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ABSTRACT. In this paper, we consider the generalized Lucas sequence which is the (p, q)
- Lucas sequence. Then we used the Binet’s formula to show some properties of the (p, q)
- Lucas number. We get some generalized identities of the (p, q) - Lucas number.

1. Introduction

Fibonacci number and Lucas number cover a wide range of interest in modern
mathematics as they appear in the comprehensive works of Koshy [4] and Vajda
[5]. The Fibonacci number F,, is the term of the sequence where each term is
the sum of the two previous terms beginning with the initial values Fy = 0 and
F; = 1. The well-known Fibonacci sequence {F),} is defined as Fp =0, F; = 1 and
F,=F,_1+ F,_5 for n > 2. And the Lucas sequence is defined as Lo =2,L; =1
and L, = L,,—1 + L,_o for n > 2.

Falcon [3] studied the k-Lucas sequence {Lg.,} which is defined as Ly =
2,Lpy = kand Lypi1 = kLgyp + Lgp— forn > 1, k> 1. If £ =1, we get
the classical Lucas sequence {2,1,3,4,7,11,18,...}. If k = 2, we get the Pell-Lucas
sequence {2,2,6,14,34,82,198, ...}.

The well-known Binet’s formulas for k-Fibonacci number and k-Lucas number,

P g k+ Vi + 4
07" and Lin = r?+ry where r; = R

see [1, 2, 3], are given by F}, , = —
71 T2 2

k—VEk2+4
and ro = — are roots of the characteristic equation r2 — kr —1 = 0. We

note that 11 +ro =k, riro = —1 and r; — ro = Vk2 + 4.

The generalized of Fibonacci sequence {F), 4 } is defined as F, g0 = 0, Fp, g1 = 1
and Fp qn = pFpgn—1+ qFpgn—2 for n > 2 which we call the (p,q) - Fibonacci
sequence. So, each term of the (p, q) - Fibonacci sequence is called (p, q) - Fibonacci
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number. Moreover, the generalized of Lucas sequence {L, ¢ »} is defined as L, 4.0 =
2,Lpq1 =pand Ly gn =pLpgn-1+ qLlpgn—2. So, it is called the (p,q) - Lucas
sequence. Then each term of the (p,q) - Lucas sequence is called (p,q) - Lucas

number. The Binet’s formulas for the (p, ¢) - Fibonacci number and the (p, q)
P e

- Lucas number are given by Fp, ,, = ——= and L, ,n, = 7} + r} where r; =
Ty —T2

_p— VPPt
2 ? 2
pr —q = 0. We note that r{ +17o = p, 179 = —q and 71 — 7o = 1/p? + 4q.

In 2015, Suvarnamani and Tatong [6] proved some results of the (p,q) - Fi-
bonacci number. Moreover, Raina and Srivastava [7] showed a class of numbers
associated with the Lucas number. Then Djordjevicand Srivastava [8] showed the
example for the application of the Fibonacci number to the generalized function.
In this paper, we find some properties of the (p,q) - Lucas numbers.

are roots of the characteristic equation r? —

2. Main Results

Theorem 2.1. Forn > 1, we get Ly gni1Lpgn-1— L2, = (—q)"_l(p2 + 4q).

2
Proof. For n > 1, we have Ly, g n+1Lpgn-1— Ly 4 p

G "+1+r"+1>< P g — () +1g)
(r¥m +r3" + 1} 3 rg Tt PR — (3 2r P + 3T

o n+1 n 1 n—1 n+1
=7 +ri Ty = 2rTry

= r?ilr;“l( —2r17ry +73)
= (=q)" " (r1 —r2)?
= (—¢)" " (p* + 4q). O

Theorem 2.2. Forn > 2, we get
n—2, 3
Lpgn—2Llpgn+1 — Lpgn-1Lpgn = (—q) (p° + 4pq).

Proof. For n > 2, we have Ly, ; ,— ng,q,nH —Lpgn-1Lpgn

(rp 2 g )0 ) — (g0 )

_ (Tln—1+rg _'_,rn 2 n+1+ n+1 n 2) ( 2n— 1-'—7“%" 1+r17,£b 1_'_le 1 n)
P2 ”+1+r?+17’3 277"11“3 1—7’1 Lro,

=172y 2+ rd = riry —rurd)

(—=q)"2(ry — r2)(r} —13)

(=)™~ 2(7“1 +r2)(r1 —72)?

E Q)" 2(p) (P + 4q)

)" 2(p* + 4pq). O
Theorem 2.3. Forn > 1, we get Ly g n+1Lpgn-1+ (—q)" (p? + 4q) = L2

p,q,n”
Proof. For n > 1, by Theorem 2.1, we have
Lygnilpgn-1 =Ly gn = (=0)" 7 (0 + 4g).



Some Properties of (p, q) - Lucas Number 369

We get Ly g.n+1Lp,gn-1— (—a)" " (p° +4q) = Lj ;-
So, Ly gn+1Lpgn-1+ (—¢)"(p* + 4q) = Lf, qmn° -

Theorem 2.4. For m,n > 1, we get
LypgmLpgn+1 +4Lpgm-1Lpgn = (p2 +4q9) Fp gm+n-

Proof. For m,n > 1, we have

Ly qmLpgnt1 +1qu’q,m1 1Lp,qn .
= (" ) (7T ) 4 () (T T (] 1)

=t a1 SR AR NS 7‘2+1 A S R & S
= r{”*‘”*‘l + ré’“‘”"‘l — Py — Dy

=7 (1 — 1) — T (ry — 1)

=G

S . — :z (r1 — 7“2)2

= Fp,q,m+n(p2 + 4(]) U

Theorem 2.5. For m,n > 1, we get
Lpgm-nLpqmin — Ly g m = (=)™ "(p* + 4q).

Proof. For m,n > 1, we have

Lp,q,m—anyq,m-i-n L;q,
(7"5”_" R G S N 7‘5")2
= p2m 4 pAnypmns "Jrrm Tyt p2mp2m_ gpmpm _ p2m
r§"+” e S g”" — 2r1 ry’
e ”rg‘ (2 — 27“1 rY 4+ r3n)
(=)™ " (r} —r3)?

— (_\m—n(.n __ ny2T1 — T2
—( q) (r{ —r3) 7‘1 ro

= (—q)m PR A F2, . o

Theorem 2.6. For m,n,k > 1, we get

Ly gm+nLp,gm+k — Lp,gmLp,gm+ntk = (_1)m+1qm (p2 +49) Fp g nfpq.k-

Proof. For m,n > 1, we have

2
Lp,q’m an,q,ern - Lp,q,

(147 4 B G ) — () (e
_ r;n+n m+k + Tl m+ ,r;nJrn _ r{nr;ernJrk _ rvlernJrkTgn

= (e + ey - et

(@)™ (r5(rf = r) = ri(rf —74))

= (=1)(=q)"(r} —r§)(rf —15)

= (=)™ (p* + 49) Fpgn Fp g 1 =
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Theorem 2.7.

L
lim;, o0 ban r1.
Lp,qm—l
L re +ry
Proof. lim —PET . — Jim L 2
n— oo Lp’q,nil n— oo {L—l + r;LT_l
2
ri(l+ (H)")
= limy, — T .

i (L (=)

1
r
L+ (2
- hmn—>oo T9 -
1+ (2
™
. . T2 . 2
Using the ratio —=, then lim,_,(—)" = 0.
T1 1
: Lpgn
Next, we get lim,, oo ——— =17. O
Lp,q,n—l
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