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E-PRIME CORDIAL GRAPHS

R. PONRAJ*, RAJPAL SINGH, R. KALA AND S. SATHISH NARAYANAN

ABSTRACT. In this paper we introduce a new graph labeling called k-prime
cordial labeling. Let G be a (p,q) graph and 2 < p < k. Let f: V(G) —
{1,2,...,k} be a map. For each edge uv, assign the label gcd (f(u), f(v)).
f is called a k-prime cordial labeling of G if |vf(i) — vf(j)| <1,14,j€
{1,2,...,k} and |es(0) — ef(1)| < 1 where vy(x) denotes the number of
vertices labeled with z, ef(1) and ey (0) respectively denote the number of
edges labeled with 1 and not labeled with 1. A graph with a k-prime cordial
labeling is called a k-prime cordial graph. In this paper we investigate the
k-prime cordial labeling behavior of a star and we have proved that every
graph is a subgraph of a k-prime cordial graph. Also we investigate the
3-prime cordial labeling behavior of path, cycle, complete graph, wheel,
comb and some more standard graphs.

AMS Mathematics Subject Classification : 05C78.
Key words and phrases : Path, Cycle, Complete graph, Wheel, Star.

1. Introduction

A graph labeling is an assignment of integers to the vertices or edges or both
subject to some conditions. Labeled graphs are becoming an increasingly useful
family of Mathematical Models from a broad range of applications. The graph
labeling problem has a fast development recently. This problem was first intro-
duced by Alex Rosa in 1967. Since Rosa’s article, many different types of graph
labeling problems have been defined around this. This is not only due to its
mathematical importance but also because of the wide range of the applications
arising from this area, for instance, x-rays, crystallography, coding theory, radar,
astronomy, circuit design, and design of good radar type codes, missile guid-
ance codes and convolution codes with optimal autocorrelation properties and
communication design [2]. All graphs considered here are finite simple and undi-
rected. The number of vertices of a graph G is called order of G, and the number
of edges is called size of G. Let G; and G4 be two graphs with vertex sets V; and
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V5 and edge sets E7 and FEs respectively. Then their join G + G is the graph
whose vertex set is V3 U V5 and edge set is Fy U Es U{uv : u € V4 and v € Va}.
Let G1, G2 respectively be (p1,q1), (p2,q2) graphs. The corona of G; with Ga,
is the graph G; ® G2 obtained by taking one copy of G; and p; copies of Go
and joining the i** vertex of G with an edge to every vertex in the i copy
of G2. In 1987, Cahit introduced the concept of cordial labeling of graphs [1].
Sundaram, Ponraj, Somasundaram [7] have introduced the notion of prime cor-
dial labeling. A prime cordial labeling of a graph G with vertex set V is a
bijection f : V — {1,2,...,|V]} such that if each edge uv is assigned the la-
bel 1 if ged (f(u), f(v)) = 1 and 0 if ged (f(u), f(v)) > 1, then the number of
edges labeled with 0 and the number of edges labeled with 1 differ by at most
1. Also they discussed the prime cordial labeling behavior of various graphs.
In [5, 6], Seoud and Salim gave an upper bound for the number of edges of a
graph with a prime cordial labeling as a function of the number of vertices. For
bipartite graphs they gave a stronger bound and also they determine all prime
cordial graphs of order at most 6. Recently Ponraj et al. [4], introduced the
concept of k-difference cordial labeling of graphs and studied the 3-difference
cordial labeling behavior of of star, m copies of star etc. Also they discussed
the 3-difference cordial labeling behavior of path, cycle, complete graph, com-
plete bipartite graph, star, bistar, comb, double comb, quadrilateral snake, C’it),
S(K1,n), S(Bn,n). Motivated by these labelings we introduce k-prime cordial
labeling of graphs. Also in this paper we investigate the 3-prime cordial label-
ing behavior of path, cycle, complete graph, star, wheel etc. Let  be any real
number. Then |z] stands for the largest integer less than or equal to z and [z]
stands for smallest integer greater than or equal to x. Terms not defined here
follow from Harary [3].

2. k-prime cordial labeling

Definition 2.1. Let G be a (p,q) graph and 2 < p < k. Let f : V(G) —
{1,2,...,k} be a function. For each edge uv, assign the label ged (f(u), f(v)). f
is called a k-prime cordial labeling of G if |vy (i) —vs(5)| < 1,4,j € {1,2,...,k}
and |es(0) —ey(1)] <1 where vy(x) denotes the number of vertices labeled with
x, e¢(1) and ef(0) respectively denote the number of edges labeled with 1 and
not labeled with 1. A graph with a k-prime cordial labeling is called a k-prime
cordial graph.

