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ABSTRACT. The concept of quasi-coincidence of interval valued intuitionis-
tic fuzzy point with an interval valued intuitionistic fuzzy set is considered.
By using this idea, the notion of interval valued («, 8)-intuitionistic fuzzy
bi-ideals, (1,2)ideals in a semigroup introduced and consequently, a gener-
alization of interval valued intuitionistic fuzzy bi-ideals and intuitionistic
fuzzy bi-ideals is defined. In this paper, we study the related properties of
the interval valued («, 3)-intuitionistic fuzzy bi-ideals, (1,2) ideals and in
particular, an interval valued (€, € Vq)-fuzzy bi-ideals and (1,2) ideals in
semigroups will be investigated.
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1. Introduction

The concept of a fuzzy set was first initiated by Zadeh [1]. Fuzzy set theory
has been shown to be a useful tool to describe situations in which the data are
imprecise or vague. Fuzzy sets handle such situations by attributing a degree to
which a certain object belongs to a set. The fuzzy algebraic structures play a
prominent role in mathematics with wide applications in many other branches
such as theoretical physics, computer sciences, control engineering, information
sciences, coding theory, topological spaces, logic, set theory, group theory, real
analysis, measure theory etc. After the introduction of the concept of fuzzy sets
by Zadeh, several researches conducted the researches on the generalizations of
the notion of fuzzy set with huge applications in computer, logics, automata and
many branches of pure and applied mathematics. The notion of i-v fuzzy sets
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was first introduced by Zadeh [1] as an extension of fuzzy sets in which the val-
ues of the membership degrees are intervals of numbers instead of the numbers.
Thus, i-v fuzzy sets provide a more adequate description of uncertainty than
the traditional fuzzy sets. I-v fuzzy set theory has been shown to be a useful
tool to describe situations in which the data are imprecise or vague. Rosen-
feld studied fuzzy subgroups of a group [2]. The study of fuzzy semigroups was
studied by Kuroki in his classical paper [3] and Kuroki initiated fuzzy ideals,
bi-ideals, semi-prime ideals, quasi-ideals of semigroups [4, 5, 6, 7, 8, 9, 10]. A
systematic exposition of fuzzy semigroup was given by Mordeson et.al. [11], and
they have find theoretical results on fuzzy semigroups and their use in fuzzy
finite state machines, fuzzy languages and fuzzy coding. Mordeson and Malik
studied monograph in [12] deals with the application of fuzzy approch to the
concepts of formal languages and automata. In 2008, Shabir and Khan intro-
duced the concept of i-v fuzzy ideals generated by i-v fuzzy subset in ordered
semigroup [43]. Using the notions ”belong to” relation (€) introduced by Pu
and Lia [19]. In [20], Morali proposed the concept of a fuzzy point belonging
to a fuzzy subset under natural equivalence on fuzzy subset. Bhakat and Das
introduced the concepts of («, §)-fuzzy subgroups by using the ” belong to” re-
lation (€) and ” quasi-coincident with” relation (q) between a fuzzy point and
a fuzzy subgroup, and defined an (€, € Vgq)-fuzzy subgroup of a group [21].
Kazanci and Yamak [22] studied generalized types fuzzy bi-ideals of semigroups
and defined (€, € V q)-fuzzy bi-ideals of semigroups. Jun and Song [23] studied
generalized fuzzy interior ideals of semigroups. In [24], Shabir et. al. charac-
terized regular semigroups by the properties of («, §)-fuzzy ideals, bi-ideals and
quasi-ideals. In [25], Shabir and Yasir characterized regular semigroups by the
properties of (€, € V q)-fuzzy ideals, generalized bi-ideals and quasi-ideals of a
semigroup. M. Shabir et. al. defined some types of (€, € Vg;)-fuzzy ideals of
semigroups and characterized regular semigroups by these ideals [26]. In [27],
M. Shabir and T. Mehmood studied (€, € Vg )-fuzzy h-ideals of hemirings and
characterized different classes of hemirings by the properties of (€, € Vqy)-fuzzy
h-ideals. Recently, M. Aslam et al. [28] initiated the concept of («,3)-fuzzy I'-
ideals of I'-LA-semigroups and given some characterization of I'-LA-semigroups
by (a,8)-fuzzy T-ideals.

In fuzzy sets theory, there is no means to incorporate the hesitation or uncer-
tainty in the membership degrees. In 1986, Atanassov [29] premised the concept
of an intuitionistic fuzzy set (IFS) and more operations defined in [30]. An
Atanassov intuitionistic fuzzy set is deliberated as a generalization of fuzzy set
[1] and has been found to be useful to deal with vagueness. In the sense of
an IFS is characterized by a pair of functions valued in [0,1]: the membership
function and the non-membership function. The evaluation degrees of member-
ship and non-membership are independent. Thus, an Atanassov intuitionistic
fuzzy set is more material and concise to describe the essence of fuzziness, and
Atanassov intuitionistic fuzzy set theory may be more suitable than fuzzy set
theory for dealing with imperfect knowledge in many problems. The concept
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has been applied to various algebraic structures. Atanassov and Gargov [31]
initiated the notion of i-v intuitionistic fuzzy sets which is a generalization of
both intuitionistic fuzzy sets and interval valued fuzzy sets. In [?], Akram and
Dudek have defined interval valued intuitionistic fuzzy Lie ideals of Lie algebras
and some interesting results are abtained. Biswas [32] introduced the notion
of intuitionistic fuzzy subgroup of a group by using the notion of intuitionistic
fuzzy sets. In [33], Kim and Jun defined intuitionistic fuzzy ideals of semigroups.
Kim and Lee [34] studied intuitionistic fuzzy bi-ideals of semigroups. Kim and
Jun initiated the concept intuitionistic fuzzy interior ideals of semigroups [35].
Coker and Demirci introduced the notion of intuitionistic fuzzy point [36] of
1995. Jun [37] introduced the notion of (®, ¥)-intuitionistic fuzzy subgroups,
where ®, ¥ are any two of {€,q, € Vg, € Aq} with & #£€ Ag, and related prop-
erties are investigated. Aslam and Abdullah [38] introduced the concept of
(®, ¥)-intuitionistic fuzzy ideals of semigroups and obtained some properties of
(®, U)-intuitionistic fuzzy ideals. Recently, Abdullah et.al., initiated the con-
cept of (o, f)-intuitionistic fuzzy ideals of hemirings by using the ”belong to”
relation (€) and ” quasi-coincident with” relation (q) between an intuitionistic
fuzzy point and an intuitionistics fuzzy set, and they defined prime (semi-prime)
(o, B)-intuitionistic fuzzy ideals of hemirings [39].

In this paper, we introduce the concept of interval valued (€, € vqg)-intuitionistic
fuzzy bi-ideal of semigroup and («, 8)-intuitionistic fuzzy bi-ideal of semigroup
where ®, ¥ are any two of {€, ¢, € Vq, € Aq} with o #€ Ag, by using belong to
relation (€) and quasi-coincidence with relation (q) between intuitionistic fuzzy
point and intuitionistic fuzzy set, and investigated related properties. We also
prove that in regular semigroup, every (€, € Vg)-intuitionistic fuzzy (1,2) ideal
of semigroup S is an (€, € Vqg)-intuitionistic fuzzy bi-ideal of semigroup S.

2. Preliminaries

Definition 1 ([1, 2]). Let X be a non-empty fixed set. An interval valued
intuitionistic fuzzy set (briefly, IVIFS) A is an object having the form

A= {{z,fialz), Aa(2)) : x € X}

where the functions fi4 : X — [0,1] and M X — [0,1] denote the degree of
membership (namely fis(x)) and the degree of non-membership (namely py a(x))
of each element z € X to the set A, respectively, and fia(x) + XA(z) <1 for all
x € S for the sake of simplicity, we use the symbol A = </7A7XA) for the IVIFS
A={(z,pa(x), a(z): x € X}.

