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CONVERGENCE OF PARALLEL ITERATIVE ALGORITHMS
FOR A SYSTEM OF NONLINEAR VARIATIONAL
INEQUALITIES IN BANACH SPACES'

JAE UG JEONG

ABSTRACT. In this paper, we consider the problems of convergence of par-
allel iterative algorithms for a system of nonlinear variational inequalities
and nonexpansive mappings. Strong convergence theorems are established
in the frame work of real Banach spaces.
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1. Introduction

Let (E, || -||) be a Banach space and C be a nonempty closed convex subset
of E. This paper deals with the problems of convergence of iterative algorithms
for a system of nonlinear variational inequalities: Find (2*,y*) € C' x C such
that

(MTi(y",2") + 91(z") =1 (y7), 4 (g1(x) — g1 (27))) 20, Vagu(z) € C, (1.1)
(p2Ta (2", y") + g2(y") — g2(27), i (g2(2) — 92(y"))) 2 0, Vg2(z) € C,
where 71,75 : C x C — FE, g1,92 : C — C are nonlinear mappings, J is the
normalized duality mapping, j € J and p1, p2 are two positive real numbers.

If Ty,T5 : C — E are nonlinear mappings and g1 = g2 = I (I denotes the
identity mapping), then (1.1) reduces to finding (z*,y*) € C x C such that

%mﬂ@ﬂ+x“ﬂmﬂx—ﬁ»207vzea

1.2
(0 To(a") + 4" — " jla—y*)) >0, VaeC, 12)

which was considered by Yao et al. [13].

Received June 30, 2015. Revised October 7, 2015. Accepted October 10, 2015.
© 2016 Korean SIGCAM and KSCAM.

61



62 J.U. Jeong

If ¥ = H is a real Hilbert space and 77,75 : C'— H are nonlinear mappings
and g; = g2 = g, then (1.1) reduces to finding (z*,3*) € C x C such that

{(nTi(y") + 9(«") = g(y), 9(x) — g(27)) 20, Vg(z) €C, (1.3)
{p2To(2") + 9(y*) — g(27), 9(x) = 9(y™)) = 0, Vg(z) € C,
which was studied by Yang et al. [12].
If g = I, then (1.3) reduces to finding (z*,y*) € C x C such that
(1T (y*) + 2 —y* xfz>20 Vo € C, (1.4)
(p2To(z*) +y* — 2",z —y*) >0, VzxeCl, '

which was introduced by Ceng et al. [2].
In particular, if T3 = T5 = T, then (1.4) reduces to finding (z*,y*) € C x C
such that

(nT(y") + 2" =y x—a")
(02T (x%) +y* — 2™,z —y")
which is defined by Verma [9].

Further, if 2* = y*, then (1.5) reduces to the following classical variational
inequality (VI(T, C)) of finding z* € C such that

(T(x*),x —x*) >0, VYael. (1.6)

We can see easily that the variational inequality (1.6) is equivalent to a fixed
point problem. An element z* € C' is a solution of the variational inequality
(1.6) if and only if 2* € C'is a fixed point of the mapping Pc (I — AT), where Po
is the metric projection and A is a positive real number. This alternative equiv-
alent formulation has played a significant role in the studies of the variational
inequalities and related optimization problems.

Recent development of the variational inequality is to design efficient iterative
algorithms to compute approximate solutions for variational inequalities and
their generalization. Up to now, many authors have presented implementable
and significant numerical methods such as projection method and it’s variant
forms, linear approximation, descent method, Newton’s method and the method
based on auxiliary principle technique.

However, these sequential iterative methods are only suitable for implement-
ing on the traditional single-processor computer. To satisfy practical require-
ments of modern multiprocessor systems, efficient iterative methods having par-
allel characteristics need to be further developed for the system of variational
inequalities (see [1,4,5,6,12,14]).

