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Abstract

This paper deals with an estimation procedure of variance components in a mixed effects model by projec-
tions. Projections are used to obtain sums of squares instead of using reductions in sums of squares due to
fitting both the assumed model and sub-models in the fitting constants method. A projection matrix can
be obtained for the residual model at each step by a stepwise procedure to test the hypotheses. A weighted
least squares method is used for the estimation of fixed effects. Satterthwaite’s approximation is done for

the confidence intervals for variance components.
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y=X 18, + X202+ X303+ -+ Xidr + € (2.1)

oyt nx 19 BEUE T X, 927} 0 Ex 12 PARY 2717k x pol 1R A
+8dR Ag(rank)7h q(< p)olth B2 px 19 e olth X, i = 2,3,..., ki BB

B §;9 AsdER 0 E= 12 ZAEY I717F n x ¢;Q SAASFE (full rank matrix)o|th §;=
N(0,021.,)9 BEE wan §,, i = 2,3,..., ke A% Sgolgla 7143 €2 n x 19 L3
o[v N(0,0°1,)Q) REE wETkR /Pgatth. LAMEs HERANHEL AR SYOE R BT
4 (1) X18, 02 FolAt DHEMRED Xob + - + X8y + 9 FEABREY T RO

2 PANBR BAE YL FEARY F FROE ol Ptk ERuY AAY BAL
FE42) BAF DA BHo| sHEE R A2 3

Yy = Xl,Bl + € (22)
?_1 I’_@Eﬂ-_‘{ﬁé&i Eﬁjiq ‘a', €1 = X200+ -+ XpOr + EO]E]'. Var(el) = Eﬂ' -‘T—'—Eﬁ Y=
S =0iX2Xb+ 03 X3 X5+ + 0 Xp X} + 021, (2.3)
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22 ol FAb Moore-Penrose®] Qukslel AHHS o] &3 A4 sidE 6,2 8, =
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T :(I7X1X17)X252+62 (31)

oltt. FEHH §,9 FAHS A AFFE (I - X1 X)) X229 A2 [(I - X1 X7)X)[(I -
X1 X)X rolth riolA (I — X1X7)X29 AMdES Wl JAE ro2l F1
Ty =71 — [(I — X1X;)X2][(I — X1X17)X2]7’I‘1
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2 289tk &, Xop = (I - X1 X7) X200tk 4] (3.2)00A4 (I - X1 X7 — X2, X5,)E X137 X9}
o §ol JRYPoIBE 5yl h3t RFS

= (I—X1X1_ — XQpXQ_p) X363 -|—63 (33)
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X3 reolth X35, 8 [(I — X1 X7 _XQpX;p)XS]E]—_‘IZ—t\E X329 Ay E L X3, X ;Z,Oli}. 2t
2}

r3 =72 — Xng?Tp'I’Q

=(I-X1X] - X2 X5, — X35, X35, (I - X1X1 — X2,X3,))y (3.4)
oty ds0 thE P2
rs = (I—X1X;—X2pX;p—X3ngp) X4(54+€4 (35)
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o] AL X4p lu} = $~ 3317] 915t AHd BB TAE ol gt IAE 9 B
FowHH sz} 2

o1 = (I ~X1X] — X2 X5, — X5pXi, — o — X(k,1>pX(*,€71)p) X0k + € (3.6)

otk XipB 8.9 £33 BAE AcALole FAh Xuy = (I - X1 Xy — Xo,X5, — XX,

= XX ) XA FoIAD X2 AIFLL Xy X[, 2 ENDT. ET RN
2 2740 928 ARFS WA PO FolAE RV AYL 45T 5 itk W
ol g FRFRo 2] 4GS Uehit AGPAEL Ak nleb DPIFER A
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RO)HAL] €8 el A0 2Re) AP L olgstel RAYE BAY AFTL ToH P
& Azt ek 4 (3.7) w XXy, i =23, k] 7URE
E(YXipX,y) =tr (XX, %) + 6, X1 X1, X, X158,
=tr (Xip X, %) (3.8)

oltt. 4 (3.8)°lA4
tr (Xp X, %) =tr [(XipX5,) (05X2X5 + 03 X3 X5+ +0r X1 X1+ €)]
k
=Y ot [(XuXip X, Xu)] + octr (XipX,,) (3.9)
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FETH o jE= BE A4 19 54 x 19 @ilg o)1 u= ANFFS Yepdth X2 71338
““Ei B AFBER A7]71 54 x 32U BAAA ] FHolth. B FA7|7F3 x 19 g E ot X,
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Table 4.1. Productivity sores data for Machine-Person