Definition 2 ([4]). Let ¢ be a point in a non-empty set X. If £ € D(0,1] and
5 € D[0,1) are two interval numbers such that 0 < ¢+ 5 < 1, and at same time
both values ¢ and § does not less than 0.5. Then, the IFS

c(ﬂ s) = (x, c;,T — %)
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is called an interval valued intuitionistic fuzzy point (IVIFP for short) in X,
where ¢ (resp, 3) is the degree of membership (resp, non-membership) of ¢(t, 3)
and ¢ € X is the support of ¢(t,3). Let ¢(,3) be an IVIFP in X. and let
A= <x,ﬁA,XA> be an interval valued IFS in X. Then, ¢(t,3) is said to belong
to A, written c(,5) € A, if fia(c) >  and Aa(c) < 5. We say that c(Z,3) is
quasi-coincident with A, written ¢(Z,3)gA, if fia(c) + 1 > 1 and Aa(c) + 5 < 1.
To say that c(t,3) € VgA (resp, c(t,3) € AgA) means that c(t,3) € A or c(t,3)gA
(resp, ¢(t,3) € A and c(t,3)qA) and ¢(t,3)€ VgA means that ¢(,3) € VgA does
not hold and m{tAl,tAg} = min {tAl,tAg} , M{51,82} = max {51,52}.

Definition 3. An IVIFS A = <ﬁA,:\\A> in S is called an intuitionistic fuzzy
subsemigroup of S if the following conditions hold:

(IF1) pa(zy) > palz) Apfaly),

(IF2) Ma(zy) < Xa(z) VAa(y) for all z,y € S.

Definition 4. An IVIFS A = ([i4, XA> in S is called an intuitionistic fuzzy right
ideal of S if it satisfy fia(zy) > fia(x) and Ag(zy) < Aa(x) for all z,y € S.

Definition 5. An IVIFS A = (figa, XA> in S is called an intuitionistic fuzzy left
ideal of S if it satisfy fia(zy) > fia(y) and Aa(xy) < Aa(y) for all x,y € S.

Theorem 1 ([13]). An IVIFS A = (ﬁA,XA> in a semigroup S is an interval
valued (€, € Vq)-intuitionistic fuzzy left (resp. right) ideal of a semigroup S if
and only if the following conditions hold. - R R -
(a) Vz,y € S) pia(zy) > min{ﬁA(y)/,i)ﬁ} and Aa(zy) < sz({)\A(y/)\,Ob}
(resp. (Vz,y € S) fa(zy) > min{ia(z),0.5} and As(xy) < max{ia(x),0.5}).

3. Interval valued (o, §)-Intuitionistic Fuzzy bi-ideals

Definition 6. An IVIFS A = ([, XA> in a semigroup S is said to be an interval
valued (a, B)-intuitionistic fuzzy subsemigroup of a semigroup S if the following
condition holds:

(Vz,y € S) (t1,t2 € D(0,0.5] and 51,8, € D[0.5,1)ort;,t2 € D(0.5,1] and
51,8 € D[0,0.5)) (1, 81)ad and y(ta, 52) BA = (xy)(m{t1, t2}, M{51,52})BA.

Definition 7. An IVIFS A = (fia, :\\A> in a semigroup S is said to be an
interval valued (o, 8)-intuitionistic fuzzy left (resp, right) ideal of semigroup S
if Vo,y € S and Vi, 1o € D(0,0.5] and 51,82 € D[0.5,1) or 11,1ty € D(0.5, 1] and
$1, 82 € D[0,0.5), the following hold.
(IVIFS2) y(t,38)aA = (xy)(t,5)BA (resp. z(t,5)aA = (xy)(t,3)BA.

An IVIFS A = (Ji4, XA> in a semigroup S is said to be an interval valued (o, §)-
intuitionistic fuzzy ideal of a semigroup S, if A = (i, P\ ) is an interval valued
(o, B)-intuitionistic fuzzy left ideal and interval valued (v, 8)-intuitionistic fuzzy
right ideal of a semigroup S.
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Definition 8. An IVIFS A = (i, XA> in a semigroup S is said to be an interval
valued («, §)-intuitionistic fuzzy bi-ideal of a semigroup S, where «, § are any
two of {€,q, € Vq, € Aq} with o #€ Ag, if for all z,y,z € S, 11,11, 12 € D(0,0.5]
and 51,5, € D[0.5,1) or t1,t, € D(0.5,1] and 51,5, € D[0,0.5), the following
conditions hold:
(IFB1) x(t1,31)aA and y(ts, 52)ad = (zy)(m{t1, t2}, M{31,52})BA,
(IFB2) z(t,51)aA and z(ty, 55)aAd = (zyz)(m{ty, 12}, M{51,5:})BA.

Definition 9. An IVIFS A = (fia, XA> in semigroup S is said to be an interval
valued (a, 8)-intuitionistic fuzzy (1, 2) ideal of semigroup S if for all x,y, z,a €
S, t1,ta € D(0,0.5] and 51,5, € D[0.5,1) or t1,to € D(0.5,1] and 51,5, €
DJ0,0.5), the following conditions hold.
(IVIFS2) x(t1,51)aA and y(t2,52)aA = (xy)(m{ty, ta}, M{51,5:})BA.
(IVIFS2) x(t1,51)aA and z(t2,52)aA = (za(yz))(m{ty, ta}, M{51,5,})BA.

Theorem 2. Let A = (Jia, XA> be a non-zero interval valued («, 3)-intuitionistic
fuzzy subsemigroup of S. Then, the set AG) = {x €8 :7ia(x) >0 and Ap (z) < T}
is a subsemigroup of S.

Proof. Let x,y € A(GT)' Then, fis (z) > 0 and Ag (z) < 1, and fia (y) > 0 and

A4 (y) < 1. Suppose that fis (zy) = 0 and Ag (zy) = 1. If o € {€, € Vg}, then
2 (fia (2) 3a (@) ) 0 and y (fia () 34 (9) @A but

fa(ey) = 0<rm{fia(@).fia ()} and Xa (oy) =1 > M {34 (2), 34 ()}

So, (ay) (m {7ia (@), 7ia (1)} M {Xa (@) Ra () }) BA for 8 € {e. q, € va
€ Aq}, which is a contradiction. Now, let x (T,ﬁ) gA and y (/1\,6) gA but
(zy) (T, 6) BA for B € {€, q, € Vq, € Aq}, which is a contaradiction. Hence,
fa(xy) > 0and Ay (zy) < 1, thatis zy € A(ﬁj)' Thus, A(ﬁ,i) is a subsemigroup
of S. 0

Theorem 3. Let A = (ia, Aa) be a non-zero interval valued (v, B)-intuitionistic
fuzzy subsemigroup of S. Then, the set Aw) = {x €8 :fia(x) >0 and Aa (z) < T}
s a subsemigroup of S.

Proof. The proof follows from Theorem 2. O

Theorem 4. Let A = ([ia, XA> be a non-zero interval valued (o, 5)-intuitionistic
fuzzy bi-ideal of S. Then, the set A(ﬁ,i) = {x €5 :7ia(z)>0 and 4 () < T}
s a bi-ideal of S.

Proof. Let A= (jia, h\ 4) be a non-zero interval valued («, )-intuitionistic fuzzy
bi-ideal of S. Then, by Theorem 2, A(ﬁ 7) is a subsemigroup of S. Now, let
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T,z € A(o 7) and y € S. Then, fia (z) > 0 and Xa (z) < 1, and fia (z) > 0 and
X4 (2) < 1. Suppose that fis (zyz) = 0 and A4 (zyz) = 1. If o € {€, € Vq}, then

x (ﬁA (), A4 (m)) aA and z <ﬁA (2),Aa (z)) aA but

fia(zyz) = 0<m{fia(z),fia(2)} and A (zyz) =1> M {XA (z), 24 (z)}

which implies that (zy) (m {fia (z),0a(2)}, M {XA (), Aa (z)}) BA for B €
{€, ¢, € Vg, € NAq}, which is a contradiction. Now, let 2 (T, 6) gA and z (T, 6) qA
but (xyz) (T, 6) BA for B € {€, q, € Vq, € Aq}, which is a contaradiction. Hence

fia (zyz) > 0 and 4 (zyz) < 1, that is, zyz € A(B,T)' Thus, A(ﬁ,i) is a bi-ideal
of S. 0

Theorem 5. Let A = (Jia, A\4) be a non-zero interval valued (o, B)-intuitionistic
fuzzy (1, 2) ideal of S. Then, the set Agy) = {x €8:7ia(z) >0 and A (z) < T} is
a (1, 2) ideal of S.

Proof. Straightforward. O

Theorem 6. Let L be a left (resp. right) ideal of S and let A = (,ZZA,X,LQ be an
IVIFS such that R R R
(a) (Vz € S\ B) (ﬁA(x) =0 and Aa(z) = 1),

(b) (Vz € B) (ﬁA(:r,) > 05 and Aa(z) < (75)

Then, A = (ﬁA,XA> is an interval valued (g, € Vq)-intuitionistic fuzzy left
(resp. right) ideal of S.

