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ASYMPTIOTIC BEHAVIOR FOR THE VISCOELASTIC
KIRCHHOFF TYPE EQUATION WITH AN INTERNAL
TIME-VARYING DELAY TERM

DAEwWOOK Kim

ABSTRACT. In this paper, we study the viscoelastic Kirchhoff type equa-
tion with the following nonlinear source and time-varying delay
t
gt — M(z, t, || Vu(t)]|?) Au + / h(t — 7)div[a(z)Vu(T)]dr
0
+ulTu + prue(z, t) + poue(z,t — s(t)) = 0.
Under the smallness condition with respect to Kirchhoff coefficient and the

relaxation function and other assumptions, we prove the uniform decay
rate of the Kirchhoff type energy.

1. Introduction

In the present work, we are concerned with the following problem:

wge(x,t) — M(z,t, || Vu(t)]|*) Au(z, t) + /0 h(t — 7)div[a(z)Vu(r)]dr (1)
)

+u|Yu + prug(z, t) + poug(z,t —s(t)) =0 in QxR

u(x,t — s) = zo(x,t) in Qx[-s(0),0), (2)
u(z,t) =0 on I xRt (3)
w(z,0) =ug(z), wu(z,0)=ui(x) in Q, (4)

where Q be a bounded open set of RV (N > 1) with a smooth boundary I', v > 0,
and other conditions such as M, h,a be in next section. Moreover, p and po
are real numbers in that p; is only a positive constant, s > 0 represents the
time-varying delay. In fact, ug, uy zg are initially given functions belonging to
suitable space and u(z,t) is the transversal displacement of the strip at spatial
coordinate x and time t in the real world application.

Time delays so often arise in many physical chemical, biological, thermal
and economical phenomena. In recent years, the control of PDEs with time
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delay effects has become an active area of research, see for instance [1, 2] and
the references therein. The presence of delay may be a source of stability. An
arbitrarily small delay may destrabilize a system which is preventing like stick-
slip in the mass production process for mechanical engineering.

This problem has its origin in the mathematical description of system in real
world from the mathematical modeling for axially moving viscoelastic materi-
als. It is well known that viscoelastic materials exhibit natural damping, which
is due to the special property of these materials to retain a memory of their
past history. From the mathematical point of view, these damping effects are
modeled by integro-differential operators. Furthermore, sourcing effects of sta-
bility are influenced by some time-varying delay. For these reasons, there are
not exist weak or strong damping term in our problem (1)-(4). Our purpose is
focused on not only memory effects but also time-varying delay for the problem
otherwise the previous result [3]. Recently, problems with Timoshenko or basic
hyperbolic type for viscoelastic materials have been considered by many authors
(See [4, 5]). Besides, many engineering devices involve the transverse vibration
of axially moving strings. Axially moving string is a typical model that is widely
used, especially when the subject is long and narrow enough and has a negli-
gible flexural rigidity, to represent threads, wires, magnetic tapes, belts, band
saws, and cables. Various mathematical models and simulations have been es-
tablished for a better understanding with linear or nonlinear dynamic behavior
of these moving continua [6, 7, 8, 9, 10, 11, 12]. The mathematical model for
axially moving strings was first introduced by Kirchhoff [13] (and see Carrier
[6]), and the original equation is given in the form of

2u

ha B Eh (% /0u 2d 0%u

p w*(m + E/O (%) f)w

for 0 < 2 < L, t > 0, where u = u(x,t) is the lateral displacement at the
space coordinate x and time ¢; E, the young’s modulus; p, the mass density; h,
the cross section area; L, the length; and pg, the initial axial tension. Recently,
problems with the extended Kirchhoff type equation which is concerning axially
moving heterogeneous or non heterogeneous materials (nonlinear vibrations of
beams, strings, plates, and membranes) have been considered by many authors
(See [14, 15, 16]).

In this paper, we will mainly concern on an aspect of decay rate of the Kirch-
hoff type energy of the viscoelastic system with an internal time-varying delay
term. We get its proof by using the smallness condition functions with respect
to Kirchhoff coefficient, the relaxation function and internal time-varying delay.
In fact, the difference of the energy consist in Kirchhoff type potential energy
and internal time-varying delay.

