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ABSTRACT 
 

We present efficient algorithms for computing centroid directions for each of the three types of monotonicity in a polyhedron: strong, 
weak, and directional monotonicity, which can be used for optimizing directions in many 3D manufacturing processes. Strongly- and 
directionally-monotone directions are the poles of great circles separating a set of spherical polygons on the unit sphere, the 
centroids of which are shown to be obtained by applying the previous result for determining the maximum intersection of the set of 
their dual spherical polygons. Especially in this paper, we focus on developing an efficient method for approximating the weakly-
monotone centroid, which is the pole of one of the great circles intersecting a set of spherical polygons on the unit sphere. The 
original problem is approximately reduced into computing the intersection of great bands for avoiding complicated computational 
complexity of non-convex objects on the unit sphere, which can be realized with practical linear-time operations. 
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1. INTRODUCTION 
 
 The notion of geometric monotonicity that has arised in 

the theoretical area of computational geometry [3] is closely 
related with 3D manufacturability problems, while the problems 
of machinability and demouldability in application field areas 
[4], [5] have been formulated being based on the notion of 
surface visibility. 

In this paper, we consider efficient and robust 
implementation for computing the monotone directions of a 
polyhedron, based on the characterization [1] of polyhedron 
monotonicities categorized as [3]. 

 
• A polyhedron is strongly-monotone in a direction d, 

if the intersection of the polyhedron with every 
plane parallel to d is a monotone polygon in d. 

• A polyhedron is weakly-monotone in a direction d, 
if the intersection of the polyhedron with every 
plane orthogonal to d is a simple polygon. 
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• A polyhedron is directionally-monotone 
(directionally-convex) in a direction d, if every line 
parallel to d intersects the boundary of the 
polyhedron at most two times 

 
Similarly to the formulations of surface machinability [5], 

the polyhedron monotonicities have been characterized as 
geometric problems to find great circles separating or 
intersecting a set of spherical polygons that are derived from 
sub-surfaces of the polyhedron and its convex hull [1]. 
Consequently, all directions for the three monotonicity can be 
constructed in O(nk logk + nlogn) time, where n and k are the 
numbers of all faces and all sub-surfaces, respectively. 

This paper suggests efficient algorithms for finding a 
centroid of all monotone directions in a polyhedron, which will 
be called the monotone centroid in short. The centroid in a set 
of directions is defined so as to maximize the minimum distance 
between the centroid and all directions in the set. This centroid 
is very useful for optimizing directions in many manufacturing 
processes; minimize the cusp height in machining, minimize the 
frictional forces in assembling and moulding, and so on. 
Furthermore, our efficient methods or approximating the 
centroid can also replace the feasibility test for the next 

http://dx.doi.org/10.5392/IJoC.2016.12.2.042 



 K
 

designing pro
algorithms for

The stron
obtained by si
maximum in
approximating
intersecting a 
centroid will b
spherical obje
spherical regio
with linear ti
sphere [6] and

 
 

2
 

The spac
origin in three
point p on S2

space E3. 
 

As illustr
S2, which are 
of inner produ

A circle o
sphere with a 
the plane cont
circle; otherwi
by Cr(p,θ) = {
of the circle, a
shortly written
θ) and GC(p) =

We defi
hemisphere de
and great ban

cosθU, and p,
circle can be i
any great circl

A (spher
bounded by gr
of  hemisphere

 

Kwan-Hee Yoo :

ocesses or be
r constructing a
ngly- and direct
imply applying
ntersection of 
g centroids am
set of spherica
be effectively a
ects called gre
ons. Our approx
ime operations

d linear program

. NOTATION A

ce on the bound
e dimension is 
 is a unit vecto

Fig. 1. Geome

rated in Fig. 1, 
described by th

uct. 
on S2 is determ
plane. A part o
tains the origin
ise, it is called a
{x | p · x = cosθ
and θ the size o
n by GC(p). It i
= GC(−p). 
ne two regio
enoted by HS(p
nd denoted by 

, x  S2}, whe
included in a g
le is called the s
rical) polygon 
reat arcs; a conv
es. 

