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A FIXED POINT APPROACH TO THE STABILITY OF

THE FUNCTIONAL EQUATION RELATED TO

DISTANCE MEASURES

Hwan-Yong Shin† and Gwang Hui Kim∗

Abstract. In this paper, by using fixed point theorem, we obtain
the stability of the following functional equations

f(pr, qs) + g(ps, qr) = θ(p, q, r, s)f(p, q)h(r, s)

f(pr, qs) + g(ps, qr) = θ(p, q, r, s)g(p, q)h(r, s),

where G is a commutative semigroup, θ : G4 → Rk a function and
f, g, h are functionals on G2.

1. Introduction

Let I = (0, 1) denote the open unit interval and R and C be the set
of real and complex numbers, respectively, R+ = {x ∈ R |x > 0} and
Rk = {x ∈ R |x > k > 1} be a set of positive real numbers.

In [2], Chung, Kannappan, Ng and Sahoo characterized symmetrically
compositive sum-form distance measures with a measurable generating
function. The following functional equation

f(pr, qs) + f(ps, qr) = f(p, q) f(r, s) (FE)
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holding for all p, q, r, s ∈ I was instrumental in the characterization of
symmetrically compositive sum-form distance measures.

They obtained that the general solution of equation (FE) is repre-
sented by f(p, q) = M1(p)M2(q) + M1(q)M2(p) where M1,M2 : R→ C
are multiplicative functions. Further, either M1 and M2 are both real or
M2 is the complex conjugate of M1. The converse is also true.

The stability of the functional equation (FE), as well as the four
generalizations of (FE), namely,

f(pr, qs) + f(ps, qr) = f(p, q)g(r, s), (FEfg)

f(pr, qs) + f(ps, qr) = g(p, q)f(r, s), (FEgf )

f(pr, qs) + f(ps, qr) = g(p, q)g(r, s), (FEgg)

f(pr, qs) + f(ps, qr) = g(p, q)h(r, s) (FEgh)

f(pr, qs) + g(ps, qr) = h(p, q)k(r, s) (FEfghk)

for all p, q, r, s ∈ G, were studied by Kim and Sahoo in ([16], [17]). For
other functional equations similar to (FE), the interested reader should
refer to [5], [6], [20], [21], [22]

It should be noted that many well known functional equations like
dAlembert functional equation,Wilson functional equation, Jensen func-
tional equation can be obtained from the functional equation (FEfghk).
For instance, letting r = s = 1 in (FEfghk), one obtains the equation

f(p, q) + g(p, q) = k(1, 1)h(p, q) (1.1)

When f(p, q) = (p + q), g(p, q) = (pq), and k(1, 1)h(p, q) = 2(p)(q),
then the equation (1.1) yields the well known dAlembert functional equa-
tion. Similarly, when f(p, q) = (p+q), g(p, q) = (pq), and k(1, 1)h(p, q) =
(p)(q), then (1.1) yields the Wilson functional equation. Letting f(p, q) =
(p+q), g(p, q) = (pq), and k(1, 1)h(p, q) = 2(p) it is easy to see that (1.1)
reduces to Jensen functional equation. For stability of related functional
equations, see papers ([7], [8], [9], [10], [12], [11], and [13]).

The superstability for some functional equations of the compositive
function form on two variables is found in [1]
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In papers [19], Lee and Kim investigates the superstability of the
generalized functional equation of (FE) as following:

n−1∑
i=0

f(P · σi(Q)) = f(P )f(Q), (FFE)

n−1∑
i=0

f(P · σi(Q)) = g(P )h(Q).

where f is an measure, P and Q in set of n-ary discrete complete prob-
ability, and σi is a permutation for each i = 0, 1, · · · , n− 1.

J. Tabor [24] investigated the cocycle property, that is, θ is a cocycle
which satisfies θ(a, bc) + θ(b, c) = θ(ab, c) + θ(a, b),

In papers( [14], [18]), Kim and Lee investigates the superstability of
the generalized characterization of symmetrically compositive sum-form
related to distance measures with a cocycle property:

f(pr, qs) + f(ps, qr) = θ(pq, rs) f(p, q) f(r, s) (CDM)

f(pr, qs) + g(ps, qr) = θ(pq, rs)h(p, q)k(r, s),

for all p, q, r, s ∈ G and f is functionals on G2, θ is a cocycle, which can
be represented as exponential functional equation in reduction.

For examples, if f(x, y) = 1
x

+ 1
y

and θ(x, y) = 2, then f(pr, qs) +

f(ps, qr) = f(p, q) f(r, s), and also if f(x, y) = alnxy, and θ(x, y) = 2
then f, θ satisfy the equation f(pr, qs)+f(ps, qr) = θ(pq, rs) f(p, q) f(r, s).