Example 2.2. An example of a 3-prime cordial labeling of a graph is given in
FIGURE 1.

Remark 2.1. A 2-prime cordial labeling is a product cordial labeling [2].
Theorem 2.3. Every graph is a subgraph of a connected k-prime cordial graph.

Proof. Let G be a given (p, ¢) graph. Take k-copies of complete graph K. Let G;
be the i copy of K. Let V(G;) = {u’ : 1 < j <p}. Let m = (k—2)(5) —k+1.
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FIGURE 1

The vertex set and edge set of the super graph G* of GG is as follows: Let
k k

V(G*) = J V(G) U{v;:1<i<m}and E(G*) = |J E(G;) U{ulv; : 1 <i <
i=1 i=1

m} U {uju™ : 1< j < p—1}. Clearly G* has kp + m vertices and 2(k — 1) (%)

edges. Next we assign a labeling to the vertices of G*. Let m = kt+7r,0 < r < k.
Assign the label i to all the vertices of G; (1 < ¢ < k). Then assign the label

1 to V1,V2,y...,Un, 2 to V41, Ut+2y -« -, U2ty 3 to V2t4+1y V2t+25« « + 5 U3ty v v vt k to
V(k—1)t+1> V(k—1)t4+25 - - -, Ukt Finally assign the labels 1,2,...,r to the vertices
Vkt41, Vkt+2, - - - , Ukt+r Tespectively. The vertex and edge conditions of the above
labeling is given below: vp(1) = vp(2) = ... =vp(r—1) = vp(r) = p+t + 1,
vp(r+1)=...=vp(k) =p+t. ef(0) = (k—1)(5) and eg(1) = (§) +k—1+m =
(k—1)(5). This forces f to be a k-prime cordial labeling of G*.

Hence every graph is a subgraph of a connected k-prime cordial graph. (I

Theorem 2.4. If k is even, then the path P,,n # 3 is k-prime cordial.

Proof. Let P, be the path ujus ... uy,. Let n = kt+r, 0 < r < k. Assign the label
2,4,6,...,k to first % path vertices. Then assign again the label 2,4,6, ...,k to

the next % path vertices. Continue in this way until we reach the vertex u ke
that receive the label k.
Case 1. r is even.

Then assign the labels 2,4,6,...,r to the vertices Ukt 1y Ukt oy oo, Ukt r
and 1,3,5,...,7 — 1 to the vertices Ukt vy gy Ukt yrgs ooe s Ukt
Case 2. r is odd.

Here assign the labels 2,4,6,...,7 + 1 to the vertices Ukt gy Ukt 1oy oo s
Ukt vt and 3,5,...,r to the vertices Ukt rdy gy Wkt 1t oy ey Ukt

Now assign the labels 1,3,5,...,k — 1 to the vertices Ukt g1y WEt pygs oo s

Ukt o then label the next t vertices of the path by 1,3,5,...,k—1. Continue

this process until we reach the vertex ug4,. Obviously this labeling is a k-prime
cordial labeling. (|

Corollary 2.5. The cycle Cy,, n # 3 is k-prime cordial where k is even.
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Proof. Let ujus ... uyuy be the cycle C,. Assign the label to the vertices u; as in
theorem 2.4. Then replace the label of u ki, by k. Clearly this vertex labeling
is a k-prime cordial labeling of C,,. O

Theorem 2.6. The bistar B,, ,, is k-prime cordial for all even k.

Proof. Let u, v be the central vertices of B,, ,, and u; and v; (1 < ¢ < n) be the
pendent vertices which are adjacent to u, v respectively. Let n = kt+r, 0 <r <
k. Assign the label 1, 2 respectively to the vertices u, v. Then assign the label
to the vertices u; (1 <i < n) as follows: Assign the odd integers 1,3,5,...,k—1
to the first g vertices namely w1, u2, ..., u & respectively. Then assign the labels