:Efficient Algor

Interna

fore applying 
ll solutions. 
tionally-monoto
g a discrete algo
f dual spheri
mong the pole
al polygons. Th
approximated b
eat bands inst
ximation can be
s such as the 

mming [7]-[9]. 

AND DEFINIT

dary of the uni
described as S

or in three dim

etric Primitives 
 

we define geom
he set of point

ined by the int
of a circle is cal
n, the intersecti
a small circle. T
θ, and p, x  S2}
of the circle. A
is obvious that 

ons bounded 
p) = {x | p · x 
GB(p,θU,θL) = 

ere  and
great band, whi
small band. 
is another regi
vex polygon is 

rithms for Appro

ational Journal

more compli

one centroids w
orithm [2] that 
ical polygons
es of great c
he weakly-mono
by intersecting 
tead of non-co
e efficiently rea

smallest encl

TIONS 

it sphere center
S2 = {p | p = 
mensional Eucl

on S2 

metric primitiv
s with the oper

ersection of the
lled an arc (edg
ion is called a 
The circle is den
}. We call p the

A great circle w
Cr(p,θ) = Cr(−p

by circles on
≥ 0, and p, x 
{x | cosθL ≤ p 

d . A 
ile a band exclu

ion on S2, whi
also the interse

oximating the C

l of Contents, V

icated 

will be 
finds 
 for 
ircles 
otone 
other 

onvex 
alized 
osing 

red at 
1}. A 
idean 

 

ves on 
ration 

e unit 
ge). If 
great 
noted 
e pole 

will be 
−p,π − 

n S2: 
 S2}, 
· x ≤ 

great 
uding 

ich is 
ection 

F

outw
Gaus
repre

direc

visib
and 
shor
polyg
and 
nega
poly
verte
VCH

poly
sub-
direc
 

Centroids of Mo

Vol.12, No.2, Jun

Fig. 2. Gaussian

As illustrated 
ward unit norma
ssian map of S
esented with −U

ctions visible to
The spherical

bility map of S
VCH(U), or by

rt, they will b
ygon and (positi

VCH(−U) or 
ative Gaussian 
ygons of Gauss
ex of GCH(U)

H(U), and vice v
 

Fig. 3. Sub-

As illustrated 
yhedron with po
lids {SLi}, whi
ctions of the po

onotone Directi

n. 2016 

n Polygon and I
 

in Fig. 2, let 
al vectors to a 

S. The set of inw
U. The visibility

o S, can be com
l convex hulls
S will be, respe
y GCH(S) and

be, respectively
ive) visibility po
GCH(−S) and
and visibility 

sian and visibil
U) for all corre

versa [10]. 

-pockets and Su
 

in Fig. 3, we 
ockets {Pi}, lids
ich are used for
olyhedron. 

ions in a Polyhe

Its Dual Visibili

U = {u1,...,un}
surface S, whic
ward unit norm
y map of S, whi

mputed by n
i=1 

s of the Gaus
ectively, denote

d VCH(S) for c
y, called (posi
olygon in this p
d VCH(−S) are

polygons. The
lity are dual to
esponds to an 

ub-lids of Polyh

define the sub
s {Li}, sub-pock
r characterizing

edron 43

 
ity Polygon 

} be the set of
ch is called the

mal to S will be
ich is the set of

HS(ui). 
ssian map and
ed by GCH(U)
convenience. In
tive) Gaussian

paper. GCH(−U
e, respectively,
e two spherical
o each other; a

edge (arc) in

 
hedrons 

b-surfaces of a
kets {SPi}, and
g the monotone

f 
e 
e 
f 

d 
) 
n 
n 
U) 
, 
l 
a 
n 

a 
d 
e 



44 Kwan-Hee Yoo :Efficient Algorithms for Approximating the Centroids of Monotone Directions in a Polyhedron 
 

International Journal of Contents, Vol.12, No.2, Jun. 2016 

3. APPROXIMATING STRONGLY- AND 
DIRECTIONALLY-MONOTONE CENTROIDS IN A 

POLYHEDRON 
 
The strongly- and directionally-monotone directions can 

be established by finding great circles separating a set of 
Gaussian polygons of pockets {Pi} and lids {Li} (sub-pockets 
{SPi}) of a polyhedron as follows. 