This paper aims to investigate the stability of the following equations
as the general mapping without the cocycle condition of θ by using fixed
point theorem:

f(pr, qs) + g(ps, qr) = θ(p, q, r, s)f(p, q)h(r, s) (GFE1)

f(pr, qs) + g(ps, qr) = θ(p, q, r, s)g(p, q)h(r, s) (GFE2)

In fact, if f, g, h : (0,∞) → R, θ : R4
+ → Rk be functions such that

f(p, q) = g(p, q) = h(p, q) =
(1

p
+

1

q

)2
and θ(p, q, r, s) =

(pr + qs)2 + (ps+ qr)2

(pr + qs+ ps+ qr)2
,

then f, g, h satisfy above equations.

We now introduce one of the fundamental results of fixed point theory
by J. B. Diaz and B. Margolis [3], which is using as main tools for proofs
of the stability of the functional equation.
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Fixed Point Theorem 1. Suppose we are given a complete general-
ized metric space (X, d) and a strictly contractive mapping J : X → X,
with the Lipschitz constant L. Then, for each given element x ∈ X,
either d(Jnx, Jn+1x) = ∞ for all nonnegative integers n or there exists
a positive integer n0 such that

(a) d(Jnx, Jn+1x) <∞, for all n ≥ n0;
(b) The sequence (Jnx) is convergent to a fixed point y∗ of J ;
(c) y∗ is the unique fixed point of J

in the set Y = {y ∈ X | d(Jn0y, y) <∞};
(d) d(y, y∗) ≤ 1

1− L
d(y, Jy) for all y ∈ Y.

2. Stability of the equations (GFE)

Let (G, ·) be a commutative semigroup. We will construct a strictly
contractive mapping with the Lipschitz constant satisfying Fixed Point
Theorem in introduction.

Theorem 1. Let h, φ : G2 → R be functions and r, s ∈ G be arbitrary

fixed elements such that |h(r, s)| ≥M >
L

k
> 0 and φ(pr, qs) ≤ Lφ(p, q)

for p, q ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs) + g(ps, qr)− θ(p, q, r, s)g(p, q)h(r, s)| ≤ φ(p, q) ∀ p, q ∈ G,
(2.1)

then there exists a unique function g0 satisfying f(pr, qs) + g0(ps, qr) =
θ(p, q, r, s)g0(p, q)h(r, s) and

|g(p, q)− g0(p, q)| ≤
φ(p, q)

kM − L
(2.2)

for all p, q ∈ G.

Proof. First, we define a set

X = {y : G2 → R}

and introduce a generalized metric on X as follows:

d(y1, y2) = inf{C ∈ [0,∞)||y1(p, q)− y2(p, q)| ≤ Cφ(p, q),∀p, g ∈ G}
(2.3)



Superstability of the functional equation 301

(Here, we give a proof for the triangle inequality. Assume that d(y1, y3) >
d(y1, y2) + d(y2, y3) would hold for some y1, y2, y3 ∈ X. Then, there
should exist an (p0, q0) ∈ G2 with

|y1(p0, q0)− y3(p0, q0)| > {d(y1, y2) + d(y2, y3)}φ(p0, q0)

= d(y1, y2)φ(p0, q0) + d(y2, y3)φ(p0, q0)

In view of (2.3), this inequality would yield

|y1(p0, q0)− y3(p0, q0)| > |y1(p0, q0)− y2(p0, q0)|+ |y2(p0, q0)− y3(p0, q0)|

a contradiction.)
Our task is to show that (X, d) is complete. Let {yn} be a Cauchy

sequence in (X, d). Then, for any ε > 0 there exists an integer Nε > 0
such that d(ym, yn) ≤ ε for all m,n ≥ Nε. In view of (2.3), we have

∀ε > 0 ∃Nε ∈ N ∀m,n ≥ Nε

∀(p, q) ∈ G2 : |ym(p, q)− yn(p, q)| ≤ εφ(p, q). (2.4)

If (p, q) is fixed, (2.4) implies that {yn(p, q)} is a Cauchy sequence in R.
Since R is complete, {yn(p, q)} converges for each (p, q) ∈ G2. Thus, we
can define a function y : G2 → R by

y(p, q) := lim
n→∞

yn(p, q).

Since this definition is well defined, we have y ∈ X.
If we let m increase to infinity, in follows from (2.4) that

∀ε > 0 ∃Nε ∈ N ∀m,n ≥ Nε

∀(p, q) ∈ G2 : |y(p, q)− yn(p, q)| ≤ εφ(p, q). (2.5)

By considering (2.3), we get

∀ε > 0 ∃Nε ∈ N ∀n ≥ Nε : d(y, yn) ≤ ε.

This means that the Cauchy sequence {yn} converges to y in (X, d).
Hence, (X, d) is complete.