Motivated and inspired by the research work going on this field, in this pa-
per, we construct an parallel iterative algorithm for approximating the solution
of a new system of variational inequalities involving four different nonlinear map-
pings. Finally, we prove the strong convergence of the purposed iterative scheme
in 2-uniformly smooth Banach spaces.
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2. Preliminaries

Let C be a nonempty closed convex subset of a Banach space E with the
dual space E*. Let (-,-) denote the dual pair between E and E*. Let 2¥ denote
the family of all the nonempty subsets of . For ¢ > 1, the generalized duality
mapping J, : E — 2" is defined by

Jo(x) = {f* € E* : (w, f*) = |2l If* ]| = l«]*7"}, Vo € B

In particular, J = Jy is the normalized duality mapping. It is known that
Jy(z) = ||z]|772J (x) for all z € E and J, is single-valued if E* is strictly convex
or F is uniformly smooth. If £ = H is a Hilbert space, J = I, the identity
mappings.
Let B={z € E: ||z|| = 1}. A Banach space FE is said to be smooth if the

limit

iy~ |

t—0 t

exists for all x,y € B. The modulus of smoothness of F is the function pg :
[0,00) — [0, 00) defined by
1
pe(t) =sup{; (e +yll +llz —yll) = 1+ flz]] < 1, llyll < ¢}

A Banach space F is called uniformly smooth if lim;_,q pET(t) = 0. F is called
g-uniformly smooth if there exists a constant ¢ > 0 such that

pe(t) <ct?, ¢>1.
If F is g-uniformly smooth, then ¢ < 2 and FE is uniformly smooth.

Definition 2.1. Let T : C x C — E be a mapping. T is said to be
(i) (9, &)-relaxed cocoercive with respect to the first argument if there exist
j(x —y) € J(x —y) and constants §,& > 0 such that

(T(z,) = T(y,"),j(x —y)) = =8| T(x, ) = Ty, )|I* + lla — yl®

for all z,y € C,
(ii) p-Lipschitz continuous with respect to the first argument if there exists a
constant p > 0 such that

1T (2, ) = T(y, )|l < plle =yl

for all z,y € C;
(iii) v-Lipschitz continuous with respect to the second argument if there exists
a constant v > 0 such that

1T(,2) =Tl < vlle -yl

for all z,y € C.
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Definition 2.2. Let g : C — C be a mapping. ¢ is said to be
(i) ¢-strongly accretive if there exists a constant ¢ > 0 such that

(9(x) = 9(v),j(x —y)) = Cllz — y|?
for all z,y € C.
(ii) n-Lipschitz continuous if there exists a constant n > 0 such that
lg(@) =9Il < nllz =yl
for all z,y € C.

Let D be a subset of C and @ be a mapping of C' into D. Then @ is said to
be sunny if

QQ(z) +t(z — Q(x))] = Q(x)

whenever Q(z) + t(z — Q(z)) € C for x € C and t > 0. A mapping Q of C
into itself is called a retraction if Q2 = Q. If a mapping Q of C into itself is a
retraction, then Q(z) = z for all z € R(Q), where R(Q) is the range of Q. A
subset D of C' is called a sunny nonexpansive retract of C' if there exists a sunny
nonexpansive retraction from C' onto D.

In order to prove our main results, we also need the following lemmas.
Lemma 2.3 ([11]). Let E be a real 2-uniformly smooth Banach space. Then
o+ yl12 < l2ll? + 20y, () + 2AKyl2, Va,y € E,
where K is the 2-uniformly smooth constant of E.

Lemma 2.4 ([7]). Let C be a nonempty closed convex subset of a smooth Banach
space E and let Q¢ be a retraction from E onto C. Then the following are
equivalent:

(i) Q¢ is both sunny and nonexpansive;

(ii) (x — Qc(x),j(y — Qc(x))) <0 for allz € E and y € C.

Lemma 2.5 ([10]). Suppose {0,} is a nonnegative sequence satisfying the fol-
lowing inequality:

5n+1 S (]- - )\n)én + On, n 2 Oa
with A, € [0,1], 3207 o Ay = 00 and 0, = 0(N\y,). Then lim,,_,o0 6, = 0.

Lemma 2.6 ([3]). Let {c,} and {k,} be two real sequences of nonnegative num-
bers that satisfy the following conditions:

(1) 0 <k, <1 forn=1,2,--- and limsup,, k, < 1;

(ii) cny1 < kpcp forn=1,2,---.

Then c¢,, converges to 0 as n — oco.
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3. Iterative algorithms

In this section, we suggest a parallel iterative algorithm for solving the system
of nonlinear variational inequality (1.1). First of all, we establish the equivalence
between the system of variational inequalities and fixed point problems.

Lemma 3.1. Let C be a nonempty closed convex subset of a smooth Banach
space E. Let Q¢ : E — C be a sunny nonexpansive retraction, T; : C' x C' = E
and g; : C — C be mappings for i = 1,2. Then (z*,y*) with z*,y* € C is a
solution of problem (1.1) if and only if

{z* =2 — g1(x*) + Qcln (v*) — pT1(y*, %)

3

v =y — g92(y") + Qclg2(x*) — poTa(x*,y*))].

