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POSITIVE SOLUTIONS FOR A THREE-POINT FRACTIONAL
BOUNDARY VALUE PROBLEMS FOR P-LAPLACIAN WITH
A PARAMETER'

YITAO YANG* AND YUEJIN ZHANG

ABSTRACT. In this paper, we firstly use Krasnosel’skii fixed point theo-
rem to investigate positive solutions for the following three-point boundary
value problems for p-Laplacian with a parameter

(bp(Dgyu(®)) +Af(tu(t) =0, 0<t<1,

D u(0) = u(0) = u”(0) =0, u'(1) =~u'(n),
where ¢p(s) = [s|P72s, p > 1, D, is the Caputo’s derivative, a €
(2,3], n,v € (0,1),A > 0 is a parameter. Then we use Leggett-Williams
fixed point theorem to study the existence of three positive solutions for
the fractional boundary value problem

(¢p(Dgsu®)) + f(tu(t) =0, 0<t<1,

S u(0) = u(0) = u"(0) =0, /(1) =~u'(n),
where ¢p(s) = [s|P72s, p > 1, Dg, is the Caputo’s derivative, a €
(27 3}7 n7’y e (07 1)'
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1. Introduction

It is well known that fractional derivatives provide an excellent tool for the
description of memory and hereditary properties of various materials and pro-
cesses, so the differential equations with fractional-order derivative are more
adequate than integer order derivative for some real world problems. Therefore,
the fractional differential equations have been of great interest recently, this is
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because of both the intensive development of the theory of fractional calculus
itself and the applications of such constructions in various scientific fields such
as physics, mechanics, chemistry, economics, engineering and biological sciences,
etc. see [11, 13, 17-19, 28, 32| for example. Some recent investigations have
shown that many physical systems can be represented more accurately using
fractional derivative formulations [2, 3]. Boundary value problems of fractional
differential equations have been investigated in many papers (see [1, 7, 8, 14,
15, 21-25, 27, 29, 33] and references cited therein). The eigenvalue problems of
integer differential equations have been studied extensively by many authors. As
far as the eigenvalue problems of fractional differential equations are concerned,
there are a few results (see [5, 10, 34]).

Z. Bai [5] studied the eigenvalue intervals for a class of fractional boundary
value problem

“Dg u(t) + Ar(t) f(u(t) =0, 0 < t <1,
u(0) = u/(1) = u”(0) =0,

where 2 < a < 3, CDB‘ " is the Caputo fractional derivative, A > 0 is a parameter.

C. Zhai, L. Xu [25] considered the nonlinear fractional four-point boundary
value problem with a parameter

Dy u(t) + Af(t,u(t) =0, 0 <t <1,

W' (0) = pau(§) =0, u'(1) + p2u(n) =0,
where 1 <a <2, 0<E<n <1, 0< py,ue <1, A > 0is a parameter.
X. Zhang, L. Liu and Y. Wu [31] investigated the singular eigenvalue problem
for a higher order fractional differential equation

—D%x(t) = Af(x(t), D" x(t), D*2x(t), ---, DF—tx(t)), 0<t <1,
p—2

x(0) =0, D*z(0) =0, D*z(1) = ZajD“x(gjL 1<i<n-1,
j=1

wheren >3, ne Ny n—-1<a<n n—-Il—-1<a—wuym<n-1I1=
1,2,-m—2, p—pp_1>0, a—pp1 <2, a—p>1, a; €[0,400), 0<& <
< - <&Ha<l,0< Zf;f ajfj»‘_“_l < 1, D% is the Riemann-Liouville
fractional derivative.

The equation with a p-Laplacian operator arises in the modeling of different
physical and natural phenomena, non-Newtonian mechanics, nonlinear elastic-
ity and glaciology, combustion theory, population biology, nonlinear flow laws,
and so on. Recently, the existence of solutions to boundary value problems
for fractional differential equation with p-Laplacian operator have been studied
extensively in the literatures, (see [6, 16, 20, 26]).