Proof. (For a =q), let z,y € S and t € D(0, 1] and § € D[0,1) be such that
y(t 5) gA. Then, fia (y )+t> Tand X4 (y )—|—8< 1. So, y € L. Therefore, 2y € L.
Thus, if £ < 0.5 and 5 > 0.5, then,uA(xy)>05>tand)\A( )<05<sand

so (zy) (£,3) € A. If £ > 0.5 and § < 0.5, then fig (zy) + ¢ > 0.5+ 0.5 =1 and
XA( )+3<O5+05—1andso( )(t s)qA Therefore, (z y)(t,s) € VgA.
Since 1 +35 < 1 , the case £>05and s > 0.5 5 does not occur. From the fact
that y (tA, §) qA7 it follows that the case £ < 0.5 and 5 < 0.5 does not occur.

Hence, A = (fia, h) A) is an interval valued (g, € Vg)-intuitionistic fuzzy left ideal
of S. (|

Theorem 7. Let B be a subsemigroup of S and let A = (ﬁA,XA> be an IVIFS
such that R
(a) (Vz € S\ B) (ﬁA(x) =0 and Aa(z) =

(b) (Vz € B) (ﬁA(:@ > 05 and Aa(z) < 0A5)
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Then, A = (ZZA,:\\A> is an interval valued (q, € Vq)-intuitionistic fuzzy sub-
semigroup of S.

Proof. Straightforward. O

Theorem 8. Let B be a bi-ideal of a semigroup S and let A = (ﬁA,XA> be an
IVIF'S of S such that

(a) (Vz € S\ B) (ﬁA(x) =0 and Aa(z) = 1),

(b) (Vx € B) (ﬁA(x) > 0.5 and Aa(z) < O/?’)>

Then, A = ([ia, XA> is an interval valued (g, € Vq)-intuitionistic fuzzy bi-ideal
of S.
Proof. (i) (For a = q), let z,y € S and t,ts € D(0,1] and 1,52 € DJ[0,1) be
such that z(f,51)gA and y(f, 52)gA. Then, fia(z)+£ > 1 and s (z)+5 <1,
and Jia(y) + %2 > 1 and Aa(y) + 52 < 1. Thus, x,y € B. Since B is subsemi-
group. So, zy € B. Thus, fisg(zy) > 0.5 and )\A(xy) < 0.5. If m(ty,t2) > 0.5
and M(51,52) < 0.5, then jia(zy) + m(tAl,tAg) > T and Aa(2y) + M(Sl,SQ) <
1. SO, ( )( (tl,tg) M(§1,§2))QA If m(tl,tz) < 05 and M(§1,§2) > 05
then (zy)(m (t1,t2) M(51,%,)) € A. Since ), +5 < 1 and & + 5 < 1,

the case (il’tf) = 0/'5 does not occur. From the fact that x(t1,§1)qA
M(51,52) > 0.5

and y(t2,52)qA, it follows that { EE;:?;)i% does not occur. Hence,
A= (ﬁA,XA> is an interval valued (g, € Vq)-intuitionistic fuzzy subsemigroup
of S. Let 2,y,z € S and 1,6y € D(0,1] and 51,52 € DJ[0,1) be such that

(tl,sl)qA and z(t2,52)qA Then, pA( )—i—tAl > 1 and XA( )+ 5 < 1, and
fia(z) + & > 1 and )\A( )+ 3 < 1. Thus, 2,z € B. Slnce B is a bi-ideal.
So, xzyz € B. Thus, fia(ayz) > 0.5 and )\A(a:yz) < 05. If m(fy,%) > 05
and M(3,,%,) < 0.5, then Jia(zy) —|—m(tA1,f2) >1 and )\A(xy) + M(81,82) <
1. So, (zy)(m(t1,t2), M(51,52))gA. 1f m(t1,12) < 0.5 and M(31,%) > 0.5,
then (zy)(m (tl,tg) M(sl,\%)) € A Since ), +5 < 1 and & + 5 < T,

the case (il’tf) > 045\ does not occur. From the fact that x(tl,gl)qA
M(81,82) Z 0.5

m(ty,t2) <05
M(§1,§2) < 0.5
A = {(jia, Aa) is an interval valued (g, € Vq)-intuitionistic fuzzy bi-ideal of S. O

and y(tAg,§2)qA, it follows that { does not occur. Hence,

Theorem 9. Let B be a (1,2) ideal of a semigroup S and let A = (ﬁA,XA> be
an IVIFS of S such that

(a) (Vz € S\ B) (ﬁA(ac) =0 and Aa(z) = T),
(b) (Vz € B) (ﬁA(:@ > 05 and Aa(z) < 0A5)
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Then, A = (ZZA,:\\A> is an interval valued (q, € Vq)-intuitionistic fuzzy (1, 2)
ideal of S.

Proof. Proof follow from Theorem 8. (]

4. Interval Valued Intutionistic Fuzzy Bi-Ideals of type (€, € Vq)

Definition 10. An IVIFS A = (Ji4, XA> in semigroup S is said to be an interval
valued (€, € Vg)-intuitionistic fuzzy bi-ideal of semigroup S if Vx,y,a € S,
11,12 € D(0,0.5) and 5,5, € D[0.5,1) or 1,15 € D(0.5,1] and 51,5, € D[0,0.5),
the following conditions hold.

(IFB3) z(t,51) € A and y(t3,5) € A = (zy)(m{t1, 2}, M{51,5}) €
VqA.

(IFB4) z(t1,51) € A and y(ts,5) € A = (zay)(m{t1,t2}, M{51,52}) €
VqA.

Definition 11. An IVIFS A = (ﬁA,XA> in a semigroup S is said to be an
interval valued (€, € Vg)-intuitionistic fuzzy (1,2) ideal of a semigroup S if for
all z,y,2,a € S, 11,12 € D(0,0.5] and 51,8, € D[0.5,1) or t,t5 € D(0.5,1] and
$1, 82 € D[0,0.5), the following conditions hold:
(IFB3) z(f1,51) € A and y(f2, %) € A = (zy)(m{ty, 12}, M{51,5,}) € VqA.
(IFB4).x(t1,51) € A and y(t2,52) € A = (za(yz))(m{t1,ta}, M{51,5}) €
VqA.
Proposition 1. An IVIFS A = (i a, :\\A> of a semigroup S is an interval valued
intuitionistic fuzzy subsemigroup if and only if it satisfies for all x,y € S and
11,12 € D(0,0.5] and 51,5, € D[0.5,1) orty,ta € D(0.5,1] and 51,5, € D[0,0.5),
x(t1,51) € A and y(ty, 52) € A = (zy)(m{t, L2}, M{51,5}) € A.
Proof. Let us suppose that A = <ﬂA,XA> be an interval valued intuitionistic
fuzzy subsemigroup of S. Let z,y € S, t1,1 € D(0,1] and 51,85 € D[0,1) and
let :c(fl,gl) € A and y(?g,’s\g) € A. Then, fig () > t; and :\\A (z) < s1, and
fa (y) >ty and a (y) < s9. Since by given condition

fia(ey) = min{fia (@), fia ()} and A (ay) < max{Xa (@), Aa ()}
fia(zy) > m{b,l} and Aa (zy) < {51,82} .

So, (zy)(m{ty,t2}, M{51,%,}) € A. Thus, A = (Jia, \4) is an interval valued
(€, €)-intuitionistic fuzzy subsemigroup of S.

Conversely, suppose that A = (i A,XA> is satisfied the given condition. We
show that 14 (xy) > min{fia (z), fa (v)} and XA (zy) < max {XA (z), A (y)}
On contrary assume that there exist z,y € S such that fis (zy) < min {fia (=), fia (v)}
and A4 (zy) > max {:\\A (x), Aa (y)} Let t € D(0,1] and s € D[0,1) be such

that fia (zy) <t < min{fia (z), fia (y)} and Xa (zy) > s > max {}:A (), Aa (y)}.
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Then, z(t,5) € A and y(£,5) € A but (xy) (t,5)€A, which contradicts our hy-
pothesis. Hence, fia (zy) > min{fia (z), fia (v)} and Xa (zy) < max {XA (), Aa (y)}.
Thus, A = (fia, p\ A) interval valued intuitionistic fuzzy subsemigroup of S. O
Proposition 2. An IVIFS A = (Jia, XA> of a semigroup S is an interval valued
intuitionistic fuzzy bi-ideal of S if and 07llyAz'f it satisfy for all x,y,z € S and
ti,te € D(0,05] and §1,§2 S D[05, 1) orty,ty € D(O5, 1] and §1,§2 S D[O, 05)

(a) Z‘(/L‘\hgl) € A and y(’t\g,gg) cA— (xy)(m{tlA, tg\}, M{§1,§2}) S A,

(b) (L‘(tl,gl) € A and Z(tz,gg) €A— (myz)(m{tl,tg},M{gl,gg}) c A.