. Score
Machine Person
1 2 3
1 1 52.0 52.8 53.1
1 2 51.8 52.8 53.1
1 3 60.0 60.2 58.4
1 4 51.1 52.3 50.3
1 5 50.9 51.8 51.4
1 6 46.4 44.8 49.2
2 1 62.1 62.6 64.0
2 2 59.7 60.0 59.0
2 3 68.6 65.8 69.7
2 4 63.2 62.8 62.2
2 5 64.8 65.0 65.4
2 6 43.7 44.2 43.0
3 1 67.5 67.2 66.9
3 2 61.5 61.7 62.3
3 3 70.8 70.6 71.0
3 4 64.1 66.2 64.0
2 5 72.1 72.0 71.1
2 6 62.0 61.4 60.5
o AP 2RY & L (5, X1)22Y AYE (4, X1)(4, X)) = FH

ri= I~ (3, X1)JF, X1) )y (4.3)
2 Rk [P E ol DAE S 88t 69 FHE A RPew
= X208 + € (4.4)

2 S A7A o= T - jj7 - Xi X 2 PRk 4 (44)2RE X,29 AJPEL
XQPX;pE ‘/]’E]'LHBl sz = (I—J]_ —Xle)XQO]D]-. y/XQPX;py = 124189015} T2 =
(I-33 — X1 X] — X3p X5 )r1 22 FATh JIAEE roF 0|85t 49 FAHES st 2Per
T2 = Xg")’ + €3 (45)
£ /P8 BYoeRE X329 AMYe VAT AGFEL X5 X, 2 BAFHL X5, = (I -
JiT = X1XT — X2, X5,) X5tk Y/ X3, X5y = 426.530]th. BAE 023 AER AFE] A
A2 X = (J, X1, X0, X3)2t & 0l y& X2 AJCRRE 73T X2 AYS vl AH
PP XX~ olnz AR AAFEL ¢y XX yoltk. webd o' (I - XX )y7t oS 374
a17] 918k Al Eelth. As 2R AdE ' (I - XX )y = 33.290|th. FAARES 7317 9
3 Adg g AE s sl 24 Al 71 etk
E(y X2pX5,y) = tr (X2, X5,%)
= oatr [ X5 (X2pX3,) X2 +02tr [ X5 (X2, X5,) X3] +oltr (X2, X5,)
= 4503 + 1507 + 507 (4.6)
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£ 97 Ao
E(y X3, X3,y) = tr (X3,X3,%)
= ostr [ X5 (X3, X3,) X2 + o2t [ X5 (X3, X35,) X3| +oltr (X3, X35,)
= 3002 + 1007 (4.7)
£ 47 At

Ely(I-XX )yl =t[(I-XX)5]
=ostr [X5(I - XX 7)X2] +otr [X5(I - XX ) X3] +oltr (I - XX7)
= 3607 (4.8)

g ) Ak AFP RGeS et AoRny BA4Re 7] A% thee AFPIAAS

4515 5 o} 1241.89
Q¢=1 03010 o2 | =| 42653 |. (4.9)
0 0 36 o? 33.29

4 (4. 9)E—‘%E1 ) WEl ¢ = (22.858,13.909,0.925) 2 78 4 9t} A5 EES(REML)E o] %

A o] FAMEE (23.168,17.891,0.925)' 2 Fa)Zct. ol FAH ue} B &
el 9101 chao] xpol7h Qloyt A fARSE AFE HoFa QS Yehdth 670 tiet o=
A (4.6)TF (4.7)& 0] &3 § = (2/90)y' (X2, X 5,y) — (1/90)y' (X3, X 3,y) Itk Satterthwaite
(1946) 9] ZAHAE o] 83t x* 29| A{E r& 734