G. Chai [6] investigated the existence and multiplicity of positive solutions for
the boundary value problem of fractional differential equation with p-Laplacian
operator

Dy, (¢p(Dg,w))(t) + f(t,u(t) =0, 0 <t <1,
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u(0) =0, u(l) + UD&_u(l) =0, Dg, u(0) =0,
where Dg +» D§, and D{, are the standard Riemann-Liouville fractional deriv-
ative with 1 < a <2, 0< <1, 0<~v<1, 0<a—~v—1, ois a positive
number.
Z. Liu and L. Lu [16] studied the boundary value problem for nonlinear frac-
tional differential equations with p-Laplacian operator

DY (6p(Dg ) (t) = f(t,ult), Dy u(t), 0 <t <1,

u(0) = / u(s)ds + Mu(€), D, u(0) = kDG, u(),

where 0 < o, <1, 1<a+ <2, u, \, k€ R, &ne€(0,1], D§, denotes the
Caputo fractional derivative of order cv. Motivated by the above works, in section
3, we consider the positive solutions for a three-point fractional boundary value
problem for p-Laplacian with a parameter

(¢p(Dg+u(t)) + Af(tu(t)) =0, 0<t<1, (1)
Dgyu(0) = u(0) =u"(0) =0, /(1) =~u'(n), (2)
where ¢,(s) = [s[P72%s, p > 1, Dg, is the Caputo’s derivative, a € (2,3], ,7v €
(0,1), f € C(]0,1] x [0,00),[0,00)), A > 0 is a parameter.
In recent years, using Leggett-Williams fixed point theorem, some authors
obtained three positive solutions for the fractional boundary value problem.

In [26], Zhang used the Leggett-Williams theorem to show the existence of
triple positive solutions to the fractional boundary value problem

Dgu(t) = ftu(®)), 0<t<l,

uw(0) +u'(0) =0, u(l)+u'(1)=0.
In [12], Eric R. Kaufmann and Ebene Mboumi gave sufficient conditions for

the existence of at least one and at least three positive solutions to the nonlinear
fractional boundary value problem

D(t) +a(t)f(u(t) =0, 0<t<l, 1l<a<2,
uw(0) =0, /(1) =0.
where D*is the Riemann-Liouville differential operator of order o, f: [0,00) —
[0,00) is a given continuous function and a(t) is a positive and continuous func-
tion on [0, 1].
In [30], X. Zhao, C. Chai, W. Ge considered the existence of three positive
solutions of the following fractional boundary value problem

Dfiu(t) + f(t,u(t) =0, 0<t<l,
u'(0) = Bu(§) =0, w'(1) +yu(n) =0,

where « is a real number with 1 <a <2, 0<£<n<1, 0<38,v<1, fe
C([0,1] x [0,00) = [0,00)), D¢, is the Caputo fractional derivative.



272 Yitao Yang and Yuejin Zhang

In [9], M. Jia, X. Liu studied at least three nonnegative solutions for the
following fractional differential equation with integral boundary conditions

CDx(t) + f(t,x(t)) =0, t€(0,1),
1
x(()):/o go(s)z(s)ds,
2(1) = / g1(s)3(s)ds,

2™ (0) = /0 gx(s)z(s)ds, k=2,3,---,[a],

where © D is the standard Caputo derivative, « € Rand 2 < n = [a] < a <
[a]+1, f € C([0,1]x RT,RT) and gx € C(|0,1], R) (k=0,1,2,---,[a]) are given
functions, [a] denotes the integer part of the real number o and RT = [0, +00).
By means of Leggett-Williams fixed point theorem, some new results on the
existence of at least three nonnegative solutions are obtained.