 
Lemma 1. A polyhedron P is strongly-monotone in a 

direction d, if and only if GC(d) separates GCH(Pi −Li) for all 
i = 1...n [1]. 

 
Lemma 2. A polyhedron P is directionally-monotone in a 

direction d, if and only if GC(d) separates GCH(SPi) for all i = 
1,...,n [1]. 

 
All poles of great circles separating a set of Gaussian 

polygons {GCH1,...,GCHn} can be found by partitioning the 
unit sphere S2 with the set of their dual positive or negative 
visibility polygons {VCH1,...,VCHn, −VCH1,..., −VCHn}. If a 
partitioned face is contained in VCHi or −VCHi for each i = 
1,...,n, the face represents the set of poles of great circles 
separating {GCH1,...,GCHn} [4]. 

In order to compute great circles separating Gaussian 
polygons derived from sub-surfaces of a polyhedron, we are 
going to use an efficient algorithm maximizing the intersection 
number of visibility polygons on S2. 

 

 
Fig. 4. Counting Ownership Numbers of Edges Partitioned by 

Visibility Polygons 
 

For maximizing the number of intersected visibility 
polygons, motivated from the machinability problem for setting 
models and cutting tools, we have presented a novel method [2] 
called edge-based partition of S2 with great circles, which is 
robust to avoid topological errors and handle geometric 
degeneracies as well as practical to be implemented in an 
efficient way. As shown in Fig. 4, the ownership number of 
each partitioned edge is counted by incrementally partitioning 
the visibility polygons. The final ownership numbers of all 
partitioned edges are scanned for finding the maximum 
ownership number, and then the edges with the maximum 
number are gathered. Using the convexity of the intersected 
solution regions bounded by the gathered edges, the centroids 

of the solution regions can be obtained in linear time with a 
discrete method without constructing the solution boundary. 

We can observe the following property in the problem of 
finding the ownership number of edges partitioned by the set of 
visibility polygons. 

 
Property 1. A set {GCH1,...,GCHn} is separated by a 

great circle, if and only if the maximum ownership number of 
edges partitioned with {VCH1,...,VCHn, −VCH1,..., −VCHn} is 
just n. (The maximum ownership number is at most n, since 
VCHi −VCHi =  for any i = 1,...,n). 

 
Our problem of separating Gaussian polygons is a special 

case of the maximization problem finding a region intersected 
by all of their dual (positive or negative) visibility polygons; in 
other words, we check the maximum ownership number is the 
same as the total number of Gaussian polygons. It becomes 
possible to construct indirect steps for computing the strongly 
and directionally-monotone centroids in a polyhedron; given a 
set of Gaussian polygons of sub-surfaces (in Lemma 1 and 2) of 
a polyhedron, we first compute the region that is maximally 
intersected by their dual visibility polygons, and then determine 
the centroid of the completed region only if the ownership 
number of the region is the same as to the total number of 
Gaussian polygon. 

Consequently, the strongly-monotone centroids of a 
polyhedron can be obtained by simply applying the previous 
results of [1], [2] as the following algorithm. The directionally-
monotone centroids can be similarly computed. 

 
procedure Strongly Monotone Centroid 
input: the pockets {Pi} and the lids {Li} of P  
output: the strongly-monotone centroids of P 

1 For all i = 1,...,n, compute {VCHi(Pi −Li)}. 
2 Maximum Intersection ({VCHi}  {−VCHi}) [2]. 
3 If the maximum ownership number  n then, 
terminate with the infeasibility. 
4 Return with the centroid solutions. 

endProcedure Strongly Monotone Centroid  
 
 

4. APPROXIMATING WEAKLY-MONOTONE 
CENTROIDS IN A POLYHEDRON 

 
Weakly-monotone directions can be established by finding 

great circles intersecting with visibility polygons of sub-pockets 
{SPi} and sub-lids {SLi} of a polyhedron as follows. 

 
Lemma 3. A polyhedron P is weakly-monotone in a 

direction d, if and only if GC(d) intersects VCH(SPi −SLFij) 
for all i = 1,...,n1, j = 1,...,n2, where SLFij  is each face   SLi [1]. 
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Fig.5. Complement of Two Dual Gaussian Polygons for a 

Visibility Polygon 
 

We will characterize a region representing the set of poles 
of great circles intersecting a visibility polygon by using its dual 
positive and negative Gaussian polygons. Property 2 leads to 
that the set of poles of great circles for this intersection is the 
complement of its dual positive and negative Gaussian polygons, 
as illustrated in Fig. 5. 