This paper organized as follows. In Section 2, we will present some notations,
material needed (assumptions, lemmas and so on) for our work and state a global
existence and energy decay rate theorem (main result). Section 3 contains the
proof of our main result.
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2. Preliminaries and main results

We first introduce the elementary bracket pairing in ¢ RV

(o9 = /Q (¢, ¥)da,

provided that (¢,9) € L1(£2). And we set the norms as follows.

fullzriey = ( | luPas )
Q

To simplify the notations, we denote ||ul|z2(q), [|u]£1(0,400)> [[V]lLo(0,400) DY
T ————
In the sequel we state the general hypotheses.
(A1) h:R* — RT is a bounded C! function satisfying h(0) > 0, and there
exists positive constant tg, (1, (2, (3 such that
—G <K (t) < —Gh(t), V> to,
0 < h'(t) < (Gh(t), Vt>to.
(Ay) a:Q — RT is a nonnegative bounded function and a(z) > ag > 0 on
with -
Mo S ||a||oo/ h(s)ds =1 > 0,
ag 0

where mg is in (Bz). And also, the following smallness condition satisfy

¢
€7 < ag/ h(s)ds.
0

(A3) ~ satisfies
2

0<y< ——, n=>3
n—2
~>0, n=12
(A4) The initial data satisfy
ug € Hy(Q) N H*(Q), uy € Hj(Q).
(B1) M(x,t, ) is a real-valued function of class C? on z € Q, t >0, A <0.
(Ba) 0 <mo < M(x,t,A) < Cof(N\) with M (x,t,\) = My (z,t) + Ma(z, t, N).
And also, the following smallness condition satisfy

aoh(t 1
f<A><\/ G talm})

€3€8

(Bs) 20 <0, |22 < Cigi(N), |ZE| < Coga(N), 0 < my < My(z,t,\).
(B4) f,91,92 € CL([0, +00); R+) are strlctly increasing.

Furthermore, C; (i = 0, 1,2) is a positive constant.
(C1) There exists a non-increasing differential function ¢ : RT™ — R™ satisfy-

ing

C(t) > 0,n'(t) < —C(t)h(t) =0, Vt>0.
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For the time-varying delay, we assume as in [1] that there exist positive

constants sg, s such that
0<so<s(t)<s, Vt>O0.
Moreover, we assume that the speed of the delay satisfies
sSt)<d<1, Vt>0,
which is
s € W2([0,T]), Vt>0

and that pq, uo satisfy
lpa| < V1 —dps.

As in [1], let us introduce the function
Z(x797t):ut(x’t_s(t)g)7 erv 96(051)7 t>0.

Then, the problem (1)-(4) is equivalent to

uge(x, t) — M(x,t, ||Vu(t)\|2)Au(x, t) + /0 h(t — 7)div]a(z)Vu(r)|dr

+u|"u + prus(z, t) + poz(z,1,t) =0 in Q x (0, +00),
s(t)ze(z, 0,t) + (1 — §'(t)0)z,(x, 0, 1) in Qx(0,1) x (0, +00),
t(x,t) = z(x,0,1) on Q x (0,400),
(z,0,t) = 20(z,—0s(0)) in Qx(0,1),
u(z,t) =0 on T x[0,+00),
(,0) = uop(z), u(z,0)=wuy(x) in

In the following, we give a lemma which will be useful in this paper.

Lemma 2.1. Denote (hou)(t) = [, h(t — 7)|[\/a( ))|[dr.
we have

w\»—‘ w\'—' | —

/ h(t — 7){a(z)Vu(r), Vu'(t))dr = ()] + %(h’ ou)(t)

Sl &l
=
o
=

h(t)[1V a(z)Vu(t)]*.

()

(®)

Then

[Iva@vare / s
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Proof. A direct computation shows that

/0 h(t — 7){a(z)Vu(r), V' (t))dr :/0 h(t — 7){a(z)Vu(r) — a(z)Vu(t), Vu'(t))dr

~
|
\]

o [ o= ot 9, T

—;/ (t= 1) | GV (Tur) - Tuo)|P | ar
+;/Ot tT[ IV a(z)Vul(t) ﬂdf
;j[/ht—rnﬁw vu(t)|Pr
1

/h’t—7'||\/ J(Vu(r) — Va(®)|2dr
1d ,
+ —— h(t — 1)/ a(x)Vu(t)||“dr

2dt

—*h II\/ 2)Vu(t)|*.

Then, we can state our result as follows.

Theorem 2.2. Let the assumptions (A1), (A4), (B1)-(B4) and (Cy) hold. Then
there exists a unique solution u of the problem (8)-(13) satisfying

u € L=(0,T; Hy () N H*(Q)), v’ € L=(0,T; HY(Q)), v’ € L=(0,T; L*()),
and
u(z,t) = up(x) in Hy(Q) N H?*(Q); u (2, ) — uy(x) in HY(Q);
z(x, 0,t) — zo(x) in L*(2 x (0,1)),
ast — 0.