Motivated by the above works, in section 4, by means of Leggett-Williams
fixed point theorem, we consider the existence of three positive solutions for the
following three-point fractional boundary value problem for p-Laplacian

(p(Dgru(t)) + f(t,u(t) =0, 0<t<1,
Dgyu(0) = u(0) =u"(0) =0, w'(1) =~u'(n),
where ¢,(s) = |s|P~2s, p > 1, Dy, is the Caputo’s derivative, a € (2,3], 1,7 €
(0,1), f € C([0,1] x [0,00),[0,00)).

As far as we know, no contribution concerns the above three-point fractional
boundary value problem for p-Laplacian with a parameter and the existence of
three positive solutions for the three-point fractional boundary value problem for
p-Laplacian. The aim of this paper is to fill the gap in the relevant literatures.

Such investigations will provide an important platform for gaining a deeper
understanding of our environment.

2. Preliminaries

Definition 2.1 ([6]). The Riemann-Liouville fractional integral operator of or-
der o > 0 of a function u(t) is given by

I3, u(t) = % /0 (t — 5)°u(s)ds,

@
provided the right side is point-wise defined on (0, 4+00).

Definition 2.2 ([6]). The Caputo fractional derivative of order @ > 0 of a
continuous function wu(t) is given by

a _ 1 bul(s)
Dgut) = F(n—oz)/o sy i1

where n = [a] + 1, provided the right side is point-wise defined on (0, +00).
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Lemma 2.3 ([20]). The three-point boundary value problem (1), (2) has a unique

solution
u(t) :/0 Gi(t, s)dq (/05 Af(T,u(T))dT) ds
,Yt 1 s
+2 [Gatmese, ([ 2 rautryar ) as
where
(@ —1)t(1—s)*"2 — (t —s)* !
Catts) - (o) , 0<s<t<1,
’ (o= Dt(1 — )" 0<t<s<l
I'(a) ’ B
(@-D-9"? —la- V=97
() ’ - ’
Ga(n,s) =
) (a =D —s) 0<np<s<l1
() ’ - =

Lemma 2.4 ([20]). Let 8 € (0,1) be fixed. The kernel G1(t,s) satisfies the
following properties.

(1): 0 < Gi(t,s) < Gi(1,s) for all s € (0,1);

(2): 5@221 Gi(t,s) > BG1(1,s) for all s € (0,1).

Lemma 2.5 ([20]). The unique solution u(t) of (1), (2) is nonnegative and
satisfies
i > .

Jin a(t) > 6llul Q)
Theorem 2.6. Suppose E is a real Banach space, K C E is a cone, let 1,
be two bounded open sets of E such that 0 € Qq, 1 C Q. Let operator T :
KN (Q2\Q1) — K be completely continuous. Suppose that one of two conditions
hold
@) |Tz|| < |z|, VYxe KnNo, |Tx|| > ||z||, Voe K nNoQy;
(i7) |Tx| > |||, Yae KnNo, |Tz|| <[z, VYze K nNoQy,
then T has at least one fized point in K N (Q2\Q4).

Define the cone K by
= : > 1 >
K {u € C[0,1] = u(t) >0, Bréltlglu(t) > 6|u||} , (4)

and the operator T': K — E by

(Tw)(t) :/01 G (t, )6, (/0 )\f(T,u(T))dT> ds

w2 ' Galn5)os ( / s Af(m(ﬂ)ch) ds.
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Lemma 2.7 ([20]). T is completely continuous and T(K) C K.

Denote
I 2 F(t)
fo = lmint min, =y 7 = lmeup gmax T RS
where 8 =07, oo,
L TA=pet (=B By [(—B)t (g )
M=51" T _F(a+1)}+1—v{ M) T(a)

3. Main results

Theorem 3.1. Suppose that fo > 0, f° < co. Then boundary value problem
(1), (2) has at least one positive solution if

1 1— ) ()"
S S (L. OIS "
Proof. By (6), there exists € > 0, such that
1 (1 =)C())""
(=g =2 =7 (o1 g

(i) Fixed €. By f° < oo, there exists H; > 0, such that for u: 0 < |u| < Hy, we
have

