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1. Introduction

The Euler numbers and polynomials possess many interesting properties in
many areas of mathematics and physics. Many mathematicians have studied
in the area of various g-extensions of Euler polynomials and numbers (see [1-
11]). Recently, Y. Hu investigated several identities of symmetry for Carlitz’s
g-Bernoulli numbers and polynomials in complex field (see [3]). D. Kim et al.
[4] derived some identities of symmetry for Carlitz’s g-Euler numbers and poly-
nomials in complex field. J.Y. Kang and C.S. Ryoo studied some identities of
symmetry for ¢-Genocchi polynomials (see [2]). In [1], we obtained some iden-
tities of symmetry for Carlitz’s twisted g-Euler zeta function in complex field.
In this paper, we establish some interesting symmetric identities for generalized
twisted g-Euler zeta functions and generalized | twisted g-Euler polynomials in
complex field. If we take x = 1 in all equations of this article, then [1] are the
special case of our results. Throughout this paper we use the following nota-
tions. By N we denote the set of natural numbers, Z denotes the ring of rational
integers, Q denotes the field of rational numbers, C denotes the set of complex
numbers, and Z; = NU {0}. We use the following notation:

1—-qg*
[z]q = 1—¢

(see [1,2,3,4]).
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Note that lim,_,1[z] = z. We assume that ¢ € C with |¢g| < 1. Let r be a positive
integer, and let € be the r-th root of unity. Let x be Dirichlet’s character
with conductor d € N with d = 1(mod2). Then the generalized twisted g-
Euler polynomials associated with associated with x, E, y,q., are defined by
the following generating function

o0 tn

Fyge(tz) =[2], Z(_l)nqnan(n)e[$+n}qt = Z Enxqe(@)— (1.1)
n=0

|

= n!

and their values at © = 0 are called the generalized twisted ¢g-Euler numbers and
denoted Ey, y q.c-

By (1.1) and Cauchy product, we obtain

n
n T n—
ETL,X#LE(I) = Z (l)ql [x}q lEl,x,q,a (1.2)

=0

with the usual convention about replacing (Ey q.:)" by En y.q.e-
By using (1.1), we note that

dk

wFX’q’g(t, )

o 20, > x(n)(=1)"e"q"[n + =y, (k € N). (1.3)

t=

By (1.3), we are now ready to define the Hurwitz type of the generalized twisted
g-Euler zeta functions.

Definition 1.1. Let s € C and « € R with z # 0, -1, —2,.... We define

n=1

(1.4)

Note that (y,q,c(s,z) is a meromorphic function on C. Relation between
Cx.q.e(s, ) and Ej  q-(x) is given by the following theorem.

Theorem 1.2. For k € N, we get
Cae (k) = Ej iy q,6(2). (1.5)

Observe that (, q.(—k,z) function interpolates Ej , 4 () polynomials at
non-negative integers. If x =1, then {, 4.(s,z) = (4.c(s, ) (see [1]).

2. Symmetric property of generalized twisted ¢-Euler zeta functions

In this section, by using the similar method of [1, 2, 3, 4, 9], expect for obvious
modifications, we give some symmetric identities for generalized twisted g-Euler
polynomials and generalized twisted g-Euler zeta functions. Let wy,ws € N with
wy =1 (mod 2), we =1 (mod 2).
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Theorem 2.1. Let x be Dirichlet’s character with conductor d € N with d =

1(mod 2) and e be the r-th root of unity. For wy,ws € N with w; =1 (mod 2),
wge =1 (mod 2), we obtain

2d—1
; P\ w1t wid wy .
Z 2)gen [ ]~ 1) X ()™ q s (s,w1x+ )

w
0 2
wid—

7=0

i=

vz (w2 (= 1) x (7)€" ¢ Cy w1 w1 (5,102:17 + wl]) )
2

Proof. Observe that [zyl, = [2],,[y]q for any z,y € C. In Definition 1.1, we
derive next result by substitute wyx + %z for  in and replace ¢ and ¢ by ¢"?
and "2, respectively.

wgn wan
q

+ wLT + —z]

oo

= Pyl ) <—1>"x<n>5wwqwm |

wiwox + w1l + won]$
n=0 q

oo
Cxrqrz w2 (8, w12 + w*QZ Z

(2.1)

Since for any non-negative integer n and odd positive integer wi, there exist
unique non-negative integer 7, j such that m = wyr+j with 0 < j <w; —1. So,
the equation (2.1) can be written as

wq .
Cx,qw2 ewa (s, w1T + 72)

w2
s 3 U gt gt
- qv q B .
im0 [wiwadr + wiwer + wii + wajls (2.2)
0<j<wid—1
wld 1 oo wg(wldr+])qwz(w1dr+])
qv w
2 2 jz(:) TZ(:) [wrws dr—i—x) +w12+wzj]
In similarly, we obtain
oot 2 52 L
w wiy (S, Wol —_— = w
gt 18, W2 - [0+ waz + 22 5]50,

i 0 1)" wWin L Win (23)
_ [Q]qwl [wl]s Z (_ ) X(n)E q

q s *
WiWe T + win +w
n=0[ 12T + win + wajs
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Using the method in (2.2), we obtain

w2 .
Craquncon (8w + —=)

w1
el 3T D e g e g e
q q i [wiwadr + wiwex + w1 + ng]g (2.4)
0<i<wad—1

wod—1 oo :

(_1)1X(i)6w1(wgerri)qwl(wgerri)
= 2 wy W s
Pl bonly ; ,;) [wiws(dr + @) + w1i + waj];

By (2.2) and (2.4), we obtain

wod—1 w
S 2o ]S (— 1P ()™ g Gy g e (w ; )

=0 (1)
wid—1 (2.5)
] N\ _woj woj w2 .
- [2lge [wQ];(_l)jX(J)s g Gy e e <s,’w2$ + 2J) .
Jj=0 w1
U

Next, we obtain the symmetric results by using definition and theorem of the
generalized twisted g-Euler polynomials.