Proof. By using Galerkin’s approximation and a routine procedure similar to
that of cite [4, 15], we can the global existence result for the solution subject to
(1)-(4) under the assumptions (A1)-(A4), (B1)-(Bs) and (Cy). O

Theorem 2.3. Let u be the global solution of the problem (1)-(4) with the above
all conditions. We define the Kirchhoff type energy functional E(t) as

B@) = 5 [IW O + [ Mt [9u) ) Futo, 0P + 2 0315

C/ / (s=t)y, s)dxds,
t—s(t)
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where , n are suitable positive constants.
Then the energy functional decays exponentially to zero as the time goes to
infinity, that is,

E(t) < ke P Vt>0

where Kk, are positive constants.

3. Proof of Theorem 2.3 (Energy decay)

Proof. Multiplying u’ on both sides of Eq.(1), integrating the resulting equations
over ), and using the Green formula and (3), we have

(" (), (1)) + (M (¢, | Vu(®)|*) Vu(t), Vi'(2))
+ (M (2, 8, [ Vu(t)|*) Vu(t), o' (1))

(15) /ht—r Vu(r), Vi (£))dr + ([ul"u, o)
+ (paug (2, ) + poug(x,t — s(t)),u’) =0,
that is
% /Q;Ml(x,t)Wu(x,t)Fdx
+ %/Q%Mg(x,u ||Vu(t)H2)\Vu(x,t)|2dm

[ St IV a0 (90, o)
(16) — (Mg (2, t, | Vu(t)||*) Vu(t), v (t))

/ h(t — 7)(a(z)Vu(r), Vu'(t))dr

g dx—C / Ot~ s(0)(t — (1))do
where
(17)

B = © W) + /Mxt VU0Vt 0P+ s o)1

g / / (s=t)y, s)dxds.
*3 o
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From (Bs) and Holder inequality, and (5), (6) and some mainipulations as in
[1], we obtain

E'(t) < [lu(®)]? {6;91(||Vu(t)||2) + C292(|Vu(t)||2)||vul(t)||||U(t)||}
— (M (z,t, [ Vu(t)|*)Vu(t), u'(t))
/ h(t — 7){a(z)Vu(r), Vi (£)) dr

(18) Q“%%id§>L“%Mz
G"$O2®”mf‘ﬂﬂf%“m“

t
—ﬁ/ /efn(sft)uf(s)dxds.
2 Ji—sery Jo

By (Bs), (14) and Young’s inequality, we have
—~ m
E'(t) <[lu®)|*Cr + exma | Vu(t)|* + ﬁllw(t)ll2

— == [(hou)(t)] + %(h’ o Vu)(t)

(19) - *h t ||\/ V'LL ||2

_ <M _ N'% _ g) /Quf(t)dx
<ngu@ Hw¢l>4ﬁ@4m@

2
/ /e n(s=t)y, s)dxds,
t—s(t) JQ
where
~
(20) C, = 7191(||Vu(t)H2) + Caga(IVu(®) 1) IV ()| lu(t) |

is a positive constant. And €, is also a positive constant.
Define the new energy functional E(t) as follows

t
Bu(t) = B(t) + (h<>Vu _ ,H\/ TVt \\2/ hs)ds.  (21)
0
For positive constants €5 and €3, let us define the perturbed modified energy by

F(t) = Ei(t) + eap(t) + e39(2), (22)
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where
p(t) = (u' (1), u(t)). (23)
and

B(t) = / Bt — 7)) (1), u(t) — u(r))dr. (24)

By using the Cauchy’s inequality, Holder inequality and Poincare inequality,
there exist positive constants aq, as such that for each t > 0

a F(t) < Ei(t) < aaF(1). (25)
Proposition 3.1. (Energy equivalence)
o F(t) < Ei(t) < agF(t) for all t >0,
where ay and asg are positive constants.