Fltu) < (2 +e)ufP~.
Define
O ={ueK: |u|| <H},

for u € 0921, we have

ITull = max |(Tu)(0)

s {/01 G1(t,5)¢q </0 )\f(T,u(T))dT> ds

1

+ [ Ga, 96, (/ Af(T,u(T))dT> ds}

1—=vJo 0

< /01 G1(t, 5)pq (/01 Af(T,u(T))dT) ds

1

L=vJo

1
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<O+ o))" |u|/ Glts)ds+— (A + )" |u|/ G, s

<A +e)"” |u|@+ﬁ< (F+0)" uls=
1

0 q-1 u
S L AR

<[lull.
Therefore, ||Tu| < ||u. o o
(ii) By foo > 0, there exists Hy > 0, such that for |u| > Ha, we have

F(tu) > (foo —&)|ulP .

(a)

Choose

H, H,
H2=max{ﬁl,;}, Q= {ueK: ull <},

by Lemma 5, for u € 022, we have
BHy = Bllull < [ul < lull = Ha, t€[B,1],

Tu(t) _/01 G (t, )6, (/0 Af(T,u(T))dT) ds

b Gl 8)e ([ At atryar ) as

> / 6611510, ( [ M = 2lular ) ds
/ng, ¢>q(/A = o)|ulP 1dT> s

> O =) ulg [ B2 - F 2

thus

@ T+ D
2 O =) |[< (); o
- = o [5G — - 1

+1ﬂ—77[( F(aa = 5“ 1]}

> (A(Jfoo — )" BH3 {5[(1 T(a )a : Fl(_f)lﬂ

S e

>Hy = |[ul]
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Therefore, ||Tu|| > ||u||- So, by Theorem 2.6 (i), we have T has a fixed point
u € Qo \ Q1, therefore, u is a positive solution of boundary value problem (1),
(2). The proof is completed. O

Corollary 3.2. Suppose that foo > 0, f° < co. Then boundary value problem
(1), (2) has nonnegative solution when

( (O ’y)F(a))’”) D,

fooBP=tMP=1 fe
where D1 = {\ > 0}.

Theorem 3.3. Suppose that fo > 0, f>° < oco. Then boundary value problem
(1), (2) has at least one positive solution if

_ p-1
Proof. By (8), there exists € > 0, such that
1 (1 =)
(o= a1 =257 (fete) ©

(i) Fixed €. By fo > 0, there exists Hy > 0, such that for u: 0 < |u| < Hi, we
have

Ft ) = (fo—)ul™, te 0,1,
Define
O ={ueK: ||ul <H},
by Lemma 5, for u € 99, we have
BHy = Bllull < [u] < [Jull = Hy, t€[B,1],
thus,

Tu(t) /01 G (t, )6, </O Af(f,u(T))dT) ds
4 7—’57 ' Galn5)6 </ Af(T,u(T))dT) ds

0

> [ BGi(1, )¢, (/OS /\f(T,u(T))dT> ds
1

+ % ; Ga(n, s)¢dq </05 )\f('r,u(T))dT) ds
> /01 BG1(1,s)dq (/05 /\f(T,u(T))dT> ds
1

+ 22 [ G, )6, </ Af(T,u(T))dT) ds

1—=7Jo 0
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1 s
>/[-} BG1(1,s)dq (/o A(fo —£)|u|p_1d7> ds

= /ﬁ Gato )0, ([ Ao = o)up=tar) as
S e e

(@) T(a+1)
oo o[ -2
By [A=5)"" (m-p)""]
15 T T(a) }
> o - o {p | U - L0
By [A=8)"" (m=-8)""]
15 T T(a) }
>H, = |lul.