 
Property 2. Intersecting a visibility polygon VCH by great 

circles is complementary to separating (not intersecting) it by 
great circles, and the set of poles of great circles separating 
VCH is the dual positive and negative Gaussian polygons 
GCH −GCH. 

 
In Section 3 approximating the strongly- and directionally-

monotone centroids of a polyhedron, the great circles separating 
Gaussian polygons of subsurface of a polyhedron could be 
efficiently computed with the intersection of their dual visibility 
polygons by using the convexity. Unfortunately, however, the 
complement of two positive and negative Gaussian polygons, 
which can be described as ~(GCH −GCH), is a non-convex 
region. In any space, it is very difficult to compute the 
intersection of non-convex objects, compared to convex objects. 

 

 
Fig. 6. Great Bands Bounded by Each Pair of In-circles and 

Circum-circles of Gaussian Polygons 
 

We develop an approximation method to use primitive 
objects bounding an original object in order to avoid 
complicated operations for non-convex objects, as illustrated in 
Fig. 6. Two small circles can bound a polygon on S2; in-circle 

and circum-circle that are, respectively, the largest circle within 
the polygon and the smallest circle enclosing the polygon. 

When we replace a polygon on S2 with its bounding circles, 
the non-convex region that is the complement of a pair of two 
positive and negative Gaussian polygons is approximated by a 
primitive object called the great band. Great bands are well-
known geometric primitives on S2, which can be often found in 
4- and 5-axis machinability problems. The great band 
approximated by the in-circles can be used for the feasibility 
test since it is the necessary condition for the original solutions, 
while another great band approximated by the circum-circles is 
a sufficient condition for quickly finding the centroid among 
solutions. 

Let Cr(pij
I ,θij

I ) and Cr(pC
ij,θC

ij) be, respectively, the in-
circle and the circum-circle of GCH(SPi −SLFij) for all i, j in 
Lemma 3, then we can summarize our approximation method as 
follows. 

 

Property 3. ,
, (pC

ij,θC
ij,π − θC

ij)  the set of 

weakly-monotone directions  ,
, (pI

ij,θI
ij,π − θI

ij). 
 
Let’s consider the approximately reduced problem 

intersecting great bands under the extension of the geometric 
space from the spherical space S2 space into three-dimensional 
Euclidean space E3. Since the two planes passing small circles 
bounding a great band GB(p,θU,θL) can be, respectively, 
expressed by {x | (x − cosθU p) · p = 0, x  E3} and {x | 
(x+cosθLp)·p = 0, x  E3}, the space volume bounded by the 
two planes in E3 can be represented with Definition 1. Then, a 
great band is the intersection between this space volume and S2; 
GB(p,θU,θL) = SV(p,θU,θL) S2. 

 
Definition 1. SV(p,θU,θL) = {x | (x − cosθU p) · p < 0 and (x 

+ cosθLp) · p > 0, x  E3} 
 
In order to check the intersection of a set of great bands, 

we observe an important property as follows. 
 
Property 4. Given a set of great bands 

{GB(p1,θ1U,θ1L,...,GB(pn,θnU,θnL)}, (pi,θiU,θiL) = , if 
and only if (pi,θiU,θiL) is completely enclosed by S2. 

 
In order to check the feasibility without constructing all 

boundary of (pi,θiU,θiL), we find its extreme point with 
a maximizing problem such as Formulation 1. After 
determining the extreme point x* of (pi,θiU,θiL), a simple 
test is performed whether or not x*  < 1. Even though 
Formulation 1 has the form of a quadratic objective function 
different from general linear programming (LP) formulations, it 
can be solved in linear time by an efficient LP technique since 
its objective function is convex [8]. 

 
Formulation 1. Maximize x2  subject to (pi,θiU,θiL), for 

all i = 1,...,n. 
 

