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ABSTRACT. In this paper, we obtained some properties for subclasses of starlike func-
tions defined by convolution such as partial sums, integral means, square root and integral
transform for these classes.

1. Introduction

Let S denote the class of functions of the form
(1.1) f (2 :Z+Zakzk,
k=2

which are analytic and univalent in the open unit disc U = {z : |2| < 1} and
normalized by f(0) =0 = f'(0) — 1. We denote by S*(a) and K(«) the subclasses
of S consisting of all functions which are, respectively, starlike and convex of order
a (0 <a<1). Thus,

2f"(2)
f(z)

(1.2) S*(a)z{féS:%( )>a(0§a<1;zeU}
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and
zf"(2)
f'(z)

The classes S*(a) and K («) were introduced by Rebertson [18]. From (1.2) and
(1.3) it follows that

(1.3) K(a)—{feS:§R<1+ )>a(0§a<1;zeU)}.

(1.4) f(z) € K (a) <= 2f'(z) € S*(a).

We note that
S*(0) = 5" and K (0) = K,

which are, respectivly, starlike and convex functions.
Let f € S be given by (1.1) and g € S given by

(1.5) g(z)=z+ Z by.2" (b, > 0).
k=2
We define the Hadmard product (or convolution) of f and g as follows:
(1.6) (f*9)(2) =2+ Y arbez* = (9% f) (2).
k=2

We denote by Sa.p(f,g,0,0,7) (1< A<B<1, 0<B<1) thesubclass of S,
where f and g are given by (1.1) and (1.2), respectively and satisfies

(fx9) () _

(f*+9)(2) <3
2(fx9) () _ _ 2(fx9) () _
2(B - A)y (FHE —o) - B (s 1)
(1.7) (zelU;0<a<;0<p<1)
__B__ 4 £0
where (f * g) () is given by (1.6) and ﬁ <~ < { f(BfA)a ) .
,a=0.

We also let
TA,B (fagvaaﬂv 7) = SA,B (fagaaaﬁa’}/) ﬂT, where

(1.8) Tz{fGS:f(z):z—Zakzk;ZGU}.
k=2

We note that:
(1) TA,B (fa 55,05767'}/)
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z(f*S(s)/(z) 1
f c T - (f*Sg)(Z)

' 2(£x8;5) (2) 2(£5,) ()
25 - ) (S o) - 5 (S

0 < 4§ <1 (see Magesh et al. [10 with m = 0]);

<B (z€U)y,

for §; =

y < [/14b\"  Al(k4n—2)
T . k
() Ta,5 (f,z+k§2 (k+b> (n—1!k+X-1)! 2508,
)
=< feT: Ty 1) <pB (z€U)
2(B AM( prre ) B\ Tare s

forn>2,A>-1,pueC,be C\{Z;, =0,—-1,—-2,...} (see Owa et al. [16]);

X C+1)"TR+n—pT(2-n) ,
iii) T , 2+ z¥ a, B,
0 ""B<f iz Tntn—p+1)T(n—n+1) a
Ope)
SI7G)
—{rer: : | <BGev)},
B 2SI ) - g (GG
2(B - )y (SHE - o) - B (SHF 1)

for n — 1 < p < n < 2 (see Murugusndramoorthy and Thilagvathi [13]);

: & A (pi+A(n—1).T(p+A(n—1)) _
0 Tan (124 & R S B o Pl 4 B o 57) =

WipLailf) 4

Wip1,q1]f(2)
ferT: <pB (z€U)y,,
2(Wlp1,q1]f(2))’ 2(Wlp1,q1]f(2))’
2(B-A)y ( Wi ailf) 0‘) -B ( Wi ailf) 1)

for - <m+1,meNy=NU{0}, N={1,2,..}, Q= {Hizo D(py)} HITo Tlae) }
(see Murugusndramoorthy and Magesh [14]).
Also we note that:

(1) TA,B(f7 évavﬁ77) = SA,B (a7ﬁ57>

4
=qfeT: K <B (z€U)y;
_ 2f'(z) _ . zf(z)
2(B A)W( o) a) B( o) 1)
(11) TA,B <f7 (1_%)27056’ ’Y) = KA,B (aaﬁa ,)/)
£
= feTl: z <P (z€U)yp;
_ 2f"(z) _ _ pzf(z)
2(B-A)y (1+ 5 —a) - B

00
(111) TA,B (faz + Z k”z’ﬂa,ﬂ,*y) - TA,B (nvavﬂv ’Y)
k=2

D"tlf(e) 1
D f(z)

ntlf(y ntl (i,
28— A)y (%t o) - B(5fs -1)
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for n € Ny and where D™ is the Salagean operator (see [20]);

(IV) TA,B (f,2+ kio: [1 + A(k - 1)}"21670(7677) = TA,B (n,/\,a,ﬁ,’y)
=2

2(DYf()
_ . DY f(=2)
=S feT: SO S <B (z€U)p,for A>0,n¢
2(B—A)y W—a -B W—l

No and where DY is the Al-Oboudi operator (see [2]);