Therefore, ||Tul|| > ||u]. o o
(ii) By f* < oo, there exists Ha > 0, such that for w : |u| > Ha, we have
Ftu) < (F% +e)ul~.
We shall consider two cases, case 1, f is bounded. Case 2, f is unbounded.
Case 1. Suppose that f is bounded, there exists L > 0, such that

ft,u) < LP71,
Define
H a1
H2 :max{ﬁl,(l_’yw}, QQ :{U,EK Hu” <H2},

for u € 0y, we have

|Tul = max, |(Tu)(e)

021351{/01 G1(t,5)0q (/0 Af(T,u(T))dT> ds

N % 01 Ga(n, 8)dbq </OS )\f(r,u(T))dT> ds}

g/ol G1(t, s)pyq (/01 Af(T,u(T))dT) ds

4 ﬁ /01 a1, 8, (/01 Af(T,u(T))dT> ds
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/Glts (/ ALP™ 1d7>ds
j/o Ga(n,5)0, (/01 )\Lp_ld7> ds

1 1
gXHL/ Gl(t,s)ds+1LAq—1L/ Ga(n, s)ds
- 0

1
<\~ 1L—+—” AL
Lla)  1-v I'(a)
AL
[ —
(1 =y)(a)
<Hj = ||ul|.

Case 2. Choose Hy > max {Hl, E} , such that when ¢ € [0, 1] and
0 < |u| < Ha, we have f(t,u) < f(t, Hz). Let

QQZ{UGKZ ||U|| <H2},
for u € 9o, we have

ITull = max |(Tu)()]

‘m{ [ it ([ vt atmar) as
ﬁ /O Ga(n, 5)é, ( /0 S )\f(T,u(T))d7-> ds}

< Gty ( / 1 A(ru(r))ar ) ds

b1 [ Gatnsron ([ Astratoyar ) as
< Gilt,9)6, ( / i HQ)dT) ds

=t Gl )6 ( / Y HQ)dT> s
< it )6, ( / A E)Hg_ldr) s

=/ Gan, 516 (f A e ) ds

g()\(f‘”—i—e))q_ng/O Gr(t, 5)ds

1
+ ﬁ (A(f>+ zz))q*1 H2/0 Ga(n, s)ds
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SO+ gy + T U+ ) g
LU )

7@
<ty = |ul|

Therefore, ||Tu|| < |ul|. So, by Theorem 2.6 (ii), we have 7" has a fixed point
u € Qo \ 1, therefore, u is a positive solution of boundary value problem (1),
(2). The proof is completed. O

Corollary 3.4. Suppose that fo > 0, f> < oo. Then boundary value problem
(1), (2) has nonnegative solution when

1 (1 =)
(foﬁlepl 5 foo ) C Dl)

where D1 = {\ > 0}.

4. Three positive solution of the problem (10), (11)

In this section, we will give the existence of three positive solutions of the
following fractional boundary value problem

(¢p(Dgru(t)) + f(t,u(t) =0, 0<t<1, (10)

Dg:u(0) = u(0) = u"(0) =0, /(1) =~u'(n), (11)

where ¢,(s) = |s[P72%s, p > 1, Dg, is the Caputo’s derivative, a € (2,3], 7,7 €
(0,1), f € C(]0,1] x [0, 00).

The basic space used in this section is a real Banach space E = C[0, 1] with
the norm |jul| = Jnax |u(t)].

Definition 4.1. The map « is said to be a nonnegative continuous concave
functional on a cone P of a real Banach space E provided that a: P — [0, 00)
is continuous and

alte + (1 —t)y) > ta(z) + (1 — t)a(y)
forall z,y € Pand 0 <t <1.
Definition 4.2. The map ~ is a nonnegative continuous convex functional on

a cone P of a real Banach space E provided that v: P — [0,00) is continuous
and

Ytz + (1 —t)y) <ty(z) + (1 —t)v(y)
forall z,y € Pand 0 <t <1.

Let o be a nonnegative continuous concave functional on P. Then for positive
real numbers 0 < a < b, we define the following convex sets:

Po={zeP||z| <r}, Pla, a, b)={zeP|a<a(x), |z <b}.
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The following fixed point theorem is fundamental in the proofs of our main
results.