1,3,5,...,k—1 to the next % vertices Uk 15Uk gy oo Uk respectively. Continue

this process until we reach the last ’%’ parts vertices Uy, &y, Up kyg, ---
uge. Note that in this process the vertex ug; receive the label k£ — 1. If r is even,
then assign the labels 1,3,...,7 — 1 to the vertices ug¢41, Ukit2, - - - s Ukt42 and
r—1,7—=3,...5 to the vertices ukitr, Ukttr—1, - - - s Ukt+ 415 if r is odd then assign
the labels 1,3, ..., r to the vertices ugsy1, Ukt+2, - - - s Uy i1 and r, 7 —2,... T—gl
to the vertices wgitr, Ukttr—1,- - » Uy sy

Next we move into the other side pendent vertices, namely, v; (1 < i < n).
Assign the labels 2,4,... &k to the vertices vy, vs, ... s VE respectively. Then
assign the labels 2,4,6,...,k to the vertices Vk 15 VE 49,0+ Uk respectively.
Proceed this way until we reach the last part vy, &1, Vg 59, -0 Uk
Clearly the vertex vy received the label k. If r is even, then assign the labels
2,4,...,r to the vertices Vi1, Vkt+2,. .., Vp+z and 7,7 — 2,... 5 to the ver-
tices Vgiqr, Vktdr—1; - - - s Ukt+ 5413 if 7 is odd then assign the labels 1,3,...,7—1

. r—1 .
to the vertices vg¢41, Vktt2, - - - s Vppg ot and r — 1,7 — 3,... 5= to the vertices

v v 1y, 1. [l
kt+rs Vkt4+r—1, P Vkt+ 5= +1

Next we investigate the 3-prime cordial labeling behavior of some graphs.

3. 3-prime cordial labeling
Theorem 3.1. The path P, is 3-prime cordial if and only if n # 3.

Proof. For n = 3, it is trivial that v(1) = v¢(2) = vf(3) = 1. But ef(0) = 0.
This implies |ef(0) — ef(1)] > 1. Assume n # 3. Let P, be the path ujusa. .. u,.
Case 1. n =0,1 (mod 3).

Assign the label 2 to the vertices wuq,us, . .. ,u(%] Then assign the label 3

consecutively to the vertices Uln] 41 U[a]42 - until we have received the [%W
3 3

edges with the label 0. If all the L%J 3’s are exhausted then assign the label

1 to the remaining vertices; otherwise consider the non labeled vertex u; such

that u;—; is labeled and assign the labels 1, 3 to the vertices w;, w41, wita, - ..
n

alternatively until bJ 3’s are exhausted. Finally assign the label 1 to the
remaining vertices.
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Case 2. n =2 (mod 3).

As in case 1, assign the labels to the vertices uy,us, ..., u,. Now, let i be the
least positive integer such that the label of u;_; = the label of u;41 = 3, and
the label of u; = 1. Finally interchange the labels of u; and w;41. Clearly this
vertex labeling satisfies both vertex and edge conditions. O

Corollary 3.2. The cycle C,, is 3-prime cordial if and only if n ¢ {3,4,6}.

Proof. One can easily verify that if n € {3,4, 6}, then C,, is not 3-prime cordial.
Consider the case that n ¢ {3,4,6}. It is clear that the 3-prime cordial labeling
of the path given in theorem 3.1 is also a 3-prime cordial labeling of C,. O

Theorem 3.3. If T is a 3-prime cordial tree, then T ® K1 is also a 3-prime
cordial graph.

Proof. Let the order of T be p. Then the following three cases arise. Let f be a
3-prime cordial labeling of T'.
Case 1. p=0 (mod 3).
Let p = 3t. In this case, vs(1) = v;(2) = v;(3) = t. We now assign the labeling
g to the vertices of T® K with the help of the labeling f of T'. Assign the label 2
to the vertices of T'® K7 whose support received the label 2 under the labeling f.
Then assign the label 3 to the (ﬂ pendent vertices whose supports received the
label 3 and assign 1 to all the remaining pendent vertices whose support received
the label 3. Now we turn to the pendent vertices whose supports received the
label 1. Assign 3 to L%J of these vertices. Finally assign 1 to the remaining
vertices. Obviously the labeling given above is a 3-prime cordial labeling of
T ® K, for this case.
Case 2. p=1 (mod 3).
Let p = 3t + 1. Here the following three subcases arise:

