco = —6.113 hg = 8.387 ho = —7.766

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM
0.95 283.75 302.18 276.63 291.78 262.31 277.06
0.90 247.09 262.96 2832.44 246.02 210.51 223.86
0.85 214.84 229.82 196.01 205.24 168.31 178.92
0.80 188.60 197.87 166.57 175.13 135.84 143.16
0.75 162.50 171.46 140.22 146.90 109.89 116.05
0.70 140.26 148.92 117.96 123.51 88.74 93.92
0.65 121.03 128.97 99.22 104.87 72.24 77.04
0.60 104.16 109.46 83.61 87.48 59.50 62.76
0.55 89.75 94.33 70.89 74.75 48.88 52.04
0.50 77.12 80.89 59.91 62.40 40.58 43.07
0.45 65.44 68.78 50.08 52.79 33.49 35.63
0.40 55.45 58.41 42.36 44.38 28.10 29.78

n = 20 n = 50 n = 100

m hg =10.29 heo = —9.484 hg=13.04 hc = —12.05 hg =15.09 hgo = —13.927

BCUSUM CUSUM BCUSUM CUSUM BCUSUM CUSUM
0.95 245.07 249.22 225.40 228.68 207.62 208.35
0.90 185.31 186.23 151.48 153.08 127.15 126.77
0.85 141.65 140.69 104.21 103.82 80.44 79.98
0.80 106.26 106.13 72.91 74.23 52.73 52.40
0.75 82.08 82.32 52.61 52.89 36.08 36.25
0.70 63.66 63.89 38.86 39.24 25.96 25.95
0.65 50.44 50.64 29.60 29.44 19.23 19.17
0.60 40.54 40.58 23.18 23.24 14.77 14.84
0.55 32.87 32.63 18.49 18.37 11.65 11.68
0.50 26.81 26.88 14.88 14.83 9.39 9.43
0.45 22.15 21.98 12.13 12.25 7.69 7.68
0.40 18.20 18.44 10.08 10.10 6.34 6.33

ARL = average run length, CUSUM = cumulative sum, BCUSUM = Binomial CUSUM.

pco = 0.15¢1 Table 4.50| 4= tfFE22] 3¢ Dickinson 5(2014)2] =83 #e|=9 50| o T3

o 4 9tk peo = 0.5¢1 Table 4.6} pco = 0.95¢] Table 4.79] A7}+E n =

A HE|= Aol AHeR vl e & 5 Aok 2eu, SEEYEE peo’t E A, 2

AL FEAT) nol obE A 2 AR (n < 20)0ls RS B olF FAY HEEY 45l A
2 9 $7 vebgnh o] =%l 23S AXHA FRARE, B = 13 3% Aol FARRE B3] 9
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[eJe) <
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2oJAF S Edlo] A2kl o] AT B2 E 9 AS2 Dickinson 5 (2014)9] FAg #E|=9} vw
sttt #Ae=e] 45 6 pco, 182 noll BFE W 1L F peo/t TR BA A5 vAE
Fgo] 7 Athe AL & Uitk BT AF 59} no] AZDSFE oY FAF FEY e
AA o2 VHiA AT peo 7t ARDGF I A2 AHFLRE Folxle AL R YETH

FTHH0E AFE wf, no] A peo7t 2 AE, § AT 5 & FEFo] 2 AF 7]£9 Dick-
inson % (2014)9] FAY F = AMLS FASCE HHIE nol Fal peo 7t 2 BE, FARE 5+ 9

14
£ ARee] 4L A9 B oA A% 0% FAY DR AL FUFH: HolTk,
B pRoA A AR TRl FEAWEA e AR Aol 7125 vel] 712 B
HE) grhAo® ZhAsl 48% 5 glom, ARAEY ol 3 o A& Ao Atk =3 7]
Sof W) gt AFY £HL A% ol FA0)7] wlEel, £WAe oA A7} uge) A

e 95 FEAT HEe 44 o Sold Zoleku o 5T & ek WebA B =RolA Ao of
3 g BT A BE Y AT HNE o o BolN T o AY Ao wekslw k.

FF AR AT (B ge)9] FFS TR Polx, FHRS §9) HERS 97k FA W
Bake A2 BAFE = Aol T AT AL el olc.
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