Clearly, the centroid of (pi,θiU,θiL), which 
maximizes the minimum distance between the centroid and all 



46 
 

points in the 
region of 
composed of t
and {Cr(p1,θ
monotone cen
an inscribing c
Section 3; the
circles and the
the centers of
boundaries are

The cente
great circles c
method of ed
bounded by 
Formulation 1

 
Lemma 4

subject to 
(pi,θiU

 
Proof. A

plane passing 
circle ca and t
just the minim
as the x goe
extreme poin
minimum dist
bounding the s

 

Fig. 7. Top V

By comb
quadratic obje
centroid in the

Kwan-Hee Yo

solution, is th
(pi,θiU,θ

the parts of sm
1

L),...,Cr(pn,θn
L

ntroid can be ob
circle similarly 
e difference is 
e other by grea
f inscribing cir
e quite different
er of circle insc
could be obtain
ge-based partit
small circles, 
 is just the cent

4. The unit vect
(pi,θiU,θiL) for 

U,θiL), if x2  > 

s illustrated in F
through three 

the solution x*. 
mum distance b
s farther from

nt x* determin
tance between 
solution region.

View and Cross
Point of a

bining Lemma 
ective function
e intersection of

o :Efficient Alg

Interna

he center of c
θiL), the boun
all circles {Cr(p
)}. In other 
btained by com
to a strongly-m
that the one is

at circles. The m
rcles within sm
t from each oth
cribing a convex
ned in linear t
tion [2]. In the

we prove th
troid of 

tor of a solution
all i = 1,...,n

1. 

Fig. 7, consider
points: the ori
Clearly, the ar

etween  and
m the origin. I

es the centroi
the centroid a

. (Q.E.D.) 

s-section View a
a Solution Space

4 and the LP
n, we can get 
f great bands as

gorithms for App

ational Journal

circle inscribing
ndary of whic
(p1,θ1

U),...,Cr(pn

words, a we
mputing the cent
monotone centro
s bounded by 
methods to com

mall and great c
er. 
x region bound
time with a dis
e case of the re
hat the solutio

(pi,θiU,θiL) as.

n x* maximizing
n is the centro

r a cross-section
igin, the center
rc length l, whi
d ca, becomes lo
n other words
id maximizing

and all small c

 
about the Extre
e 
P technique [8

a result abou
s follows. 

proximating the

l of Contents, V

g the 
ch is 
n,θn

U)} 
eakly-
ter of 
oid in 
small 

mpute 
circle 

ed by 
screte 
egion 

on of 
 

g x2  

oid of 

n of a 
r of a 
ich is 
onger 
s, the 
g the 
ircles 

eme 

8] for 
ut the 

the u
be co

circl
some
dime
form
boun
cons
as L
foun

s*enc
of th

of a
illus
and 
assu
sphe
sphe
circu
cente
direc

dime
Up t
poly
[11] 
circl
as V
the i
prese

circu
polyg

smal
deter

e Centroids of M

Vol.12, No.2, Jun

Theorem 1. G
unit sphere S2, 
omputed in O(n
 
The next discu

les: in-circle 
etimes called 
ensional space

mulation in an 
nding a spher
structing the sm
Lemma 5. Thi
ndation for this 

 
Lemma 5. Th

closing the ver
he spherical poly

 
Proof. Let s* b

a spherical po
trated in Fig. 8
S2 is a great c
me the circle 

eres is not a gr
ere smaller tha
umscribes the v
er of c on S2 

ction from the o
 

Fig. 8. The Sm

Finding the t
ensional space 
to nC3 circles m

ygon. Even thou
for this proble

le, the direct inv
Voronoi diagram
in-circle and th
ented as. 
 