Proof. Now, we will fix ¢ in the energy E(t) such that

_ || _
e
¢ N >0 (27)
and
1 ||
n<7logcm. (28)

Then, similar as Proposition 3.1. in [3], we can choose two constants a; and
as. In fact, the existence of such a constant 7 is guaranteed by the assumption
(7). O

Then from (A;) and (19), and (21) and (26)-(28), we have
E{ (1) <[[u(t)|*Cr + exma | Vu(t)|* + %HU'@)HQ
1
~ L (ho Vu)(r) ~ Saoh(t)|[Vu(r)

— U2 'LL2 — S i
c, /Q (1) + w2 (¢ — s(t)))d

t
- ﬁ/ /e_"(s_t)uf(s)dxds
2 t—s(t) JQ

<[lu®)*Cr + exma [ Vu(®)]* + 471”“/“”2

G

5 (hoVu)(t) — %aoh(?f)HVU(t)ll2 — Gy /Q ui (t = s(t))da,
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where, Cy is some positive constant. And also, by (Asz), the energy Ej(t) is a
positive functional. Applying Poincare inequality to (29), we deduce

B(#) < (cpci ey — 1aoh<t>) IVu(t)]?
(30)

mi

F PO = F o Tu©) - o [ wdle - st

where C,, is the Poincare coefficient. Meanwhile, we note from (A;) and (As)
that

(31)
B0 250 + 5 [ M.t [Vu(®)]) V(e ) de

#5 (1= lalle [ 16105 ) IVatol? + 0 (e
+7H 11§+</t " /e”(s u2(s)dzds
21301 +5 [ Mt [PVl )P+ —5 o333

+£/ /e”(s_t)uf(s)dxds]
2 Ji—sry Ja

So, we deduce the relation 0 < E(t) < [~'E;(t). Therefore, the uniform decay
of E(t) is a result of the decay of Fy(t).
In fact, using (1), we have

@' (t) =(u" (), u(t)) + v’ (t)]1>.
=o' (8)[|* + <U(t)a M (z,t, | Vu(t)|]*) Au(z, t)
- /0 h(t — 7)div[a(z) Vu()ldr — [u()[ u(t)
52) — (1) = pzua(,t = s(1)))
() - / M, t, [Vut) ) V) Pl

/ h(t = ) (a(x)Va(r), Va(e)dr — |u(t)u(t)
—m /Q w(t)u(t)dz — i /Q w(Bue(t — s())da.
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By Cauchy inequality and Young’s inequality, we have

/ht—r (7), Vu(t))]dr

§§||Vu(t)||2 + % ' /0 h(t — 7)(a(z)|Vu(r) — Vu(t)| + a(z)|Vu(t)|)dr
2

<hrwwon+ +816>

(3)l)

where €5 with respect to Young’s inequality is a positive constant. Using the
assumption (As) and (33), we get

2

/0 h(t — 7)a(z)|Vu(r) — Vu(t)|dr

2

x)|Vu(t)|dr

/ht—T (), Vu(t))]dr
. (3+ 5 ) lal- / s [ =) H@wum —vu)|d

N (; + 6;) V()] <a||oo /Ot h(s)a(z)d5> + S IVul?

<S (14 (14 ) (1= D) Vau(t)]|* + W(ho Tu)(t).

I\DM—I

Also, using Young’s and Poincaré’s inequalities gives

— w(t)ug T < ul®dx U? €L
m/Q (e ()d <g/ﬂ\v 2d +0(5)/Q (t)d (35)

— 2 /Q u(t)u(t — s(t))de < E/Q |Vul|*dx 4+ C(g) /Q uj (t — s(t))dx (36)

By combining (32) and (34)-(36), we conclude

¢'(t) <1+ Cle)u' @)1 + %(1 = 2mo + (1 + €6)(1 = 1)* + 2¢)[|Vu(®)||*

e T DAZD o Guye) — 22

(37) 8eo

+ ) /Q W2(t — s(t))da.
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Next, we estimate ¢'(t) as follows. In fact, using (1), we have

(38)

Y'(t) = — /0 R (t —7){a(z)u (), u(t) — u(T))dr.

= [ e = a0 ®.ut) - u(r)dr ~ Va0 [ his)ds
0 0

_ /O B (t — ) (a(@) (), ult) — u(r))dr.

_ /O h(t — 7) (M (£, [ V() |[D)a(z)Va(t), Vu(t) — Vu(r))dr
- < /0 h(t — 7)a(z)Vu(r)dr, /0 h(t — 7)a(z)(Vu(t) - Vu(T))dT>
+/O h(t — ) (a(@) [u] u, u(t) — u(r))dr
~ a2 / h(s)ds

+ /Q </0t h(t — 7)a(z)(u(t) — u(7’))ds> [1ue (1) + poug (t — s(2))]da.