Proof. Proof follows from Proposition 1. O
Theorem 10. Let A = <ﬁA,XA> be an IVIFS in semigroup S. Then, A =

e XA> is an interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of semigroup
S if and only if the following condition hold;

(@) i o) 2 min {a (074 1), 05 | and R (o) < max (R ), 3 ). 05,
(b) fia (way) > min {fia (2) ,fia (4) .05 } and Xa (vay) < max {Xa (2), 34 (4) .05 }.
Proof. Suppose that A = (ﬁA,X 4) is an interval valued (€, € Vq)-intuitionistic

fuzzy bi-ideal of semigroup S.
(a) Let 2,y € S. We consider the following cases:

(1) min {jia (z),fia (y)} < 05 and max{)\A (y } > 05
(2) min {Jia (z),7ia (y)} > 0.5 and max{)\A (y }SO/B
Case (1) Assume that
fia (zy) <min{ﬁA (@) ,7ia ( 05} and A4 (zy) >max{ al Lﬂs}
Then, fia (zy) < min {fia (), fia (4)} and Aa (2y) > max {Xa (2), Aa <y>}
Choose t € D(0,1] and § € D[0,1) such that
fia (zy) <7< min {fia (2) ,ia (1)} and s (zy) > 5 > max {Xa (@), 2a (9) }

Then, z(£,3) € A and y(2,5) € A, but (zy)(t,5)€ VgA, a contradicts.

Case (2) Assume that 7is (zy) < 0.5 and A4 (xy) > 0.5. Then, 2(0.5,0.5) € A
and y(0.5,0.5) € A, but (zy)(0.5,0.5)€ VgA, a contradicts. Therefore, fi (zy) >
min {ﬁA (x),0a (y), 63} and A4 (zy) < max {/):A (), A4 (y) ,O/?’)}

(b
1

Now, let z,y,a € S. We consider the following case’s
min {fia (z),7ia (y)} < 0.5 and max {XA (), A (y)} >05

min {7ia (z),fia (y)} > 0.5 and max {XA (z), 24 (y)} <05
Assume that

(

(2
(1
i

fia (zay) < min {ﬁA (z),7ia (y), (TB} and Aa (zay) > max {XA (), 24 (y) 0’5}

—_ —  ~— —
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fia (zay) < min {jia (2) ,7ia ()} and Xa (vay) > max {Xa (2), 34 (9) }

Choose t € D(0,1] and § € D[0,1) such that

fia (zay) <t < min{fis (x),7ia (y)} and Aa (zay) > 3 > max {XA (), Aa (y)} .
Then, z(,5) € A and y(£,3) € A, but (xay)(t S)€ VgA, which is a contradiction.
Case (2) Assume that s (zay) < 0.5 and A4 (zay) > 0.5. Then, (0.5,0.5) €
Aand y(0.5,0.5) € A, but (zay)(0.5,0.5)€ VgA, which is a contradiction. There-

fore,

fia (vay) > min {fia (v),7ia (), 05} and X4 (vay) < max {34 (2), 4 (), 05}

Conversely, assume that A = <ﬂA,XA> satisfy (a) and (b). Let z,y € S, ti,ts €
D(0,1] and $1,82 € D[0,1), be such that z(¢;,51) € A and y(¢2,82) € A. Then,
fa(x) >t and Mg () < s1, and fia (y) > to and A4 (y) < s2. Now we have

fa(xy) > min {ﬁA (x),0a (y), 0/\5} and A4 (zy) < max {//\\A (x) Aa (y) 7O/\5}

a(zy) > min {?17%\2’6:5} and XA (zy) < max {?17327 0/\5}
Then, we have the following cases

(1) min {?1,?2} < 0.5 and max {51,582} > 0.5.

(2) min {tAl,fg} > 0.5 and max {5y, 5,} < 0.5, and other cases does not occur.

Case (1) If min {tAl,tAg} < 0.5 and max {51,82} > O/\5 then,fia (zy) > min {t1,%>}
and A4 (zy) < max {51,5:}, which implies that (zy)( {tl,tg} M{31,%:}) €A

Case(2) If min {#1,#2} > 0.5 and max {31,52} < 0.5, then fis (zy) > 0.5 and
XA (zy) < 0.5, which implies that fia (zy) + min {tAl,tAg} > 05+05=1and
A (xy)—l—max {31,%:} < 0.5+0.5 = 1. Therefore, (zy)( {tl,tg} M {51,82})qA.
Hence, (z {thtg} , M {51,82}) € VqA.

Let a?,y,a € S and #1,%; € D(0,1] and 51,5, € D[0,1) such that 2(¢1,5;) € A
and y(tAg,§2) € A. Then, fia(z) > t; and XA () < s1, and [ig (y) > t2 and
XA (y) < so. Now we have

fia(way) > min{fia (2),7a (4),05} and Xa (ay) < max {Xa (2), Ra (), 05}

a(zay) > min {?1,2?27 6\5} and /):A (zay) < max {3\17?2,6:5}
Then, we have the following case’s
(3) min {%\17?2} < 0.5 and max {51,582} > 0.5
(4) min {tAl,tAQ} > 0.5 and max {3, 5,} < 0.5
Case (3) If min {#1,%2} < 0.5 and max {31,52} > 0.5, then fia (zay) > min {f1,72}
and A4 (zay) < max {31,352}, which implies that (way)(r m {1, 82}, M {51, %)) e A
Case(4) If min {tl,tg} > 0.5 and max {51,%:} < 0.5 5, then fis (a:ay) > 0.5 and
WA (zay) < 0.5, which implies that 14 (zay) + min {tl,tg} >05+405=1and
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A4 (zay)+max {31, 5,} < 0.54+0.5 = 1. Therefore, (zay)(m {f1, %}, M {51,5:})¢A.
Hence, (zay)(m {%\1,%\2} , M {51,52}) € VgA. This completes the proof. O

Remark 1. Every intuitionistic fuzzy bi-ideal is an interval valued (€, € Vq)-
intuitionistic fuzzy bi-ideal of semigroup S. But the converse is not true, see
example.

Example 1. Let S = {1,2,3,4,5} be a semigroup defined by the following
Cayley table.

-1 2 3 4 5
111 11 11
2111 11
3111 3 3 3
411 1 3 4 5
511 1 3 3 5

Let A = (ﬁA7XA> be an IVIFS in a semigroup S defined by fig (1) = jia (2) =
La(4) = [0.8,0.85], fia (3) = [0.7,0.75], 114 (5) = [0.6,0.65], and A4 (1) =
A (2) = A4 (4) = [0.1,0.15], Aa (3) = [0.2,0.25], Aa (5) = [0.3,0.35]. Then, by

o~

routine calculation A = (Jia, A4) is an interval valued (€, € Vq)-intuitionistic
fuzzy bi-ideal of S but not intuitionistic fuzzy bi-ideal. i.e.,
ga(4-5-4) = [4(3)=1[0.7,0.75] and min (is (4), 714 (4)) =[0.8,0.85]
fia(4-5-4) < min(pa(4),0a(4)) pa (4).
Remark 2. From above Remark and Example, we can say that interval valued

(€, € Vq)-intuitionistic fuzzy bi-ideal of S is a generalization of an intuitionistic
fuzzy bi-ideal of S.

Theorem 11. Let A = (ﬁA,/):A> be an IVIFS in a semigroup S. Then, A =
(Jta,Aa) is an interval valued (€,€ Vq)-intuitionistic fuzzy (1, 2) ideal of a
semigroup S if and only if the following conditions hold;
(a) fia(wy) > min {fia (2) ,ia (v), 05} and Na (wy) < max {Xa (2), 34 (1), 05}
(b) fia (za(y2)) = min {fia () ,7ia (v) , ia () 05} and
Aa (za(y2)) < max {Xa (2), 34 () Aa (2), 05},
Proof. Straightforward. O

Proposition 3. Every interval valued (€, € Vq)-intuitionistic fuzzy left (right)
ideal of S is an interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of S.