Lemma 6. If 

um-circle and 
ygon on S2, then

By combining 
llest enclosing 
rmining the in-
 

Monotone Direc

n. 2016 

Given a set of g
the centroid of 
n) time. 

ussion is how t
and circum
the smallest

e can be co
efficient time

rical polygon 
mallest sphere e

s paper presen
technique that w

he intersection 
rtices of a polyg
lygon. 

be the smallest 
olygon in the 
8. It can be sho
circle of s* by 
c generated by
reat circle of s

an s*. As well 
vertices of the 
and the cente

origin in E3. (Q

mallest Sphere E
 

three edges of
for its in-circle

may be tangent
ugh there is an
m that is somet
vestigation take

ms. A novel resu
he circum-circle

Cr(pC,θC) and 
the in-circle 

n pC = pI and θC 

Lemma 5, 6 an
sphere, we ca

circle of a poly

ctions in a Poly

great bands {G
f the intersection

to construct the
m-circle. The 

t enclosing c
onstructed wi

e O(n) [6]. Th
on S2 can be

enclosing a set o
nts more detai
was used in [2]

of S2 and the s
gon on S2 is th

sphere enclosi
three-dimensio

own that the int
a simple contr
y this intersecti
s*, there is ano

as this great 
spherical poly

er of s* in E3 h
.E.D.) 

 
Enclosing a Set

f a convex po
e is a combina
tial to three of 
n optimal O(nl
times called the
es costly implem

ult [12] of the re
e of a polygon 

Cr(pI,θI) are, re
of a polygon 
+ θI = , and vic
nd the LP techn
an get a surpri
ygon on S2 as fo

yhedron 

GB1,...,GBn} on
n i  can

e two bounding
circum-circle

circle in two
ith a simpler
he circumcircle
e obtained by
of points in 3D
iled theoretical
 without proof.

smallest sphere
e circum-circle

ing the vertices
onal space, as
tersection of s*

adiction; if we
ion of the two
other enclosing

circle c of s*

ygon on S2, the
have the same

t of Points 

olygon in two-
atorial problem.

n edges in the
ogn) algorithm
e largest empty
mentation such
elation between
on S2 has been

respectively, the
and its dual

ce versa [12].
nique [6] for the
ising result for
llows. 

n 
n 

g 
e 
o 
r 
e 
y 
D 
l 
 

e 
e 

s 
s 
* 

e 
o 
g 
* 

e 
e 

-
. 
e 

m 
y 
h 
n 
n 

e 
l 

e 
r 



 K
 

Theorem
a polygon on 
takes O(nlogn

 
Finally, w

the weakly-mo
a polyhedron a

 
procedure We
input : the sub
output :the we

1 For al
{VCHk

2 Determ
{VCH

3 Find th

where 
4 If x*I

5 Determ
{GCH

6 Find t
[16], w

7 If x*C

endProcedure
 

Different 
directionally-m
polygons, the 
the spherical p
statement can
computation in
to avoid this f
computations 
only theoretica

 
”e

The best 
to implement 
fast codes of 
steps 1-5 can 
checked with l

 
 

 
In this pa

monotone dir
characterized 
order to find 
boundary of al

The stron
polyhedron ar
previous resul
positive and n
polyhedron. 

The wea
reinterpreted a

Kwan-Hee Yoo :

m 2. The center 
S2 can be dete
) for a polygon 

we can provide 
onotone centroi
as follows. 

eakly Monotone
b-pockets {SPi}
eakly-monotone
l i = 1,...,n1, j 

Hk(SPi SLFij)}, 
mine the sm

H1,...,VCHn} [13
he extreme x*I o

pk = pV
k and 

  < 1 then, term
mine the smalle

H1,...,GCHn} [13
the extreme x*

where pk = pG
k a

C    ≥ 1 then retu
e Weakly Mono

from the meth
monotone cen
above procedu

polygons intern
n be attached a
nstead of our ap
full partitioning
with O(nk log

al until now as 

lse partition S2 

advantage of o
with linear tim
which are ava
be used when

light computati

5. CON

aper, we revisite
rections of a 
with the sub-s
the centroid d

ll solutions. 
ngly- and direc
re shown to be
lt [2] maximizi
negative visibili

akly-monotone 
as the intersect

:Efficient Algor

Interna

and the size of 
ermined in O(n
 in E2.) 

an efficient alg
id with sub-poc

e Centroid  
 and the sub-lid
e centroid of P 
= 1,...,n2, get {
where SLFij is 
mallest Cr(p
], [14] 
of (pk,

. 
minate with the 
est Cr(pG

k ,θGC
k 

3, 14] 
*C of 

and θC
k = θGC

k . 
urn with the sol
otone Centroid 

hod for obtaini
ntroids with 
ure uses the sm
nally and extern
after the step 
pproximation. O
g, which requir
gk+nlogn) time
far as the autho

with {GCH1,...
 

our algorithm i
me complexity s
ailable [13]-[16
n the feasibility
ons.  