Proof. Applying Lemma 2.4, we have that

(mTi(y*,z*) + g1(z*) — g1(y*), j(91(z) — g1(z¥))) >0, Vai(zx) € C,
(p2To(2*, %) + g2(y*) — g2(*), j(g2(x) — g2(y*))) >0, Vga(z) € C.

]

{(gl(y*) -,y %) — g1(z%), 5 (g1(z) — g1 (z¥))) <
j <

That is,
' =a" —gi(z") + Qeclor(y*) — pTa(y™, 7)),
v =y = 92(y7) + Qolga(z™) — poTa (2™, y")].
This completes the proof. O

This fixed point formulation allow us to suggest the following parallel iterative
algorithms.

Algorithm 3.1. For any given z,yo € C, computer the sequences {z,} and
{yn} defined by
Tnt1 = Tn — g1(zn) + Qclg1(yn) — p1T1(Yn, Tn)],
Ynt1 = Yn — 92(yn) + Qclgz(zn) — p2To(2n, yn)];
where p1, p2 are positive real numbers.

Also, we propose a relaxed parallel algorithm which can be applied to the
approximation of solution of the problem (1.1) and common fixed point of two
mappings.
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Algorithm 3.2. For any given zg,yo € C, compute the sequences {z,,} and
{yn} defined by

Tnt1 = (1 —apn)zn + anlkS1(zn)
+(1 = K)(wn — g1(zn) + Qc(91(Yn) — P1T1(Yn, Tn)))],
Ynt1 = (1= Bn)yn + Bn[kS2(yn)
+(1 = &) (Yn — 92(yn) + Qc(g2(zn) — p2T2(Tn, yn)))l,
where S1, S : C — C are nonexpansive mappings, {a,},{8,} are sequences in

[0,1], k € (0,1) and p1, p2 are positive real numbers.

If 71,715 : C' — E are nonlinear mappings and g; = g2 = I, then the algorithm
3.1 reduces to the following parallel iterative method for solving problem (1.2).

Algorithm 3.3. For any given zg,yo € C, compute the sequences {z,,} and
{yn} defined by

Tnt1 = Qcyn — p1T1(yn)],
Ynt+1 = Qclrn — p2T2(25)],
where p1, p2 are positive real numbers.
If ¥ = H is a Hilbert space, 71,75 : C' — H are nonlinear mappings and

g1 = go = g, Algorithm 3.1 reduces to the following parallel iterative method for
solving problem (1.3).

Algorithm 3.4. For any given zg,yo € C, compute the sequences {z,,} and
{yn} defined by

Tpt1 = Tn — §(Tn) + Polg(yn) — p1T1(yn)l,
Yn4+1 = Yn — g(yn) + PC[g(xn) - p2T2(mn)]v

where p1, p2 are positive real numbers.

4. Main results
We now state and prove the main results of this paper.

Theorem 4.1. Let E be a 2-uniformly smooth Banach space with the 2-uniformly
smooth constant K, C be a nonempty closed convex subset of E and Q¢ be a
sunny nonexpansive retraction from E onto C. Let T; : C x C — E be a non-
linear mapping such that (8;,&;)-relazed cocoercive, p;-Lipschitz continuous with
respect to the first argument and ~y;-Lipschitz continuous with respect to the sec-
ond argument for ¢ = 1,2. Let g; : C — C be a n;-Lipschitz continuous and
(;-strongly accretive mapping for i = 1,2. Assume that the following assump-
tions hold:

V(& —01p])? — 2K213 (2 — 1)
2K2 3 ’

§1— 017
2K2u3

o — (4.1)
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V(& — 0243)? — 2K21i3m(2 — 1)
2K2 5 ’

& - bapi3
2K2u3

P2

(4.2)

£1>(51M%+Ku1 27'1(2—7’1),

Eo > oty + Kpon/2m2(2 — 72),

where T, = m1 + Mo+ paye, To = M1 +Mo+ p17y1, M1 = \/1 —2G + 2K2n% and
may = /1 —2( + 2K213.

Then there exist x*,y* € E, which solves the problem (1.1). Moreover, the
parallel iterative sequences {x,} and {y,} generated by the Algorithm 3.1 con-
verge to x* and y*, respectively.