Remark 3. If A = (ia, Py 4) is an interval valued (€, € Vqg)-intuitionistic fuzzy
bi-ideal of S, then A = (fia, Aa) need not to be an interval valued (€, € Vq)-
intuitionistic fuzzy left (right) ideal of S.
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Example 2. Let S = {1, 2, 3,4} be a semigroup with the following Cayley table.

|1 2 3 4
1[1 1 11
211 1 4 1
3111 1 1
4111 1 1

(1) Let A = <ﬁA,XA> be an IVIFS defined as; fia (1) = 14 (2) = [0.3,0.35],
fia(3) = fia (4) = [0.1,0.15] and Xa (1) = Aa (2) = [05,0.5], Xa (3) = Aa (4) =
[0.8,0.85]. Then, clearly A = (fia, A4} is an interval valued (€, € Vq)-intuitionistic
fuzzy bi-ideal of S but not interval valued (€, € Vq)-intuitionistic fuzzy right
ideal of S because

fia (23) # min {ﬁA (2), 6\5}

(1) Let A = (fia,Aa) be an IVIFS defined as; fia (1) = fia (3) = [0.4,0.45],
fa(2) =g (4) =1[0,0.05] and /\AA(l) =4 (3) =10.5,0.55], a (2) = fia (4) =
[0.7,0.75]. Then, clearly A = (jia, Aa) is an interval valued (€, € Vg)-intuitionistic
fuzzy bi-ideal of S but not interval valued (€, € Vq)-intuitionistic fuzzy left ideal

of S because .
fia (23) # min {ﬁA (3),0.5}

Proposition 4. (1)Every (€ Vq, € Vq)-intuitionistic fuzzy bi-ideal of S is in-
terval valued (€, € Vq)-intuitionistic fuzzy bi-ideal.

(2) Every (€, €)-intuitionistic fuzzy bi-ideal of S is interval valued (€, € Vq)-
intuitionistic fuzzy bi-ideal.

Proof. Straightforward. O
Example 1 shows that the converse of Proposition 4, is not true in general.

Theorem 12. If {A},., is a family of interval valued (€, € Vq)-intuitionistic
fuzzy bi-ideals of S, then [\;c, Ai is an interval valued (€, € Vq)-intuitionistic
Juzzy bi-ideal of S, where ();cx Ai = (Niea Bas Vien XA>.

Proof. Strightforward. O

Remark 4. If {A},_, is a family of interval valued (€, € Vg)-intuitionistic fuzzy
bi-ideals of S, then [ J,., A; is not an interval valued (€, € Vg)-intuitionistic fuzzy

bi-ideal of S, where [ J;cx Ai = (Vica Ha, Niea Aa). See example below.

Example 3. Let S = {1,2,3,4} be a semigroup defined by the following Cayley

table.
. ‘ 3

el e
(I )
— = s

1
4
1
1

ISNEGUR R
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Let A = (fia,Aa) and B = (fig, A) be IVIFS’s of semigroup S defined by
)

fia (1) = fia (2) = [0.4,0.45], fia (3) = [1a (4) = [0,0.05] and Aa (1) = A4 (2) =
05,055, A4 (3) = Aa(4) = [0.8,0.85] and fip (1) = jig (3) = [0.4,0.45],
fin (2) = fip (4) = [0,0.05) and Ap (1) = A (3) = [0.5,0.55], fip (2) = jip (4) =
0.7,0.75).

Then, both A = (ﬁA,X,LQ and B = (ﬁB,XE;) are an interval valued (€, € Vq)-
intuitionistic fuzzy bi-ideals of S. But AU B is not an interval valued (€, € Vq)-
intuitionistic fuzzy bi-ideal of S. i.e.

(fiaViis)(23) = [0,0.05],
min {(ﬁA Viin) (@), (faViis) (3) oAs} = [0.4,0.45].
Hence, (ia V i) (23) # min { (fia V fin) (2), (ia V fin) (3) , 05},

Theorem 13. If {A;};c, is a family of interval valued (€, € Vq)-intuitionistic
Sfuzzy bi-ideals ofS such that A; C Aj or Aj C A; foralli, j € I, thenJ;cp Ai

(Viea Bas Niea )\A> is an interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of

Proof. For all z,y € S, we have

(\/ ﬁA> (@y) =\ (@a(zy) =\ [ﬁA (z) A ia (y) Mﬁ}}

i€A i€A i€A
= [V iaa@n\ fia(y) Ao 5]
LicA i€A

- |y <z€vA~A) e
(i\e/AﬁA> (zy) > <Z\E/AMA> (Z\E/AMA> A05]

It is clear that

\/ {ﬁA (fr)/\ﬁA(y)/\(ﬁ] < <\/ ﬁA) (z) A (\/ ﬁA) (y) AO5| .

i€A i€EA i€A

Assume that
\/ [fia @) A fia () 1 03] # (\/ m) () A (\/ m) (y) A OB
ieA L \ieA ieA

Then, there exists ¢ such that

V [ﬂA (x) N Hia (y)/\(ﬁ} <t < l(\/ ﬂA) () A (\/ ﬁA) (y)/\6\.5]

€A LISHIN €A
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Since ia C jig or fig C pig for all i, j € I, so there exists k € I such that
t <jpia(x)Afa(y) A0.5. On other hand fig (z) Afia (y) AN0.5 <t forall i €T,
a contradiction. Hence,

\/ [ia (@) Aia (9) 1 03] = [(\/MA> (\/M> A05]

iEA i€EA LISHIN

and

(/\ XA> (@) = A (at@w) < A [Pa@)viam) vos

IS\ i€EA €A
= /\XA<x>v/\XA<y>v(f5]
LieA 1EA

(s

AR
(/\ XA) @) < (/\ AA)

It is clear that

</\ /\A> (y) v 0/\5]
PISHN

A [Pa@)v3a ) v o3| =

ieA _< (

Assume that
A [XA(x)vXA(y)v@] v (/\ XA> (z) V (/\XA> (y) V05| .
i€A i

Then there exists ¢ such that

/\[XA(x)vXA(y)v(TB]>t>K/\ ) (/\)\A> \/05]

1EAN i€EA €A

Since XA - XA or XA C XA for all i, j € I, so there exists k € I such that
k> fia(z) Afia(y) A0.5. On the other hand, fia () A fia (y) A0.5 > ¢ for all
1 € I, a contradiction. Hence,

/\[XA(J:)AXA( /\05} [(/\AA> </\)\A> /\05‘|

€A €A €A

Let z,a,y € S, we obtain

(\/ m) (zay) = \/ (ia (way)) = \/ |fia (@) Afia (y) A OB}

i€EA €A €A
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(\/ ﬁA> (zay) > <\/ ﬁA> (x)A( m) <y>Aof5]
ISP L \i€A i€EA

(/\ )\A> zay) = /\ (:\\A (xay)) < /\ [XA (x)\/XA (y)\/()/\5}}

and

i€EA ZEA €A
= /\ Aa (@ /\ aly)Vv 6\5]
LicA 1€EA

- [(As) e (Ao
(AR = (AR )erv (AR v

Hence, (J;cp Ai = (V;en B4, Niea A4) is an interval valued (€, € Vq)-intuitionistic
fuzzy bi-ideal of S. O

Definition 12. Let S be a semigroup and A = </7A,:\\A) and B = <ﬁB,XB> be
IVIFSs of S. Then, the 0.5-product of A and B is defined by:

o~ ~

Aogg B = (A ogs B, Aa o5 AB)
S, V {fia ) A () A OB} it = g2
(Raogs fip) (x) = { o=y
0 if x #yz
A :\\A(y)\/XB(z)\/(ﬁ ifx=yz
(AAO )\B)( ) = w:yz{ }
1 if x # yz
AOO/BB = <ﬁA/\ﬁﬁB,:\\A\/(f5>\B>
(fia Ag3 fiB) () = fa(x)Afip (z) A0S and
(XAV@XB) () = Aal(x)Vag(z)Vos

Remark 5. If S is a semigroup and A, B, C, D are IVIFSs of S such that
AgBanngD, thenAO(ﬁ)BgCO@D
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Proposition 5. Let S be a semigroup and A = <ﬁA,3\\A> and B = (ZZB,XB> be
interval valued (€, € Vq)-intuitionistic fuzzy bi-ideals of S. Then, ANgy B is an
interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of S.

Proof. Straightforward. O

Definition 13. An interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of S is
called 0.5-idemoptent if Aoz A = A.