(a) vp(1) = t 41, v7(2) = vy (3) = ¢

(b) vr(1) = vr(3) = t, vs(2) = £ +1

(c) vp(1) =vs(2) =t, vy (3) =t + 1.
Take the same labeling g of case 1. In the case of (a), there is a non labeled
vertex whose support received the label 1. Assign 3 to that vertex. In the case of
(b), assign 3 to the non labeled vertex. In the case (c), assign the label 2 to the
non labeled vertex. It is easy to verify that this vertex labeling h is a 3-prime
cordial labeling of T'® K for this case.
Case 3. p=2 (mod 3).
Let p = 3t + 2. In this case, the following three subcases arise:

(a) vy(1) =1, vp(2) =vs(3) =t +1
(b) vp(1) =vf(3) =t 41, vs(2) =1t
(c Uf(l) = Uf(2) =t+41, Uf(?)) =t.
In the case of (a), take the labeling h of subcase (b) of case 2. Assign 1 to the
non labeled vertex. In the case of (b), take the labeling h of subcase (a) of case
2. Assign 2 to the non labeled vertex. In the case of (c), take the labeling h of
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subcase (a) of case 2. Assign 3 to the non labeled vertex. It is easy to verify
that this labeling is a 3-prime cordial labeling for this case. (I
Corollary 3.4. The comb P, ® K1 is 3-prime cordial.

Proof. The proof follows from theorems 3.1 and 3.3 for n # 3. For n = 3, the
3-prime cordial labeling of P; ® K7 is given in FIGURE 2.

1 2 3
1 2 3
FIGURE 2

O
Corollary 3.5. The crown C, ® K; is 3-prime cordial if and only if n # 3.

Proof. Suppose n = 3. Then v;(1) = vs(2) = vs(3) = 2. Also e;(0) < 2.
It follows that, |ef(0) —ef(1)] = 2. Hence C5 ® K; is not 3-prime cordial.
Conversely, one can easily verify that the labeling given in corollary 3.4 is also
a 3-prime cordial labeling of C,, ® Kj. O

A rooted tree consisting of n branches, where the i*" branch is a path of
length 7 is called an olive tree and it is denoted by OT,.

Theorem 3.6. Olive tree OT,, is 3-prime cordial.

Proof. Assign the label 1 to the central vertex. We now consider the path of
order n. Assign the label 3 to all the vertices of this path. Note that the number
of edges with label 0 is n — 2. Next we move to the next path of order n — 1.

Assign the label 3 to the vertices of the path until PQ)TH-‘ 3’s are used. Now

check the edges with label 0. If it is (3)
the label 0. Otherwise we consider the label 2. Assign the label 2 to the next
non labeled vertices of this path. (If the label 3 has appeared in the pendent
vertex of the path then move to the next path). Proceed this way assign the

then we have half of the edges with

label 2 to the vertices of the paths until we get the {@—‘ edges with the label

zero. It is easy to observe that we have some remaining 2’s. Now assign the
labels 1 and 2 alternatively. The edges with vertex labels 1 and 2 together with
the edges incident with the central vertex and the edge with the vertex label 3

and 2 contributes %) 1’s. (Possible if the last used 3 is not a label of the

pendent vertex of a path). Clearly the above labeling pattern is a 3-prime cordial
labeling. (I
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The next investigation is about Ko + mKj. Let V(Ko + mK;) = {u,v,u; :
1<i<m}and E(Ky +mK;) = {uv,uu;,vu; : 1 <i < m}.

Theorem 3.7. Ko + mK; is not 3-prime cordial.

Proof. Let v and v be the vertices of K3. Note that the order and size of
Ks +mK, are m + 2 and 2m + 1 respectively.

Case 1. f(u) = f(v) = 1. Here, all the edges receive the label 1. This implies
er(1) = 2m+ 1, a contradiction.
Case 2. f(u) = f(v) = 2.

Subcase 2a. m = 0 (mod 3). Let m = 3¢, ¢ > 1. In this case vs(1) =
vp(2) =t 4+ 1, vr(3) =t or vp(l) = vp(3) = t+ 1, vp(2) =t or vp(l) = ¢,

vp(2) =vs(3) =t + 1. Suppose vy(1) =vr(2) =t+1, v;(3) =t or vy(l) = ¢,
v§(2) =v7(3) =t + 1 then ef(0) = 2¢ — 1 and ef(1) = 4t + 2. This shows that
ef(1) —es(0) = 2t + 3 > 1, a contradiction. If vy(1) = vs(3) =t + 1, vy(2) = ¢,
then ef(0) =2t — 3 and ef(1) = 4¢ + 4. This implies ef(1) —es(0) =2t +7 > 1,
a contradiction.