Proof. To proof the result, we first need to evaluate ||z,4+1 — || for all n > 0.
From Algorithm 3.1 and the nonexpansive property of the sunny nonexpansive
retraction Q¢, we can get

[Zn+1 — 2all
= llzn — g1(zn) + Qclgr(yn) — p1T1(Yn, 1))
= (@n—1 = 91(Tn-1) + Qclg1(Yn-1) — p1T1(Yn-1, Tn-1))) |l
< lzn —2n—1 = (g1(2n) — g1(xn=1))||
+1Qclg1(yn) — p1T1(Yn, n)] — Qclgr(Yn—1) — P1T1(Yn—1, Tn-1)]|l
<Nwn = p-1 = (91(%n) — g1(Tn-1))|
+ Y0 = Yn—1 = (91(yn) — g1(yn-1))||
+ 1yn — yn—1 = p1(T1(Yns ) — T1(Yn—1,20))|
+ Pl T1 (Yn—1,2n) — T1(Yn—1, Tn—1)]- (4.3)

Using the strongly accretivity and Lipschitz continuity of g; and Lemma 2.3, we
find that

20 = 201 — (g1(2n) = g1(2n-1))|”
< wn — 21l = 2(g1(xn) — 91(Tn-1),5(Tn — Tn_1))
+2K°||g1 (20) — g1(2n—1) |
< wn = zn-1]* = 2G |20 = Zoa|® + 2207 |20 — 2pa ||
= (1= 26, + 2K o — P
and
1y = o1 = (91(Yn) = 91 Wn-)I* < (1 = 2G0 +2K°07) [y — yn-1*,
which imply that
|20 — 2n-1 — (g1(2n) — g1(2n-1))|| <M1z —2p_1| (4.4)
and

lyn — Yn—1— (91(¥n) — 1 (Wn—1))|l < mallyn — yn-1l|; (4.5)
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where m; = /1 —2¢; + 2K2n7. Since T} is (dy,&;)-relaxed cocoercive and fi-
Lipschitz continuous with respect to the first argument, we have
19n = Yn—1 = p1(T1(Yn, ©n) = Ty (Yn—1,20))|?
< lyn = yn—1ll® = 2p0(T1 (Y, 20) = T (Yn—1:20), 3 (Y — Yn—1))
+ 2K 3| T (Yns 20) = Ta (Y1, ) |12
< llyn = yn—1ll® = 2p1[=81 | T2 (yns 2n) — T2 (yn—1, 20|12
+&llyn = yn-11?] + 2K T1 (Y, 20) — T1(yn—1, ) |I?
< lyn = yn—1ll® + 2016143 Y0 — yn—1® = 20161 [lyn — yn—1?
+ 2K p 1 |y — yn—1|I?
= (142018113 — 20161 + 2K20313) [y — Y |- (4.6)
Also,using the Lipschitz continuity of 77 with respect to second argument,
171 (Yn—1,2n) = T1(yn—1, Tn-1) || < Mllen — zp_1l]. (4.7)
Combining (4.3)-(4.7), we have
[#n41 = 2all < (m1+ pry1)llzn — Tnall + (M1 +01)[lyn — yn-al,  (4.8)

where 0y = \/1 + 2p161147 — 2p1&1 + 2K2p3 13

Similarly, since go is 7m2-Lipschitz continuous and (o-strongly accretive, Th
is (d2,&2)-relaxed cocoercive, ps-Lipschitz continuous with respect to the first
argument and ~»-Lipschitz continuous with respect to the second argument, we
obtain

Hyn+1 - yn” S (m2 + 92)”{13” - -'Enfl” + (m2 + p2’72)||yn - ynfl‘la (49)

where my = \/1 — 2(z + 2K2n3 and 0y = /1 + 2p20243 — 2pas + 2K2p3p3. Tt
follows from (4.8) and (4.9) that

||1'n+1 - InH + ||yn+1 - ynH
< (m1+ma+ 02+ p1y1) ||z — znal| + (M1 + mae + 01 + p272)||Yn — Yn—1l|
< k(”xn - xnle + ”yn - yn71||)7 (4.10)

where k = max{mj + ma + 02 + p171,m1 + ma + 01 + pay2}. From (4.1) and
(4.2), we know that 0 < k < 1. Let ¢, = ||z — @n-1]| + ||Yn — Yn—1]|. Then
(4.10) can be rewritten as

Cn+1§]€0n, n=12---.