= (63)°
_ (920 (X2pX3y) >/5+ <%y (X3PX3_py)2) 10

=3.38 (4.10)

o g
r{n
>
>,
o
r{n
m[n

o7 FHATE 95% AFHTLHE 7] Y3 AR 3.3890 HPE= (23 7] X2(0.025,3443) =
0.3073 X° (0.975.5.43) = 10.046 0. & Fo} ATk whehr], oFoll thot 95% A% 77+

23‘3& <oi < 23‘378&‘? =251.573 (4.11)
X (0.975,3.43) X~ (0.025,3.43)

oz FaATh o2 UE THFAE 5 PHoz AT 4 (UNF U)LY 62 =
(36/10)y’X3pX3py — ¢/ (I - XX )yoltl. Satterthwaited] ZAFGAE o]&3to] 2 X 2%
= s e

7.688 =

. (62)°
36 _
<1—0y/X3pX3py) /10+ (y (I - XX7)y) /36

=113 (4.12)

2 AL 95% AFH 7S 7817 A% A= 11300 sl Fehe i 4] X2(0A025,1.13) = 0.002
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<} X2(0.975,1.13) =5.3702.2 FojAt}. webA, oo tidt 95% A= 77+

1.1362 <ol < 21.13&3
X (0.975,1.13) X" (0.025,1.13)
2 Feldnt. uAREINE (1, B) = (1,1, P2,03) 9 FALR 7S LAFYE o185t A 7}
SHaAEYl 2k FAME = (44.74,7.62,15.58,21.53) 0 & eIty EapmEe] Sk ot
HARE AL cov(ji, B) e FH,

2.927 = = 7858.585 (4.13)

—

2.5873 0.8624 0.8624 0.8624

I 0.8624 0.8624 —0.5024 —0.5024
cov| L | = (4.14)
B 0.8624 —0.5024 1.8672 —0.5024
0.8624 —0.5024 —0.5024 1.8672

3E ATl FAFL 60.322 Fo) Atk var(i + d3) = 6.17942 733

Yijk = i + 05 + Vij + €ijk (4.15)
2% 299 5 Atk @, po= gt fioleh olvle] yEEAL S
Yy=Xip+ X260+ X3v+e (4.16)

2 FolAth 4 (115)9) B@HH pol FHNHE ol FH

o

r&a—1 -1 a1
(XlE_ Xl) XSy (4.17)
=3
H

i
Atk f DA EI 3 22

Z 73 e 57 #3A7 e Ew P A7t wet o2 iR
o] FHEFRFNA po FANEE o = (52.35,60.32,66.27) o]t} FAHFgHE ] Bagiayd
= cov(pr)et 74

6.1794 3.8097 3.8097

cov (fr) = | 3.8097 6.1794 3.8097 (4.18)

3.8097 3.8097 6.1794
Z P
5. 28
2 =8 TREAEYY THEstlA BAAEY] £ AZZAFE A o] oEA ol 8HEvE
=olstar gty EAMRY] FAW Y /g2 (fitting constans method) ol A Al ko] 4
£ ol&sh= ] iAol WA o e AFdE &8ss IS AAISHL Stk Abdel gt
AFEe] Aol TR E o] FIPIA F= FEEHER FAEE FTAEFL AL on I
3ol WA 9P (stepwise procedure) S Hg3lo] Ao BEPP o] AFY L Salo] AFIS T
e WA A F A A S FAE ol§ohs R E&H o HHF
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ALE AFF 7RG o §3tol BARe] ASE Fohm AYRIAAE T PHS AT
o gtk ma, EPRYeIN DARA AFHaATEoE BrREYEE °‘7ﬂ Ak 2aysel
AT A AR T3] A% Satterthwaited] SAH Thgo] 4B glek
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