Subcase 2b. m =1 (mod 3). Let m = 3¢t 4+ 1. In this case, v;(1) = v;(2) =
v§(3) =t+1. Thenes(0) = 2t—1, ey (1) = 4¢+4. Thuses(1)—ef(0) = 2¢t+5 > 1,
a contradiction.

Subcase 2c. m =2 (mod 3). Let m = 3t + 2. Here, vf(1) =t +2 vs(2) =
viB)=t+lorv(l)=v;B)=t+1,v5(2) =t +2o0rvs(1) =vs(2) =t +1,
vrB)=t+2 Hop(l)=t+2,v;2) =v;B) =t +1orvp(l) =vs(2) =t +1,
vr(3) =t+2thener(0) = 2t—1, ey (1) = 4¢+6. Hence ey (1)—eyr(0) = 2t4+7 > 1,
a contradiction. For vy(1l) = vs(3) =t + 1, vy(2) = t + 2, ef(0) = 2t + 1,
ef(1) =4t + 4. Therefore ef(1) — ef(0) = 2¢ + 3 > 1, a contradiction.

Case 3. f(u) = f(v) = 3. Similar to case 2.
Case 4. f(u) =1, f(v) =

Subcase 4a. m = 0 (mod 3). Let m = 3¢, ¢ > 1. In this case vs(1l) =
vi(2) =t 4+ 1, vp(3) =t or ve(l) = vp(3) = t+1, vp(2) =t or ve(l) = ¢,

vp(2) = vs(3) =t + 1. Suppose vy(1) =vr(2) =t+1, v;(3) =t or vy(l) = ¢,
vp(2) = v7(3) =t + 1 then ef(0) = ¢t and ey(1) = 5¢ + 1. This shows that
er(1) —ep(0) =4t + 1 > 1, a contradiction. If vp(1) = v;(3) =t + 1, vs(2) = ¢,
then ef(0) =t —1 and ef(1) = 5t + 2. This implies ef(1) — ey(0) =4t +3 > 1,
a contradiction.

Subcase 4b. m =1 (mod 3). Let m = 3¢t + 1. In this case, vy(1) = vf(2) =
vr(3) =t+1. Then ef(0) =1¢, e;(1) =5t + 3. Thus e;(1) —ep(0) =4t +3 > 1,
a contradiction.

Subcase 4c. m =2 (mod 3). Let m = 3t + 2. Here, vf(1) =t +2 vp(2) =
vi(3) =t+1lorovr(l) =vr(3) =t+1, vp(2) =t +20r vy(l) = vs(2) =t + 1,
vi(3) =t+2 Hop(l) =t+2, vp(2) =vp(3) =t +1orvp(l) =vs(2) =t +1,
v§(3) =t+2then ef(0) =t, ef(1) =5t + 5. Hence ef(1) —ef(0) =4t +5 > 1,
a contradiction. For v,(1) = vy(3) = t+ 1, vp(2) = t+ 2, e;(0) = ¢t + 1,
es(1) = 5t + 4. Therefore ef(1) — ef(0) = 4¢ + 3 > 1, a contradiction.
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<

Case 5. f(u) =1, f(v) = 3. Similar to case 4.
Case 6. f(u) = (v) = 3.

Subcase 6a. m = 0 (mod 3). Let m = 3¢, ¢ > 1. In this case vs(1) =
vi(2) =t 4+ 1, vp(3) =t or ve(l) = vp(3) = t+1, vp(2) =t or vp(l) = ¢,

v§(2) = vr(3) = t+ 1. Suppose vs(l) = vp(2) =t +1, vp(3) =t or vy(l) =
vr(3) =t+1, vp(2) =t, then ef(0) = 2t — 1 and e (1) = 4¢+2. This shows that
er(1) —ef(0) = 2t + 3 > 1, a contradiction. If vp(1) = ¢, vr(2) = v;(3) =t + 1,
then er(0) = 2t and ey(1) = 4t + 1. This implies e;(1) —ef(0) =2t +1> 1, a
contradiction.

Subcase 6b. m =1 (mod 3). Let m = 3¢t + 1. In this case, v¢(1) = vf(2) =
v7(3) =t+1. Then e;(0) = 2t, ef(1) =4t +3. Thus e;(1) —ef(0) = 2t +3 > 1,
a contradiction.