Theorem 2.2. Let x be Dirichlet’s character with conductor d € N with d =
1(mod 2) and e be the r-th root of unity. For wy,ws € N with wqy =1 (mod 2),
wy =1 (mod 2), i, and n be non-negative integer, we obtain

[2]q'w1 de_l 7 . w1t w1t wl 3
Z (_1) X(Z)E Yt En,x,q“’2,ew2 wir + —1

[wi]g i=0 w2

[2] w1 d—1 w2
_ qu 5 . 5 ; .
3 NI B o (v 7).

Proof. By substitute wyx + % for  in Theorem 1.2 and replace ¢ and € by ¢"2
and "2, respectively, we derive

w1 .
Enx,qw2 ev2 <w1x + Z>

wo
[e’e} wy . n
= [2]qw2 Z()(—l)mx(m)ngmqwzm [wlx + uTQZ + m} o (2.6)
— [Q]qwz io: (—1)mX(m)Ew2mqw2m[U)1UJ2-T + ’U)li + w2m}n
[walg = “

Since for any non-negative integer m and odd positive integer w;, there exist
unique non-negative integer r,j such that m = wir + 7 with 0 < j < w; — 1.
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Hence, the equation (2.6) is written as

wy .
En x,qv2,ev2 (wlx + ’)
w2

2] g - ; , ,
_[[U],Z]i Y (YT (widr A j)etr it guatiidrs)

9 widr+j5=0

X [wiwax + wii + wa(wrdr + j)]Z

wid—1 oo

_ “lgv2 Z Z wldr+j j)ng(wldr+j)qw2(w1dr+j)
[w]g i=0 =0

X [wiwa(x + dr) + wyi + wajly .

In similar, we obtain

w2 .
Enx.qu1,¢m (ng + 2])
w1

- m m_wim wa . "
= [2gui D (=) x(m)e g [ww o +m] (2.8)
m:O q’(Ul
2 g , .
= [[u])q}; Z(—l)mx(m)s“’lmqwlm[wlwga:—|—wzj +wim]y,
e m=o

and

wa .
FE, wy gw w2 —_—
n,X,qw1,e%1 ( 2T + w13>
2 o0
— [ ]q“’l § : (_1)w2dr+ix(,w2d,r+Z-)Ewl(wgdr+i)qw1(w2dr+i)

w n
[ 1](1 wodr+i=0
0<i<wad—1

X [wiwax + waj + wy (wadr + z)]g

wod—1 oo

S o § § w2d7+z )E'wl(wgdr—i-z)qwl(wgdr+z)
[wi]g i=0 r=0

X [wiwa(x + dr) + wyi + waj]y -
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It follows from the above equation that

[2] T,UQdfl w
o Z (—1) Y (1) g B,y qun cv2 <w11: + wlz>
2

wid—1 wad—1 oo

_1\i+J i ~€w1w2dr+w1i+w2j
jZ::O D =D HX@)x () (210

=0 r=0

x urwzdrtwiitwz] [wywe(x + dr) + wyi + ng)]g

2 w wld—l ) ) ) w .
= By > (1 X(G)E 4 Ep iy qun e (WJF wjj> '
From (2.7), (2.8), (2.9) and (2.10), the proof of the Theorem 2.2 is completed. O

By (1.2) and Theorem 2.2, we have the following theorem.

Theorem 2.3. Let i,j and n be non-negative integers. For wy,ws € N with
wy =1 (mod 2), wy =1 (mod 2), we have

e 3 () bl ly B cosw12)

k=0
’wgd—l
X Y (=1)ix(i)erigtn TRk,
i=0
_ — (n n—k kg o
= [2]gwe 3 [wilg ™" [walg En—k,x,qv1,ev1 (W2)
k=0
wldfl )
XY (1) x(G)e gtk
j=0

Proof. After some calculations, we have

[2] ’LUQd*l w
=lg™ Z (_1)1X(i)5wqu”En,X,qw2,81“2 <w1$+1i>

[wl]g i=0 w2
- Ao Zn: m) [ ]” E wg ews (W) (2.11)
[wl]g k=0 k Wo g2 n—k,x,q"2,e"2 1 .

’u)2d71

x 30 (1)ix(i)emigin Rk,
=0
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and

1) x(4)e“? ¢ E,, 5 gz gw2 <w2z + wa j)
1

BN

D9
=S
—~

k

2 w n n w

q@wL

wld—l

X > (=1 x(j)emed gt e[k,
j=0

By (2.11), (2.12) and Theorem 2.2, we obtain that

n
n 1
2 D B ks ew
[ ]q (k) [wl]gfk[wz]k k,x,q%2,e 2 (w1 )

k=0 q
wad—1

X Y (=1)ix(i)emigttr Rk,
i=0

= [2] q*2 Z

n 1
(k) ﬁEn—k»x#“’l w1 (W)
k=0 [ws

JaTwalg
U)ldfl

X Y (1) x(G)e gt Rk,
7=0

Hence, we have above theorem. O

By Theorem 2.3, we have the interesting symmetric identity for generalized
twisted g-Euler numbers in complex field.

Corollary 2.4. Forwy,ws € N withw; =1 (mod 2), we =1 (mod 2), we have

n n -
2 S () lnllualy ™ By oo

k=0
wod—1
3 (D,
=0
i n
=l 3 () Ty ol B

k=0

wid—1

x Y (=1 x(g)e gk,
=0
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