Proposition 6. Let S be a semigroup and A is an interval valued (€, € Vq)-
intuitionistic fuzzy subsemigroup of S. Then, Aoss A C A.

Proof. Straightforward. O

Lemma 1. Let S be a semigroup, A = (ﬁA,XA> and B = <ﬁB,:\\B> be interval
valued (€, € Vq)-intuitionistic fuzzy bi-ideals of S. Then, Aoss B C 1os3 B
(resp. Aogsz B C Aogz1).

Theorem 14. Let S be a semigroup, A = (ﬁA,XA> be an interval valued (€, €
\/q) intuitionistic fuzzy bi-ideal of S. Then, AogzSos3 A C A, where S = (1,0),
T(2)=1and0(z) =0 forallz € S.

Proof. Let z € S. Then, we have two cases. (1) If x # yz for every y,z € S. (2)

If x = yz for some y,z € S.
Case 1 : If x # yz, then clearly

(ﬁA O(TBTODA.B ﬁA) (z) = 0<ja (x)/\(j\5 and (/):A OQGO@XA) :/1\2 AaV
Thus, A SN S ShN: A C A

Case 2 :If x = yz for some y, z € S, then we have

(7ia 055 Togs fia) (@) = V {min {7ia @), (Togs 7ia) (),05} }
-V {min{ﬁ,q(y), \/ {min{f(t),m(r),(fs)}},(ﬁ}}

T=yz r=tr

SV {0093}

r=yz x=tr

V {min {ﬁA (y),1a (r) ,()/\5}}

r=ytr
Since x = yz = y(tr) = ytr and A = <ﬁA,XA> is an interval valued (€, € Vq)-
intuitionistic fuzzy bi-ideal of S, so we have 14 (ytr) > min {ﬁA (y),pa (r), 6\5}
Thus,
\/ {min {4 ()7 ). 05} <\ {ia (yin)} = fia ()

r=ytr Tz=ytr

(71 o5 T ogs fia ) (@) < ia (2)
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and
(,)\\A o33 6 o33 /)\\A) (m)

/\ {max {/):A (Y) (600% XA) () ’6\5}}

= {\ {max{ﬂA (y), {\ {max{a(t),x,q (7“),6\5}},0/\5}}

A A {max{3a(w),034 0,05}

r=yz x=tr

/\ {max {XA (y) Aa (r) ,(ﬁ)}} .

r=ytr

Since z = yz = y(tr) = ytr and A = (fia, A4) is an interval valued (€, € Vq)-
intuitionistic fuzzy bi-ideal of S, so we have A4 (ytr) < max {/)\\A (y), A (r), 0/\5}
Thus,
A {min {XA (), (7) oA50A5}} > A {XA (ytr)} = (2)
Tx=ytr rx=ytr
(XA o573 005 //\\A) (x) < XA (x)
Hence, Aogs Sogy A C A. O

Theorem 15. Let S be a semigroup and A = (ZZA,XA> be an IVIFS of S. Then,
A= (ﬂA,XA> is an interval valued (€,€ Vq)-intuitionistic fuzzy subsemigroup
of S if and only if Aogy A C A.
Theorem 16. Let S be a semigroup and A = (ZZA,XA> be an IVIFS of S. Then,
A= (ﬁA,XA> is an interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of S if
and only if the following hold:

(1) Aogz AC A,
Proof. Let A = (ﬁmXA) be an interval valued (€, € V¢)-intuitionistic fuzzy bi-
ideal of S. Then, by Proposition 6 and Theorem 14, we have Aoz A C A and
Aogy Sogy AC A

Conversely, suppose that the given conditions hold. Now, let z,y € S such
that a = xy. Then, we have

fia (zy) = fia (@) = (i o fia) () = \/ {min {7 ()70 (1), 05} }

> min {ﬂA (), 14 (y) 76:5} _
fia (ay) = min {fia (@) 7ia (4) .05}

and

M (zy) =Aa(a) < (XA o5% XA) (a) = /\ {max {XA (s),Aa () 7O/\5}}
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< max {XA (z), A (y),o%}

A4 (zy) < min {XA (2) Aa (y) 70/\5} .
Now, let z,y, z € S such that a = zyz. Then, we have
fia (2y2) = fia (a) > (ia o5 1og fia) () = \/ {min {fia (s), (1 ogz 7ia) (1),05} }

a=st

\/ {min{ \ pq{mln{l 05}},0’.\5}}

a=st

\/ {min{uA (s), \ pq{mm{l ia( }} 05}}

a=st

VvV V {min {ﬁA (s), 05}} {mm {ﬁA (s),7ia (q),o.’B}}

a=st t=pq
> min {ia (¢) ,ia (2), 0.5}

fia (2y2) > min {jia (2),7ia (), 05 } .

Y

and

Na(zy2) = Xa (@) > (Ra og5 0055 ) (@) / St{max{m (0055 Xa) (1,05}
- A s {a - A {0 52 -5} )55}
= A fme{Ba0. A {00005} 5
< :/\:tAq {max {34 (;qXA (a),05}} > az/\qu {max {34 (s), 34 (a),05} }

< max {XA (z),Aa (z),(j\f)}

A (zyz) < max {XA (z),Aa (z),O/\B} .

Hence, A = (Jia, \4) is an interval valued (€, € Vg)-intuitionistic fuzzy bi-ideal
of S. 0

Theorem 17. Let S be a semigroup and A = <ﬂA,XA> be an IVIFS of S. Then,
A= {(lia, Aa) is an interval valued (€, € Vq)-intuitionistic fuzzy left (resp. right,

two sided) ideal of S if and only if the following hold: S os3 A C A (resp.
Aos5SCA, Aogz SC A and Sog3 ACA).

Proof. Straightforward. O

Theorem 18. Let A = (ZZA,XA> and B = <ﬁB,:\\B> be interval valued (€, € Vq)-
intuitionistic fuzzy bi-ideals of S. Then, Aogs B is an interval valued (€, € Vq)-
intuitionistic fuzzy bi-ideal of S.
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Proof. Let A = <,HA,XA) and B = (ﬁB,XB> be interval valued (€,€ Vq)-
intuitionistic fuzzy bi-ideals of S and let x € S. Then, we have two cases
(1) If x # yz for any y,z € S. (2) If © = yz for some y,z € S.

Case 1 : If z # yz for any y,z € S, then

((fa o5 7in) o3 (fa o5 fin)) (¢) = 0 < (jia o3 fin) (z)
and
(()\AO6\5>\B) O()/B ()\AOEBAB)) (LU)ZIZ ()\AO )\B>( )

Thus, Aogz A C A in this case.

Case 2 If x = yz for some y, z € S, then

(255 7)o (i o o) (o) = /{105 P20 B 0 o) (2

s AOB
{ a) Afip (b /\05
_ y=ab
zyz { p) Afis (g /\05}
zZ=pq
a)A\up (b
_z\/yzy\/abz\/pq{ /\{MA /\,uB ‘ } }
{fia (a /\uA
=V V VA a m}}

rx=yz y=ab z=pq

\/ \/ \/{MA a)Apa(p /\05/\,LLB }

rx=yz y=ab z=pq

Since x = yz, y = ab and z = pq. So, x = (ab) (pq) = (abp) ¢ and we have

V V V {fa @ n7ia ) A0 A s (0)}

r=yz y=ab z2=pq

<V i@ ) AT AT (o))

z=(pbp)q

Since A = (Jia, h) A) is an interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of
S we have

—

A (abp) = ia (a) Afia (p) AO.5.