Subcase 6¢c. m =2 (mod 3). Let m = 3t + 2. Here, vy(1) =t +2 vy(2
vi3) =t+loruvr(l) =vp3) =t+1,vp(2) =t +2o0r vs(l) =vs(2) =t

vr(3) = t+ 2. Ifop(l) =t+2, vp(2) = ve(3) =t + 1, then ef(0) = 2¢,

ef(1) = 4t + 5. Hence ef(1) —ef(0) = 2t + 5 > 1, a contradiction. Suppose

vi(l) =vp2)=t+1,v;(8) =t+2o0rv;(l) =v;(3) =t +1, vp(2) =t + 2,
then er(0) = 2t + 1, ef(1) = 4¢ + 4. Therefore ef(1) —e;(0) =2t +3 > 1, a
contradiction.

Hence K5 + mK; is not 3-prime cordial. [l

=

)
+1,

Corollary 3.8. Ks , is not 3-prime cordial.

Proof. Since K>, is obtained from K3 + nKj, by removing the edge uv where
deg(u) = deg(v) = n+1in Ka+nK;. Then by theorem 3.7, the proof follows. O

Theorem 3.9. The star K15, is 3-prime cordial if and only if n < 3.

Proof. 1t is easy to see that K, n < 3 is 3-prime cordial. On the other hand,
if possible, there exist a 3-prime cordial labeling of K; ,, say f. Let u be the
vertex with degree n.

Case 1. f(u) = 1. In this case ef(0) = 0 and ey (1) = n. This is a contradiction.
Case 2. f(u) =

=t+1lorovp(l) =vp3) =t+1, vp(2) =tor vf(l) = vf(2) t+1,
vr(3)=t. Hop(l) =t, vp(2) =vpB) =t+1lorvp(l) =vs(2) =t+1,v(3) =t
then ef(0) = ¢, e;(1) = 2¢+1. Hence |ef(1) — ef(0)] = t+1 > 1, a contradiction.
For ve(l) =vf(3) =t +1, vr(2) =t, ef(0) =t — 1, ef(1) = 2t + 2. Therefore
les(1) —es(0)| =t + 3 > 1, a contradiction.

Subcase 2a. n =0 (mod 3). Let n = 3¢. In this case, vf(1) = vs(3) = ¢,
vi(2) = t+1orovp(l) =t+1, vp(2) = vp(3) = ¢t or ve(l) = (2) = t,
v§(3) = t+ 1. Suppose vy(l) = vf(3) = ¢, vy(2) = t + 1 then ef(O) = t,
ef(1) = 2t. Therefore |ef(1) —ef(0)] = ¢ > 1, a contradiction. If vs(1) =t +
vr(2) = vp(3) = tor vp(l) = ve(2) = t, Uf(?)) =t 41 then e;(0) = ¢t — 1,
er(1) =2t + 1. Hence |ef(1) —er(0)] =t + 2 > 1, a contradiction.

Subcase 2b. n = 1 (mod 3). Let n = 3t—|—1 Here, vf(1) = t vf(2) =

) =
)=
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Subcase 2c. n =2 (mod 3). Let n = 3t 4+ 2. In this case, vy(1) = vs(2) =
vp(3) =t+1. Then ef(0) = ¢, ep(1) = 2t + 2. Thus |es(1) —es(0)] =t +2 > 1,
a contradiction.

Case 3. f(u) = 3. Similar to case 2.
Hence K ,, is 3-prime cordial if and only if n < 3. [l

Theorem 3.10. The complete graph K, is 3-prime cordial if and only if n < 3.

Proof. If n < 3, the proof is trivial. Assume n > 3. If possible, let f be a
3-prime cordial labeling of K.

Case 1. n =0 (mod 3).

Let n = 3t. In this case, vs(1) = vy(2) = vy(3) =¢. Then ef(0) = (£) + (%)
t(t—1) and ef(1) = (3) —t(t - 1) = t(”;l). This implies |ef( ) —er(0)] =
@ > 1, a contradiction.
Case 2. n =1 (mod 3).