Using Cauchy inequality, Poincare inequality and (A;), we have

‘_/O R (t — 1) {a(x)u' (t), u(t) — u(r))dr

2

(39) <er|Vu®)|? + 4% /0 h(t — 7)a(@)|u(t) — u(r)|dr
<erl[Ful)| + 1= (1= DCE(h o Tu)(t),

where €7 is a positive constant with respect to Cauchy inequality and C), is the
Poincare coefficient. Similarly, using Cauchy inequality and (Bs), we get

‘— / h(t — 7)(M(z,t,||Vu(t)]|*)a(z)Vu(t), Vu(t) — Vu(r))dr
(40) 0
Co(1—1)

<es(IVu(®) ) o' (1) + =

(h o Vu)(t)
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and

‘ < At = rale)Vulr dT/ht—ﬂ (m)(Vu(t)—vu(T))dT>‘

<€9

/ht—T 2)|Vu(t) — Vau(r)| + a(@)|Vu(t))dr
1
4(||a||oo ) [ t—Tn\/ (Vu(t) ~ V() |2dr

<2¢g (

h(t — 7)a(z)|Vu(t) — Vu(r )\dT

H/ (t = m)a(x)|Vu(t)|dr

)

+ o vu
1 2 2
< (269 . 4) (1= D)(ho Va)(t) + 260(1 — 12| Vu(t)].

where €g, €9 are positive constants with respect to Cauchy inequality. And also,
using Cauchy inequality and Poincare inequality, we have

/ h(t — ) (a(@)[u(®) v, ult) — u(r))dr

C,(1-1)
deqg

(42)
gemnu(t)uﬂzﬂi + (hoVu)(t),

where €19 is a positive constant with respect to Cauchy inequality and Cp, is the
Poincare coefficient. Noting H(Q) — L?>0*1(Q) and using Poincare inequal-
ity, (21), (29) and (42), we get

’/ (t — ) {a()|u(t)] u, u(t) — u(r))dr

<enpC2O0HD (ZEz(O)) v+ D o vy,

4610

(43)

where (), is the Poincare coefficient. And also, we get

/Q (/Ot h(t — 1)a(x)(u(t) — u(7‘))ds> [ (t) + pous(t — s(t))]da

Cp(1-1)
deqo

(44)

gew/g[uf(t)+u§(t—s(t))]dx+ (ho Vu)(t),
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Combining (34)-(41) and (43)-(44) and also using (Az), we deduce
(45)
¢
w0 < (e ad [ 16+ e ) 02
0

+ <esf2(|VU(t)||2) #2e(1 =12+ a2 (25O P

G o, Co 1 G _
+<46(J +4 + 2¢ 9+469+4610 (I=10)(hoVu)(t)

+ €10 /Q u2(t — s(t))da.
Combining (30), (22), (37) and (45), we deduce
FI(t) = Ey(t) + €29 () + e3¢/ (1)

(46) <wy ||’ (t)]|* + we /Q M (x,t, || Vut)||?) | Vu(z, t)|*dz 4+ w3 (h o Vu(t))

a2 + s / W3t — s(t))d,

where

w1 =

t
4— + (1+C(e))ea + €3 (67 - ag/ h(s)ds + 610) ,
€1 0

1V aOI*)Co [+ exmn — gaah(t)]
]

+ GQf(”W?(t )% (1—2mo + (1 + ) (1 —1)* + 2¢)

T eaf (IVu(®)P)Co (esf2(IIVU(t)Il2) T 2e(1— 1) 4 0020 (2’“0))) ,

l
CQ €9 (466 -|— 1) Cl 2 ]. C
SR e e 0—2——14,
ws 2+ 8eg tes der +4 + 9+4€9+4€10 ( )
Wy = 620(6) + €3€10 — CQ
By using the smallness condition in (A3) and (Bz), for the fixed €;,7 = 1,4, -+ , 10,
we choose €; > 0,7 = 2,3 and € small enough such that w, < 0,k = 1,2,3,4.
According to (21) and (46), there exist a positive constant s such that
F(t) < —sEq(t) (47)

for all ¢ which is larger than the fixed time Ty. We conclude from (25) and (47)
that

F(t) < —sa1 F(t)
for all ¢ which is larger than the fixed time Tj. That is, for all ¢ which is larger
than the fixed time Tp,

F(t) < F(Tp)es*Toemsot, (48)
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erefore, we deduce from (25), (31) and (48) that there are positive constants

x and 9 such that

(1]
2]

(3]

(4]

(5]

[6]
[7]
(8]
(9]

(10]

(11]
(12]

[13]
(14]

(15]

[16]

E(t) < kexp{—vt} forallt>0andast— +oc.
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