So,
\/ { a) ANia ( )/\6.\5/\/73(@}
bp)q
< \/ { apruB()Mﬁ}
abp)
< \/{ﬂA(c)/\ﬁB(d)/\OS} (fia o5 fin) (x)

r=cd
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Therefore, ((fia o5 fin) o3 (fa o053 Aip)) (x (MA OOAE, L) (z). Now,
~ - . )\ 3
((AA o5 )\B) o5% ()\A o5 AB / yz A %0 \/05( A %5 B’)
A {)\A )V Az (b
— /\ y=ab
r=yz \4 /\ { ( ) V )\B
z=pq

AAA f{M }

r=yz y=ab z=pq

53}
A AN f }
(9)

r=yz y=ab z=pq }
> A A A Ba@viam) visy i,
r=yz y=ab z=pq

Since x = yz, y = ab and z = pq. So, x = (ab) (pq) = (abp) ¢ and we have

AN A Pa@viaevisvis)
r=yz y=ab z=pq
> A {a@viae vosvis)

z=(abp)q

Since A = (jia, h\ ) is an interval valued (€, € Vg)-intuitionistic fuzzy bi-ideal of
S we have

~

A (abp) < Aa(a) V Aa (p) V0.5

So,
/\ {XA (a) \/XA (p) V 0.5 \/XB (q)}
z=(abp)q
< /\ {XA (abp)\/XB (q)\/()/\5}
x=(abp)q
< A {X (€) VAp (d)vtfs} - (AAO )\B> ().
r=cd

Therefore, (()\A o5 )\B) (XA o5 XB)) (a) > ()\A o )\B> () and so Aog

A C A. Thus, A = (jia, )\A> is an interval valued (€, € Vg)-intuitionistic fuzzy
subsemigroup of S.
Now, let z,y,z € S. Then,

(fia ogs fin) (x) A (fia ogs i) (2) A 0.5 = }]
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{n ()Aw(bwﬁ}
{MA AuB AO/:’)}

= ab z_pq

fia(a) A i (p)/\ﬁ (b)
=V \/[ ’ AﬁBaI)/\O/-BB }

rz=ab z=pq

<V V [fa (@) Afia () A fis () 7 03]

r=ab z=pq
Since = ab and z = pq, so xyz = (ab) y (pq) = (a (by) p) ¢ and we have

V'V [ (@) A fia (0) A i (0) £ 03]

z=ab z=pq
< \V [{fm (a) Afia (p) Mﬁ} Afip (Q)}
zyz=(a(by)p)q

Since A = (fia, h\ 4) is an interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of
S we have

fia (a(by)p) > fia(a) Afia (p) AO5.

So,
Vo {4 @ A7a ) 705} AT ()]
zyz=(a(by)p)q
< \/ [fia (a(by) p) A fig (9)) = (Fia ogs i) (y2) .
zyz=(a(by)p)q
Thus,
(Fia o5 fin) (zyz) > (fia ogs fin) (2) A (7ia o5 fin) (2) A 0.5
and

L[\ab{XA (a) VA5 (b)\/(ﬁ}} v

(/)\\A 5% //\\B) (z) v (XA O65 :\\B) (Z)\/(ﬁ: |: A {)\A \/;\\B (q)\/(ﬁ}]

zZ=pq .
VOB
{AA )V s (b \/05}

=N\ A V{/\A vi}\;( v0.5}

Teb e V0.5

- A A 'XA<a>vXA(p>vXB<b>]

rz=ab z=pq L

> A A [)‘A )V Aa( )\/XB(q)\/(T.B]

r=ab z=pq
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Since x = ab and z = pq, so xyz = (ab) y (pq) = (a (by) p) ¢ and we have

A A [XA (@) Va (p)VAg (@) V 0A5}
z=ab z=pq
> A [a@viae) voshvis )
zyz=(a(by)p)q
Since A = (jia, ’)\\A> is an interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of

S we have
A (a(by)p) > Aa(a) VAa (p) V0.5.

So,
A M (@) Vs (p)V oA5} Vs (q)]
zyz=(a(by)p)q
> /\ P\\A (a (by) p) VB (q)} = (XA o5 XB) (zyz).
zyz=(a(by)p)q
Thus,

(XA o5 XB) (zyz) < (XA o5 XB) (z) V (XA o5 XB) (2) V05

Hence, A o5= B is an interval valued (€, € Vg)-intuitionistic fuzzy bi-ideal of
S. O

For any interval valued intuitionistic fuzzy set A = <ﬁA,XA> in S and t €
D(0,1], s € DJ[0,1), we denote A(?E) = {xeS:x(ts)gA} and [A](?g) =
{r e S:z(ts) € VvqgA}.

Obviously, [A] (5) = A@g) LJU(tA,g)7 where U<£§), A@g) and [A] (i.5) are called
€-level set, g-level set and € Vg-level set of A = (fia, P\ A), respectively.

Theorem 19. Let S be a semigroup and A = (ZZA,:\\A> an IVIFS of S. Then,
A = (ia, Aa) is an interval valued (€, € Vq)-intuitionistic fuzzy left (resp. right)
ideal of S if and only if for allt € D(0,0.5] and § € D[0.5,1), the set U(?g) e X0

is a left (resp. right) ideal of S.

Proof. Let A = (ﬁA,:\\A) be an interval valued (€, € Vg)-intuitionistic fuzzy
left ideal of S and U(??) # ¢ for any t € D(0,0.5] and § € DJ[0.5,1). Let
y € U(;g) #¢and x € S. Then, fia (x) >t and A (z) <'s. Since

ba(xy) > ﬂA(y)/\O/.thA/\O/.\SZtAand
Aalzy) < Aa(y)VOB<EV05<3
fia(zy) > Tand Aa(zy) <35

So, zy € U(tAE)' Hence, zy € U(tAE) is a left ideal of S.
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Conversely, Let us suppose that A = (ﬁA,X,@ is an IVIFS of S such that
U (79) # ¢ is a left ideal of S. Suppose on contrary there exist x,y € S such that

fia(zy) < fa(y)A0D
and A (zy) > Aa(y) A0S
Let us choose t € D(0,0.5] and s € D[0.5,1). Then,
fia(ey) < T<fa(y) A0S
and A (zy) > 5> Aa(y)AODB.

Thus, y € U(?g) but zy ¢ U(;g), which is a contradiction. Hence,

o~

fia(zy) = Ha(y)A05
and Ag (zy) < A (y) A 0.5.
This completes the proof. O

Theorem 20. Let S be a semigroup and A = <ﬁA,XA> an IVIFS of S. Then,
A = {(lia, ) is an interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of S if
and only if for all t € D(0,0.5] and § € D[0.5,1), the set U(?g) # ¢ 15 a b-ideal
of S.

Proof. The proof follows from Theorem 19. O

Theorem 21. Let S be a semigroup and A = <ﬁA,XA> an IVIFS of S. Then,
A = (Jia, Aa) is an interval valued (€, € Vq)-intuitionistic fuzzy (1,2)-ideal of
S if and only if for all t € D(0,0.5] and § € DI[0.5,1), the set U(?g) £ ¢isa
(1,2)-ideal of S.

Proof. The proof follows from Theorem 19. O
Theorem 22. Let S be a semigroup and A = (ZZA,:\\A> an IVIFS of S. Then,
A = (fia, Aa) is an interval valued (€, € Vq)-intuitionistic fuzzy subsemigroup
ideal of S if and only if for all t € D(0,0.5] and § € D[0.5,1) ort € D(0.5,1]
and 5 € D[0,0.5), the set [A] (23) # ¢ 1s a subsemigroup of S.

Proof. Let z,y € [A](gg) Then, fia (z) > t and A () > sorfig(x)+t>1

and Mg (z) +s < 1, and Jia(y) > t and Aa(y) > Sor fia(y) +7 > 1 and
Aa (y) +5 < 1. We can consider four cases:

(7) fia(z) >7Tand Mg (z) <3, and Jia (y) >t and A (y) <5,

(ii)  fia(z) >Tand Mg (z) <5 and fia (y) +1>1and Aa (y) +5< 1,
(iii) fia(z)+t>1and Aa(z) +5<1,and fia (y) > and A4 (y) < Ss,
(iv) fia(x)+f>1and g (2)+5 <1, andfis (y)+1 > Land Aa (y)+5 < 1.
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For the first case, by Theorem 10 (a), implies that

fia (zy) > min{fia (x),fia (y),0.5} = min{t,0.5} =

—N
ot
-
=

and

A (zy) < max{da (z), 24 (y),0.5} = max{3,0.5} =

and so fig (zy) + 1 > 05+ 05 = 1 and XA(a:y) +5<05+05 =1, ie.,
(zy) (S,D gA, or xy € A@g). Therefore, zy € U(?g) U A(;g) = [A] (23)- For the

case (ii), assume that > 0.5 and s < 0.5. Then, 1 —£ < 0.5 and 1 —3 > 0.5. If
min{fis (y),0.5} < 7ia (z) and max{\4 (y),0.5} > A4 (z), then
fia(zy) > min{fia(y),05} >1—1and
Aa(zy) < max{da(y),05} <1—3
and if min{7ia (y),0.5} > fia () and max{\4 (y),0.5} < A4 (@), then i (zy) >
fia(z) >t and Mg (xy) < A4 (z) < 5. Hence, zy € U(;g) U A(?g) = [A](?g) for
£>05and s < 0.5. Suppose that tAS 0.5 and s ZAO/\5 Then, 1 —AtAz 0.5 and
1—5<0.5. If min{jia (2),0.5} < [ia (y) and max{ia (z),0.5} > A4 (y), then
fia(zy) > min{fia (z),0.5} >7and
XA (zy) < max{:\\A (x),O/B} <s

and if min{7ia (z),0.5} > 7ia (y) and max{\4 (z),0.5} < A4 (y), then fia (zy) >

Zia(y) > 1—Fand g (zy) < Aa (y) < 1—5. Thus, zy € U(;?) UA(?@) = [A](?3>

for £ < 0.5 and s > 0.5. We have similar result for the case (¢i7). For final case,
if£> 0.5 and s < 0.5, then 1 — ¢ < 0.5 and 1 — § > 0.5. Hence,

fia(wy) > min{fia(z),fia (y),0.5}
_ {o%>1—? if min {fia (x),7ia (y)} > 05,
min {7i (), fia (y)} > 1 =T if min{fia (x),fia ()} < 05,

and

Ma(ey) < max{ia (@), A4 (y),05}

05<1-% if maX{AA(a:)
A

}:A (y)} < 6-\5»
max {XA (z),a (y)} <1-% if max {X ()