Let (r, s) ∈ G2 be an arbitrary fixed element. We now define an
operator Λ : X → X

(Λy)(p, q) :=
f(pr, qs) + y(ps, qr)

θ(p, q, r, s)h(r, s)
(2.6)

for all y ∈ X and (p, q) ∈ G2. We get Λy ∈ X.
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We assert that Λ is strictly contractive on X. Given any y1, y2 ∈ X,
let Cy1y2 ∈ [0,∞] be an arbitrary constant with d(y1, y2) ≤ Cy1y2 , that
is,

|y1(p, q)− y2(p, q)| ≤ Cy1y2φ(p, q)

for any (p, q) ∈ G2. Then we have the following inequality

|(Λy1)(p, q)− (Λy2)(p, q)| =
|y1(ps, qr)− y2(ps, qr)|
θ(p, q, r, s)|h(r, s)|

≤ Cy1y2φ(ps, qr)

kM
≤ L

kM
Cy1,y2φ(p, q)

for all (p, q) ∈ G2, that is, d(Λy1,Λy2) ≤
L

kM
Cy1y2 . Hence, we may

conclude that d(Λy1,Λy2) ≤
L

kM
d(y1, y2) for any y1, y2 ∈ X and we

note that 0 <
L

kM
< 1.

By (2.1), we get the following inequality

|(Λg)(p, q)− g(p, q)| =
∣∣∣f(px0, qy0) + g(py0, qx0)

θ(p, q, r, s)h(r, s)
− g(p, q)

∣∣∣
≤ φ(p, q)

kM

for all p, q ∈ X. This implies that

d(Λg, g) ≤ 1

kM
<∞.

Therefore, it follows from 1 (b) that there exists a unique function
g0 : G2 → R such that Λng → g0 in (X, d) and Λg0 = g0.

Finally, Theorem 1(d) implies that

d(g, g0) ≤
1

1− L
kM

d(Λg, g) ≤ 1

kM − L
.

Therefore

|g(p, q)− g0(p, q)| ≤
1

kM − L
φ(p, q)

for all (p, q) ∈ G2.
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Corollary 1. Let h, φ : G2 → R be functions and r, s ∈ G be

arbitrary fixed elements such that |h(r, s)| ≥M >
L

k
> 0 and φ(pr, qs) ≤

Lφ(p, q) for p, q ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs) + g(ps, qr)− g(p, q)h(r, s)| ≤ φ(p, q) ∀ p, q ∈ G, (2.7)

then there exists a unique function g0 satisfying f(pr, qs) + g0(ps, qr) =
g0(p, q)h(r, s) and

|g(p, q)− g0(p, q)| ≤
φ(p, q)

kM − L
(2.8)

for all p, q ∈ G.

Proof. Letting θ = 1 and applying Theorem 1, we get the desired
result, as claimed.

Theorem 2. Let h, φ : G2 → R be functions and r, s ∈ G be arbitrary

fixed elements such that |h(r, s)| ≥M >
L

k
> 0 and φ(pr, qs) ≤ Lφ(p, q)

for all p, q ∈ G. If f, g, h : G2 → R be functions such that

|f(pr, qs) + g(ps, qr)− θ(p, q, r, s)f(p, q)h(r, s)| ≤ φ(p, q) ∀ p, q ∈ G,

then there exists a unique function f0 satisfying f0(pr, qs) + g(ps, qr) =
θ(p, q, r, s)f0(p, q)h(r, s) for each fixed p, q ∈ G such that

|f(p, q)− f0(p, q)| ≤
φ(p, q)

kM − L
(2.9)

for all p, q ∈ G.

Proof. In the proof of Theorem 1, we define a contractive mapping
Λ : X → X

(Λy)(p, q) =
y(pr, qs) + g(ps, qr)

θ(p, q, r, s)h(r, s)
, ∀p, q ∈ G. (2.10)

for some fixed elements r, s ∈ G. By the similar proof of Theorem 2, one
can obtain the desired result.

Corollary 2. Let h, φ : G2 → R be functions such that |h(r, s)| ≥
M > L > 0 and φ(pr, qs) ≤ Lφ(p, q) for all r, s ∈ G. If f, g, h : G2 → R
be functions such that

|f(pr, qs) + g(ps, qr)− f(p, q)h(r, s)| ≤ φ(p, q) ∀ p, q, r, s ∈ G,
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then there exists a unique function f0 satisfying f0(pr, qs) + g(ps, qr) =
f0(p, q)h(r, s) for all p, q ∈ G and for each fixed r, s ∈ G such that

|f(p, q)− f0(p, q)| ≤
φ(p, q)

M − L
(2.11)

for all p, q ∈ G.

Proof. Letting θ = 1 and applying Theorem 2, we get the desired
result, as claimed.

Remark 1. For all results,
(1) Putting φ(p, q) = φ(r, s) = c : constant, then we obtains same

types results.
(2) Applying θ(p, q, r, s) = θ(pq, rs): cocycle, and also θ(p, q, r, s) =

c : constant, we will obatin similar types results.
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