Let n = 3t + 1. In this case, vy(1) = t + 1 vy
vr(3) =t, vp(2) =t+1orvp(l) =v

vp(2) = vy(3) =t then es(0) = (%)

= vr(3) =t orvp(l) =
. tH1 Ifop(l) =t +1

: cep(1) = (5 —tt—1) =

@. This forces |ef(1) — ef(0) 5— > 1, a contradiction. Suppose

vi(l) = v5(3) = ¢, vp(2) = t+ 1 or vy(l) = vp(2) = ¢, vs(3) = ¢t + 1 then

er(0) = () + (51 =%, ep(1) = (*F1) — 2 = L) Hence |ef(1) — e4(0)] =

@ > 1, a contradiction.

Case 3. n =2 (mod 3).

Let n = 3t +2. In this case, vy(1) = vs(2) =t+1, v(3) =t or vy(1) = vf(3)

t+1,vp(2) =torve(l) =t vp(2) =vp(3) =t + 1. Ifop(l) =vs(2) =t

vi(3) =torve(l) = vp(3) =t +1, ve(2) =t then e;(0) = (tgl) + (é) = t2,
ef(l) = (Bt;Q) —t? = % and hence |ef(1) —ef(0)] = 5t2+729t+2 > 1, a
contradiction. For vs(2) = vs(3) =t + 1, ve(1) = t, ef(0) = (t‘gl) + (t‘gl) =
tt+1), ef(1) = () —t(t + 1) = 42 This implies |ef(1) — e;(0)] =
5t2+725t+2 > 1, a contradiction.

Hence K, is not 3-prime cordial. (I

Theorem 3.11. The wheel W,, is not 3-prime cordial.

Proof. Suppose there exist a 3-prime cordial labeling of W,,, say f. Let u be the
vertex with degree n.
Case 1. f(u) =

Subcase la. n = 0 (mod 3). Let n = 3t. Here, vp(1) =t + 1 vp(2) =
vi(3) =toruvs(l) =vp(2) =t,vp(3) =t+1orvp(l) =vs(3) =t, vp(2) =t+1.
Suppose vf(1) =t+1,v5(2) = vf(3) =t thenef(0) < (t—1)+(t—1) =2¢t—2and
ef(1) > 6t — (2t —2) = 4t + 2. Therefore ef(1) —er(0) > 2t 44, a contradiction.
If vp(l) = vp(2) = ¢t, vy(3) = t+1or ve(l) = vr(3) = ¢, vy(2) =t +1
then ef(0) < (t —1)+t=2t—1and esf(1) > 6t — (2t — 1) = 4¢ + 1. Hence
er(1) — es(0) = 2t + 2, a contradiction.
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Subcase 1b. n =1 (mod 3). Let n = 3t + 1. In this case, v;(1) = v;(2) =
t+ 1, v53) = torve(l) = vp(3) =t + 1, vp(2) =t or vp(l) =t vy(2) =
vr(3) =t+ 1. Ifop(l) =vp(2) =t +1, vp(3) =t or v(l) = ( ) =1t+1,
vf(2) =tthenes(0) <t+(t—1)=2t—1landes(l) >6t+2—(2t—1) =4t +3.
Hence ef(1) — ef(0) = 2t + 4, a contradiction. For v(2) = vj( ) =t+1,
vr(l) =t, ef(0) < t+t¢ =2t and e;(1) > 6t + 2 — 2¢t = 4¢ + 2. This forces
er(1) — es(0) = 2t + 2, a contradiction.

Subcase 1lc. n =2 (mod 3). Let n = 3t 4+ 2. In this case, vy(1) = vs(2) =
v§(3) =t+ 1. Then ef(0) < t+1t =2t ep(l) > 6t+4 —2t = 4t + 4. Thus
les(1) — ef(0)| > 2t + 4, a contradiction.

Case 2. f(u) =

Subcase 2a. n = 0 (mod 3). Let n = 3t. Here, vp(1) =t + 1 v(2) =
vi(3) =torvp(l) =vs(2) =t, ve(3) =t+1orve(l) =v(3) =t, v(2) =t +1.
Ifop(2) =vr(3) =t,vp(l) =t+1thenes(0) < (t—2)+(t—1)+(t—1) =3t—4
and ef(1) > 6t — (3t — 4) = 3t + 4. Hence ef(1) — ef(0) > 8, a contradiction. If
vi(l) =vf(2) =t, vp(3) =t + 1 then ef(0) < (t —2) + (t—1)+t—3t—3and
er(1) > 6t — (3t — 3) = 3¢t + 3. This forces ef(1) — ef(0) > 6, a contradiction.
For vp(2) =t+1vr(1) =vp(3) =t,ef(0) < (t—1)+ (t—1)+t =3t —2 and
ef(1) > 6t — (3t +2) = 3t + 2. Therefore ef(1) — ef(0) > 4, a contradiction.