Aay)} > 05,
and so xy € A(?,g) - [A](?g) If <05 and s > 0.5, then 1 — ¢ > 0.5 and

1-5< 0.5. Thus,

fia(ry) > min{fia(z),fia(y),0.5}
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_ [ 05>1 if min{fia («),fia ()} > 0.5,
B { min {fia (), fia (y)} > 1 -1 if min{fia (), 7ia ()} < 0.5,
and
Aa (z +y) < max{Aa (z), A4 (y),0.5}

[os<s if max {4 (), 34 (9)} < 05,
B { max{XA (), Aa (y)} <1-7 if max {XA (z),Aa (y)} > 0.5,
which implies that zy € U(ﬁﬁ) U A(tAE) = [4] (i3)"
Conversely, suppose that A = (fia, Aa) is an IVIFS in S such that [A] (#3) is a

subsemigroup of S. Suppose that A = (fia, XA> is not an (€, € Vg)-intuitionistic
fuzzy subsemigroup of S. Then, there exist x,y € S such that

fia (wy) < min{jia (z), fia (y),05} and A (zy) > max{Aa (), A4 (y),0.5}.
Let

T = L [AaGey) + minfia () fia ().05)] and
5 = % [:\\A (xy) + maX{XA (z) 7XA () ’0’?5}} )

Then

)

fia(wy) < t<min{fia(2),fia(y),05} and
Xa(zy) > §>max{Aa(z),Aa(y),05}.
This implies that z,y € [A] (#:2) and (zy) € [4] (i3)- Hence, fia (zy) > t and
A (zy) < Sor fia(zy) +t > 1 and Aa (xy) + 5 < 1, which is a contradiction.
Therefore, we have
fia (zy) > min{fia (), fia (y),0.5} and A (zy) < max{Aa (z),Aa (y),0.5},

Thus, A = (lia, XA> is an interval valued (€, € Vq)-intuitionistic fuzzy subsemi-
group of S. O

Theorem 23. Let S be a semigroup and A = (ﬁA,XA> an IVIFS of S. Then,
A= (lia, Aa) is an interval valued (€, € Vq)-intuitionistic fuzzy left (resp. right)
ideal of S if and only if for allt € D(0,1] and s € D[0,1), the set [A] (#3) %+ ¢ is

a left (resp. right) ideal of S.

Proof. The proof follows from Theorem 22. O
Theorem 24. Let S be a semigroup and A = (ZZA,:\\A> an IVIFS of S. Then,
A = (fia, Aa) is an interval valued (€, € Vq)-intuitionistic fuzzy bi-ideal of S

if and only if for all T € D(0,0.5] and § € D[0.5,1) ort € D(0.5,1] and § €
DI0,0.5), the set [A](;g) # ¢ 1s a subsemigroup of S.
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Theorem 25. Let S be a semigroup and A = (ZZA,:\\A> an IVIFS of S. Then,
A = (fia,Aa) is an interval valued (€,€ Vq)-intuitionistic Jfuzzy (1,2)-ideal of
S if and only if for all T € D(0,0.5] and § € D[0.5,1) or t € D(0.5,1] and
5 € D[0,0.5), the set [A]( 5) # ¢ is a (1,2)-ideal of S.

Theorem 26. FEvery interval valued (€,€ Vq)-intuitionistic fuzzy bi-ideal of
semigroup S is an interval valued (€, € Vq)-intuitionistic fuzzy (1, 2) ideal of
semigroup S.

Proof. Straightforward. O

Theorem 27. If S is a reqular semigroup, then every interval valued (€, € Vq)-
intuitionistic fuzzy bi-ideal of S is an interval valued (€,€ Vq)-intuitionistic
fuzzy right (left) ideal of a S.

Proof. Since S is regular, so every bi-ideal in S is a right (left) ideal. Let
A= (ia, XA> be an interval valued (&, € Vq)-intuitionistic fuzzy bi-ideal of S.
Let x,y € S, xSz is bi-ideal of S, then xSz is right ideal of S. Since S is regular.
We have zy € (£Sx)S C xSz which implies that xy = xyz for some y € S and
since A = <ﬁA,l)\\A> is an interval valued (€, € V¢)-intuitionistic fuzzy bi-ideal of
S, it follow that

Aalzy) = fia(eyz) > minffia (2),fia (2),05} > min{fia (z) 05}
4 (xy) = W (zyz) < max{XA (z) A (z),0.5} > min{XA (z),0.5}

Therefore, A = (fia, h) A) 1s an interval valued (€, € Vqg)-intuitionistic fuzzy right-
ideal of S. O

Theorem 28. If S is a regular semigroup, then every interval valued (€, € Vq)-
intuitionistic fuzzy (1,2) ideal of S is an interval valued (€, € Vq)-intuitionistic
fuzzy bi-ideal of S.

Proof. Assume that S is regular. Let A = (ﬁA,X,LQ be an interval valued (€, €
Vq)-intuitionistic fuzzy (1,2) ideal of a semigroup S. Let x,y,a € S. Since S
is regular, we get za € (xSz)S C xSz, which implies that xa = zsx for some
s € S. Thus

pa(zay) = pa((zsz)y) = pa(ws(zy))
> min{fia (2) fia (@) fia (v) . 05 }
ia(eay) < min{fia (@), 7 (v), 05}

And Ma(zay) = Aa((wsz)y) = X (zs(xy))
max{:\\A(x),XA() A(y) }

-~

min {XA (@), 24 (y) 0A5}

IN

~

Aa(zay)

IN
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Hence, A = ([ia, p) A) s an interval valued (€, € V¢)-intuitionistic fuzzy bi-ideal
of semigroup S. O

Theorem 29. Let A = (fia,\a) be an interval valued (€, € Vq)-intuitionistic
jiuzzy bi-ideal of a semigroup S. If S is completely reqular and s < 0.5 and
Aa > 0.5 forallz € S, then A(xz) = A (;v2) forallz € S.

5. Conclusion

It is well known that semigroups are basic structures in many applied branches
like automata and formal languages, coding theory, finite state machines and
others. Due to these possiblities of applications, semigroups are presently exten-
sively investigated in fuzzy setting. An intuitionistic fuzzy set is more material
and concise to describe the essence of fuzziness, and the intuitionistic fuzzy set
theory may be more suitable than the fuzzy set theory for dealing with imperfect
knowledge in many problems. In study the structure of semigroup, we notice
that intuitionistic fuzzy ideals with special properties always play an important
role. The intuitionistic fuzzy point of a semigroup .S are key tools to describe the
algebraic subsystems of S. So, we combined the above concepts and introduced
new types of intuitionistic fuzzy bi-ideals and (1,2)-ideals of semigroups which
are called interval valued (o, 8)-intuitionistic fuzzy bi-ideal and (1,2)-ideal. The
results in the paper are generalizations of results about ordinary intuitionistic
fuzzy ideals in semigroups. In future, we will focus on the following topics:

(1) Characterizations of regular semigroups by the properties of interval val-
ued (v, B)-intuitionistic fuzzy ideals

(2) We will define (c, 8)-intuitionistic fuzzy (interior, prime, generalized bi,
prime bi) ideals of a semigroup and characterize different classes of semigroups
by the properties of («, 8)-intuitionistic-fuzzy ideals. We will extend to our study
to other algebraic structures.
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