It follows from Lemma 2.6 that {z,} and {y,} are both Cauchy sequences in
E. There exist z*,y* € F such that z, - z* and y, — y* as n — oco. By
continuity, we know that z*, y* satisfy

z* =a* — gi1(2*) + Qe (v*) — ;i Th(y*, z*)],
v =y — g2(y*) + Qclga(x*) — pTo(*, y*)].
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It follows from Lemma 3.1 that (z*,y*) is a solution of problem (1.1). This
completes the proof. O

If 71,75 : C — E are nonlinear mappings and g; = g2 = I, the the following
corollary follows immediately from Theorem 4.1.

Corollary 4.2. Let E be a 2-uniformly smooth Banach space with the 2-uniformly
smooth constant K, C be a nonempty closed convex subset of E and Q¢ be a
sunny nonezpansive retraction from E onto C. Let T; : C — E be a (;,&)-
relaxed cocoercive and p;-Lipschitz continuous mapping for i = 1,2. Assume
that the following assumptions hold:

oy — & —O1pf| _ & — ol
2K2p3 2K

Dy — 2 — 23| _ & — 02413
* 2K 2K?213

& > 6142 and & > Sapa.

Then there exist x*,y* € E, which solves the problem (1.2). Moreover, the par-
allel iterative sequences {x,} and {y,} generated by the Algorithm 3.3 converge
to x* and y*, respectively.

Remark 4.1. (i) We note that Hilbert spaces and LP(p > 2) spaces are 2-
uniformly smooth.

(ii) If E = H is a Hilbert space, then a sunny nonexpansive retraction Q¢ is
coincident with the metric projection Po from H onto C.

(iii) It is well known that the 2-uniformly smooth constant K = g in Hilbert
spaces.

We can obtain the following result immediately.

Corollary 4.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T; : C — H be a (6;,&;)-relazed cocoercive and p;-Lipschitz continuous
mapping for i =1,2. Let g: C — C be a n-Lipschitz continuous and (-strongly
monotone mapping. Assume that the following assumptions hold:

&G — o0t (&G =02 — 32— 1)

P1 — 5 < P} P
1 251

& — 0op3| /(& — 02p3)? — pi37(2 — 7)

P2 — 5 < P} P
125) 125)

& >0 + /T2 —7),

€2 > Gapty + p2/7(2 - 7),
where T = 24/1 — 2 + n2.
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Then there exist ©*,y* € H, which solve the problem (1.3). Moreover, the par-
allel iterative sequences {x,,} and {y,} generated by the Algorithm 3.4 converge
to x* and y*, respectively.

Let Fixz(S;) denote the set of fixed points of the mapping S;, i.e., Fiz(S;) =
{z € C: S;z =2z} and Q the set of solutions of the problem (1.1).

Theorem 4.4. Let E be a 2-uniformly smooth Banach space with the 2-uniformly
smooth constant K, C be a nonempty closed convex subset of E and Q¢ be a
sunny nonexpansive retraction from E onto C. Let T; : C x C — E be a non-
linear mapping such that (8;,&;)-relaxed cocoercive, p;-Lipschitz continuous with
respect to the first argument and ~y;-Lipschitz continuous with respect to the sec-
ond arqgument for i = 1,2. Let g; : C — C be a n;-Lipschitz continuous and
C;-strongly accretive mapping for i = 1,2. Let S; : C — C be a nonexpansive
mapping with a fized point for i = 1,2. Let {an}, {Bn} be sequences in [0,1].
Assume that the following assumptions hold:

(C1)0< 01, =an(1—r—(1—k)(m1+pim)) — Bu(l —k)(Mma +62) <1,

(C2) 0 <Oz, =pn(l—k—(1—k)(ma2+p27y2)) —an(l—k)(mi+6;) <1,

(C3) >0 i O1n =00 and >~ Oy, = 00, where

my =\/1—20 +2K%7, ma=/1—20 +2K23,

01 = \/1 + 2010147 — 2p1&1 + 2K2pip,

and

b2 = \/1 + 2padap3 — 2paa + 2K 2 p5uis.

If QN Fix(S1) N Fix(S2) # ¢, then the sequences {x,} and {y,} generated by
the Algorithm 3.2 converge to x* and y*, respectively, where (x*,y*) € Q and
x*,y* € Fiz(Sy) N Fix(Ss).

Proof. Letting (z*,y*) € 1, we obtain from Lemma 3.1 that
* =" — g1(z") + Qcloi(y”) — ;T (y*, 7)),
v =y" = g2(y") + Qelga(z”) — paTa(2", y")].
Since z*,y* € Fiz(S1) N Fixz(Sz2), we have
z* = 51(2" — g1(2") + Qe (y*) — mTi(y", z7))),
y* =52y — g2(y") + Qelga(z™) — p2Ta(2", y*))).