NCLUSION 

ed the problem
polyhedron, 

surfaces of the
directions witho

ctionally-mono
e obtained by s
ing the intersec
ity polygons of

directions of 
tion of a compl

rithms for Appro

ational Journal

f the circle inscr
) time. (Note th

gorithm for obta
ckets and sub-li

ds {SLj} of P 

{GCHk(SPi SL
each face  SLj

pV
k,θk

VC) encl

θkI,π−θkI) [15], 

infeasibility.
) enclosing 

(pk,θkC,π−θkC) 

lution. 

ing the strongly
original sphe

mall circles boun
nally. The follo
7 for the com

Our algorithm i
es very compli

e complexity a
ors know. 

,GCHn}” 

is easy and effi
since the robus
6]. Furthermore
y should be qu

s of determinin
which have 

e polyhedron [1
out constructin

otone centroids 
simply applyin
ction number o
f sub-surfaces o

f a polyhedron
lementary set o

oximating the C

l of Contents, V

ribing 
hat it 

aining 
ids of 

LFij)}, 
j [2]. 
osing 

[16], 

[15], 

y-and 
erical 
nding 
owing 
mplete 
is just 
icated 
and is 

ficient 
st and 
e, the 
uickly 

ng the 
been 

1], in 
ng the 

of a 
ng the 
of the 
of the 

n are 
of the 

posit
poly
non-
circl
com
poly
that 

appr
grea
prob

Basi
Foun
Educ
 
 

  
[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

Centroids of Mo

Vol.12, No.2, Jun

tive and negati
yhedron. In orde
-convex regions
le and circum
plement for a 

ygons is approx
can be treated m
This paper 

roximating the 
at bands that 
blems based on 

A

This research 
ic Science Rese
ndation of Ko
cation (2014R1

J. Ha and K
monotonicity,”
2006, pp. 48-5
J. Ha and K
maximum inte
Aided Design,
G. Toussaint, 
1985. 
S. C. L. L. Ch
spherical poly
four- and fiv
ACM Tr. on G
Lin-Lin Chen,
directions for 
Design, vol. 25
E. Welzel, “Sm
New Results 
Springer Lect
1991, pp. 359-
N. Megiddo, “
dimension is f
pp. 114-127.
M. Dyer, “Li
variable linear
vol. 13, no. 1,
R. Seidel, “S
convex hulls m
vol. 6, no. 5, 1
T. Woo, “Vi
Computer Aid
G. Toussaint, 
location constr
Information Sc
J. G. Gan, T. C
construction, 
Mechanical De

onotone Directi

n. 2016 

ve Gaussian po
er to avoid the 
s, we generate 

m-circle of ea
pair of two po

ximated by a ge
more efficiently

presents an
weakly-monot
are often fou
two theoretical

ACKNOWLED
  

was supported
earch Program t
orea (NRF) f
A1A2055379).

REFEREN

K. Yoo, “Cha
” Computer-Ai
54. 
K. Yoo, “Appr
ersection of sph
, vol. 37, no. 8, 
Computational

hen and T. Woo
ygons: comput
ve-axis numeri

Graphics, vol. 12
 Shuo-Yan Cho
mould and d

5, no. 12, 1993
mallest enclosin

and New Tr
ture Notes in C
-370. 
“Linear program
fixed,” Journal 

inear time alg
r programs,” S
1984, pp. 31-4

Small-dimension
made easy,” D
991, pp. 423-43

isibility maps 
ded Design, vol.

“Computing 
raints,” Internati
ciences, vol. 12,
C. Woo, and K
properties, and
esign, vol. 116,

ions in a Polyhe

olygons of sub-
 computational
two bounding 

ach Gaussian 
ositive and neg
eometric primit
y. 
n efficient a
tone centroid w

und in 3D ma
l results: Theore

DGEMENT 

d by Woosuk U
through the Nat
funded by the
. 