Subcase 2b. n =1 (mod 3). Let n = 3t + 1. Here, vy(1) = vy(2) =t + 1,
vi(3) =torvs(l) =vs(3) =t+1,vp(2) =torvs(l) =t vs(2) =vs(3) =t + 1.
Fovr(l)=vp(2)=t+1,v53) =t thenes(0) < (t—1)+(t—1)+¢t=3t—2and
er(1) > 6t+2—(3t—2) = 3t+4. This implies e;(1) —e(0) > 6, a contradiction.
For(l)=v38)=t+1,vp(2) =t thenes(0) < (t—2)+(t—-1)+t=3t—-3
and ef(1) > 6t+2— (3t —3) = 3t +5. Hence ef(1) —es(0) > 8, a contradiction.
Suppose v5(2) = vs(3) =t+1, vy(1) =t thenes(0) < (t—1)+t+t =3t—1and
er(1) > 6t+2—(3t—1) = 3t+3. This implies ef(1) —e(0) > 4, a contradiction.

Subcase 2c. n =2 (mod 3). Let n = 3t 4+ 2. In this case, vy(1) = vs(2) =
v7(3) =t+1. Thenes(0) < t+(t—1)+t=3t—1,ep(1) > 6t+4—(3t—1) = 3t+5.
Hence ef(1) — ef(0) > 6, a contradiction.

Case 3. f(u) = 3. Similar to case 2.
Hence W, is not 3-prime cordial. (I

Acknowledgement

The authors thank both the referees for their careful reading and valuable
suggestions.

REFERENCES

1. I. Cahit, Cordial Graphs: A weaker version of Graceful and Harmonious graphs, Ars com-
bin., 23 (1987) 201-207.

2. J.A. Gallian, A Dynamic survey of graph labeling, The Electronic Journal of Combinatorics,
17 (2014) #Ds6.

3. F. Harary, Graph theory, Addision wesley, New Delhi, 1969.



k-Prime cordial graphs 237

. R. Ponraj, M. Maria Adaickalam and R. Kala, k-difference cordial labeling of graphs, (com-
municated).

. M.A. Seoud and M.A. Salim, Two upper bounds of prime cordial graphs, JCMCC, 75 (2010)
95-103.

. M.A. Seoud and M.A. Salim, Upper bounds of four types of graph labelings, preprint.

. M. Sundaram, R. Ponraj and S. Somasundaram, Prime cordial labeling of graphs, J. Indian
Acad. Math., 27 (2005) 373-390.

R. Ponraj received his Ph.D in Manonmaniam Sundaranar University, Tirunelveli. He
is currently an Assistant Professor at Sri Paramakalyani College, Alwarkurichi, India. His
Research interest is in Discrete Mathematics.

Department of Mathematics, Sri Paramakalyani College, Alwarkurichi, Tamil Nadu, India-
627412.
e-mail: ponrajmaths@gmail.com

Rajpal Singh received his M.Tech degree in Electrical Engineering, from National Insti-
tute of Technology, Kurukshetra and M.Phil degree in Computer Science from Alagappa
University, karaikudi. He is involved in teaching and research in the fields of Electrical and
Computer Engineering, for over two decades. Presently, he is doing research in the field of
graph labeling. His areas of interest include Graph Theory and its Applications.

Research Scholar, Department of Mathematics, Manonmaniam Sundaranar University,
Tirunelveli, Tamil Nadu, India- 627412.
e-mail: rajpalsingh@outlook.com

R. Kala received her Ph.D degree in Manonmaniam Sundaranar University, Tirunelveli.
She is working as a Professor of Mathematics in Manonmaniam Sundaranar University,
Tirunelveli. Her areas of interest include Graph Theory.

Department of Mathematics, Manonmaniam Sundaranar University, Tirunelveli, Tamil
Nadu, India-627412.
e-mail: karthipyi91@yahoo.co.in

S. Sathish Narayanan received his M.Phil degree in St. Johns College, Palayamkottai.
He is doing research in the field of graph labeling. His Research interest is in Graph theory.

Department of Mathematics, Sri Paramakalyani College, Alwarkurichi, Tamil Nadu 627
412, India.
e-mail: sathishrvss@gmail.com