Theorem 4.3 ([30]). Let A: P.— P. be a completely continuous operator and
let « be a nonnegative continuous concave functional on P such that a(x) < ||z|]
for all x € P,. Suppose that there exist positive numbers 0 < a < b < d < ¢ such
that

(C1) {z € P(a, b, d) |a(x) > b} # Band a(Az) > b for x € P(a, b, d);
(C2) [|[Az] < a for [lz]| < a;
(C3) a(Ax) > b for x € P(a, b, ¢) with ||Az| > d.
Then A has at least three fized points x1, xo, T3 such that
lz1]l < a, b<a(zs) and |zs]| > a with a(zs) <b.
Let § € (0,1) be fixed. Define the cone P by

P= {u € C[0,1]: u(t) >0, min u(t) > ﬂu||} : (12)

p<t<1

and the operator A: P — E by

(Au)(t) = /0 it 5)d ( /O ) f(T,u(T))dT) ds

1 (13)

2 [ 6a (nesiout [ siratrr) as

It is obvious that the existence of a positive solution for the problem (10),
(11) is equivalent to the existence of nontrivial point of A in P.
We define the nonnegative continuous concave functional on P by

a(u) = min u(t), Yue€ P.

B<t<1
It is clear that a(u) < |jul| for u € P.
Let
_L[@=peTt A-p)
e s ] »
LB [(1 S R Ul ) i U )
1—7 I'(«) I'(«) T'(«@) '

Theorem 4.4. Assume that there exist nonnegative numbers a,b,c such that
0<a<b< % < c and f(t,u) satisfy the following conditions

(A1) f(tu) < gp(c(l =7)I(a)), for all (t,u)€[0,1] x[0,d];

(A2)  [f(t,u) < ¢p(a(l = )I(e)), for all (t,u) € [0,1] x [0, al;

(43)  f(t,u) > ¢p(%), for all (t,u) € [B,1] x [b, %]
Then BVP (10), (11) has at least three positive solutions x1, x2, x3 such that

1]l <@, b<a(z:) and ||zs3]| > a, with a(zs) <b.
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Proof. We complete the 1e proof by three steps.
Step 1. Show A: P. — P.and A: P, — P,.

Firstly, Lemma 2.5 guarantees AP, C P. Secondly, for all u € P., we have
0 < u(t) < cand by (Ay),

lAu] = max [(Au)(t)

/lets q<Alﬂnuth>ds
2 [ Gatnsion ([ s(ratryar) as

< [ Gatvsio ([ stratoyar ) as
e / aatnsyon ([ f(T,u(T))dT> ds
<e(1 -~ /(%

<c(1 =)+ e

=cC.

/ G2 777

Therefore, || Au|| < ¢ which implies that AP. C P.. The operator A is completely
continuous by Lemma 2.7. Similarly, Au € P, for all u € P,.

Step 2. Show
{ueP(m@g>:MM>b}#® (15)

a(Au)>b if weP (a,b7 g) . (16)

Let u = 2% then u € P, a(u) = 24 > b and |Jul| = ¢ < d. That is, (15)
holds.
For u € P(a,b, %), we have

b<u(t)§%, g<t<1
then by (A43), we get
a(Au) = min (Au)(?)
1 S
> pin [ [ e ([ sirueyar) as
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> / st )6, ([ strutrar) as
— " Galn, )04 ([ serutenar ) as
{/Gllsder/Gz??, ]

ff{ e
n By [(1—5)a_1 (n—p~' (n_ﬁ)a_l}

-7 T@ ' T T(a)

=b.

Therefore, we have a(Au) > b. Hence, (16) holds.

Step 3. Show a(Au) > b for all u € P(a,b,c) with [|Au| > &.
If u € P(a, b, c) with || Aul| > %7 by Lemma 2.5, we have a(Au) > B||Aul| > b.

Hence, an application of Theorem 4.3 completes the proof. O
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