NCES 

aracterization 
ided Design, v

roximating cen
herical polygon
2005, pp. 783-

l Geometry, El

o, “Separating a
ting machinabi
ically controll
2, no. 4, 1993, p
ou, and Tony C.
die design,” C
, pp. 762-768. 
ng disks (balls a
rends in Com
Computer Scie

mming in linear
of ACM, vol. 3

orithms for tw
IAM. Journal o
5. 
nal linear prog
iscrete Comput
34. 

and spherica
. 26, no. 1, 1994

largest empty
ional Journal of
, no. 5, 1983, pp
. Tang, “Spheri
d approximatio
, 1994, pp. 357-

edron 47

-surfaces of the
l complexity of
circles: the in-
polygon; the

gative Gaussian
tive great band

algorithm for
with the set of
anufacturability
em 1 and 2. 

University and
tional Research
e Ministry of

of polyhedron
vol. 38, no. 1,

ntroids for the
ns,” Computer-
790. 
sevier Science,

and intersecting
ility on three-
ed machines,”
pp. 305-326. 
. Woo, “Parting
omputer-Aided

and ellipsoids),
mputer Science,

ence, vol. 555,

r time when the
31, no. 1, 1984,

wo- and three-
on Computing,

gramming and
ting Geometry,

al algorithms,”
4, pp. 6-16. 
y circles with
f Computer and
p. 347-358. 
ical maps: their
on,” ASME J.
-363. 

e 
f 
-
e 
n 
d 

r 
f 
y 

d  
h 
f 

n 
, 

e 
-

, 

g 
- 
” 

g 
d 

,” 
, 
, 

e 
, 

-
, 

d 
, 

” 

h 
d 

r 
. 



48 
 

[13] N. Capen
http://ww
spheres.s

[14] CGAL, a
http://ww
unding vo

[15] M. Hohm
stonybroo

[16] CGAL, 
/manual/l
main.htm

 

(Korea Advan
in 1986 and 1
computational
3D digital con

 

also received 
(Korea Advan
in 1988 and 19
Learning syste
dental/medica
 

Kwan-Hee Yo

ns, an implemen
ww.flipcode.com

html 
an implementati
ww.cgal.org/man
olumes ref/clas
meyer, an impl
ok.edu/∼algorith
an implementa
latest/doc htm

ml. 

 
Jon-Su
He is 
departm
Woosu
the B
engine
Korea 
Ph.D. 

nced Institute o
1996, respectiv
l geometry, com
ntents.  

Kwan
He is 
departm
departm
engine
Univer
in co
Nation

M.S., Ph.D. i
nced Institute o
995, respective
em, computer 
l applications.  

o :Efficient Alg

Interna

ntation of [6], 
m/archives/smal

ion of [6], 
nual/latest/doch
s min sphere o
lementation of 
h/implement/lin
ation of [9], 

ml/cgal manua

ung Ha 
a professor w

ment Game 
uk University, 
B.E. in comp
eering at Seoul 

in 1984, and 
in computer sc

of Science and 
vely. His resear
mputer graphic

-Hee Yoo  
a professor w

ment of Comp
ment of IIE(in

eering) at C
rsity, Korea. H
mputer Scienc

nal University, 
in computer sc
of Science and 
ly. His research
graphics, 3D c

gorithms for App

ational Journal

llest enclosing 

html/cgalmanua
of spheres d.htm
[9], http://www

nprog/distrib/sou
http://www.cga

al/qp solver/ch

who is working
and Content

Korea. He rec
puter of com
National Unive
also received M
cience from KA
Technology), K

rch interests in
cs, CAD/CAM

who is working
puter Education
nformation indu
Chungbuk Nat
He received the

ce from Cho
Korea in 1985

cience from KA
Technology), K

h interests inclu
character anima

proximating the

l of Contents, V

al/bo
ml. 
w3.cs. 
urce.a. 
al.org 
hapter 

g for 
ts at 
eived 

mputer 
ersity, 
M.S., 
AIST 
Korea 
nclude 

, and 

g for 
n and 
ustrial 
tional 

e B.S. 
onbuk 
5, and 
AIST 
Korea 
ude u-
ation, 

e Centroids of M

Vol.12, No.2, Jun

Monotone Direc

n. 2016 

ctions in a Polyyhedron 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