Putting e; ,, = £S1(xn) + (1 = K)(zn — g1(Tn) + QC[gl(yn) - plTl(ynaxn)D for
eachn=0,1,2,---, we arrive at

le1n — 27|
= ”‘%Sl(‘rn) + (1 - K)(:En - gl(xn) + QC[gl(yn) - plTl(yna xn)]) - x*H
< E[S1(zn) = 27|+ (1 = 8)|[zn — g1(zn) + Qclg1(yn) — P1T1(Yn, Tn)]
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— (" —q1(2") + Qe (y*) — pTa(y", 7))
< Kllen =2 + (1= R)[[len — 2" = (g1(zn) — g1 (z"))|
+lQclgr(yn) — 1 Ti(yn, 2n)] — Qelor(y”) — pTaly™, "]
< fillzn =27+ (1= K)[lzn — 27 = (g1(zn) — 91(z7))]]
Fllyn =" = (91(yn) — 91 (y"))
Yy =y = pr(T1(Yns 2n) = T2 (Y™, 20)) |
+ ol Ty ) = Tay", ")) (4.11)
Using the arguments as in the proof of Theorem 4.1, we obtain

|zn — 2% = (g1(zn) — g1(z™))|| < ma|lzn — 27,
Iy — " = (91(yn) — g1 (W) < mullyn — ¥,

1yn = y* = p1(T1(Yns wn) = T1 (Y™, z0)) || < Oillyn — y7 |,
and
1T " 2a) — Ti(y™ 2| < llen — 7],
where my = /1 =2 +2K2092 and 6; = /1+2p16142 — 20&1 + 2K2p3 3.
From (4.11), we have
letn — &l < allzn — 2l + (1 = 8)[ma|zn — 2] + g — o
+ 01llyn — ¥l + priyllzn — 27|]
— [+ (1= )1 + prn)lm — o]
+ (1= &)(m1 +0)lyn — 7.

It follows that
[Znt1 — 2% < (1 — an)llzn — 2| + anller,n — 2™
< (I —an)llzn — 2% + an{lr + (1 = 5)(m1 + p171)][lzn — 27|
+ (1= k) (my +01)[lyn — y*[I}
= [1 = an + an(c+ (1 = K)(m1 + p171))]lzn — 27|
+ an(l = k) (m1 + 01)[lyn — v |- (4.12)
Similarly, we obtain
[yn1 = y*ll = Bn(1 — K)(ma2 + O2) ||z — 27|
+[1 =By + Bu(k + (L = &) (m2 + p272)]llym —y"|l. (4.13)
where mg = /1 — 20 + 2K203 and 0y = /1 + 2padapu3 — 2p2&s + 2p3 K213,
Now (4.12) and (4.13) imply
[Zn41 = 27| + [[yns1 — 47|
<[T= (=K = (1= r)(m1+ p171)) = Bu(l = K)(m2 + 62))]l|lzn — 27|
+ 1= Bn(l =K = (1= r)(m2+ p272)) — an(l = K)(ma + 61))lyn — y"||
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< max{(1 = O1,), (1 = O2n) H([[wn — || + [[yn — ¥ []), (4.14)

where

@l,n - an<1 — K — (1 - H)(ml + Pl’Yl)) - Bn(l - H)(m2 + 92)a

O2n = Bn(1 =k — (1 — k) (M2 + p2y2)) — an(1 — K)(mq + 64).
Define the norm || - ||« on E x E by
(@ y)lls = llzll + lyll,  V(z,y) € Ex E.
Then (E x E,|| - ||«) is a Banach space. Hence, (4,14) implies that

[(@nt1syntr) = (@747l
< max{(1 = 01.4), (1 = O2.n)}[(xn,yn) — (27,37l (4.15)
From the conditions (C1)-(C3) and Lemma 2.5 to (4.15), we obtain that

nh~>n,olo H(xn—‘rl7yn+l) - ( )H O

Therefore, the sequences {z,} and {y,} converge to z* and y*, respectively.
This completes the proof. O

Remark 4.2. Theorem 4.1 and 4.4 extend the solvability of the systems of
variational inequalities (1.2)-(1.6) to the more general system of variational in-
equalities (1.1). The underlying mapping T; : C x C' — E (i = 1,2) in our paper
needs to be relaxed (d;,&;)-relaxed cocoercive while the underlying operators
A, B in [13] needs to inverse strongly accretive. Hence, Theorem 4.1 and 4.4
extend and improve the main results of [9,12,13].
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