(V) TA,B <f7 zZ+ ki‘é (k+f\\_1)zka o, 577) = SA,B ()‘v avﬂv ’Y)
=2

2DV
DY/ (z)

26 -2 (SR - -5 ()

for A > —1 and where D* is the A-th order Ruscheweyh derivative of f(z) € S (see

1], 119));
o) Zan (£2+ 5

= feT: <B(z€elU)y,

1+4
2" AOS(2)
Jm(NOF(2)

2(J™ (N0 () 2(Jm (N0 f(2)
2(B - A)V( TTNDIGE) O‘) - B( TTNDIG) 1)
for A >0,0>—1,m e Z={0,£1,...} and where J™ (A, ¢) is the Prajapat operator

(see [17], [4], [6], Wlth p= )

) e (aq)k_l 1
(Vll) TA7B (f,Z + Z : Zkaa7677) =
(51) o (ﬁs)kfl (k - 1)!
(et 1
Hg,s(0n1)f(2)
2(Hgs(ea)f(2) )\ _ 2(Hgs(1)f(2) _
2(B—A)y (W 0‘) B( Hy s(a1) f(2) 1)
foray > 0,7 =1,...,q, 5 > 0,5 =1,...,8, ¢ < s+1, qg,s € Ny and where

H, s (a1) f(2) is the Dzoik-Srivastava operator (see [5]).

L+04+ Xk — ))’”Zkaﬂ7 _

<B(zel),,

A

fer: <p(zel)y,

Now we recall the following lemma and definition which are very needed for our
study.
Lemma 1.([7]) Let the function f(z) be defined by (1.8). Then f(z) is in the class

TA,B (f,gaa,ﬂ,’y) Zf and Only Zf

(19) Z\I](a7ﬂa77kaA7B) |ak|§2(B_A)ﬁ’7(1_a)v
k=2

where
(1.10) U(a, B,7,k, A, B) = [2(B — A) By (k —a) + (1 = BB) (k — 1)] by, .

Definition 1.([12])(Subordination) For analytic functions f and g with
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f(0) = ¢(0), f is said to be subordinate to g, denote by f < g, if there exists an
analytic function w such that w(0) = 0, |w(z)| < 1 and f(z) = g(w(z)), for all
zeU.

2. Partial Sums

Unless otherwise mentioned, we assume in the reminder of this paper that —1 <
A<B<1,0<B<1,0<a<1,0<p8<1,ze€U,gisgiven by (1.5) and
U(a, 3,7, k, A, B) is given by (1.10).

Following the earlier works by Silverman [21] and Siliva [22] on partial sums of
analytic functions, we consider in this section partial sums of functions in the class
T B(f,9,a,3,7) and obtain sharp lower bounds for the ratios of real part of f(z)

00 fu(2), fu(2) to f(2), J(2) to f(2) and f(2) to f'(2), respectively.

Theorem 1. Let the function f (z) defined by (1.1) be in the class Sa.p (f,g,, 5,7).
Define the partial sums f1(z) and fr(z), by

(2.1) filz) =z and fo(z) =z + Zakzk (n e N/{1}).
k=2

Suppose also that
oo
Z dp |ak| <1,
k=2

where

_ ¥(a,f,7,2,A,B)
22) W= B A o)

Then f € Tag(f,9,a,08,7). Furthermore,

(2) 1
(2.3) %{fn(z)}>1—dn+l,z€U,n€N,

and

fu(2) } dnt1
2.4 R > .
24 S egiderm
The result is sharp for the extremal function is given by

Zn+1
(25) fz) =2+

)

dn+1

Proof. For dj, given by (2.2) it is easily to show that diy1 > di > 1. Therefore we
have
n [e.e]

(2.6) Z |lak| 4 dni1 Z lax| < de lax| <1,

k=2 k=n+1 k=2



152 R. M. EL-Ashwah, M. K. Aouf and F. M. Abdulkarem

by using (2.2). By setting

Fy (2) = dig {};(fz)) - (1 - dnlﬂ)}

1

00 k—
dn—H Zk:n+1 apz

9.7 —1 =

and using (2.6), we have

k,(2) =1 ‘ < dnt1 ZZin+1 |a|

(2.8) <1(zel)

ki(z)+1] 7 2-2 ZZZQ |ax| — dpya Zio:n_u lak| —
which yields the assertion (2.3) of Theorem 1. For z = re’s that
n
fn(z) dn+1 dn+1

as r — 17. Similarly, if we take

Ba(2) = (14 dui) {

fn(z) - dn+1 }
f(z) 1+dpw

(2 9) -1— (]- + dn+1) Zzin+1 akzkfl
. ]. + ZzO:Q akzkfl 9

and using (2.6), we have
k2 (Z) -1 ’ < (1 + dn+1) leinJrl |ak|
ky(2) +1] 7 2=2307 5 ar] = (1= dns1) 252

which leads us immediately to the assertion (2.4). This completes the proof of
Theorem 1.

Theorem 2. Let the function f (z) defined by (1.1) be in the class Sa.5(f, g, 5,7)
satisfies the condition (1.9), then

(2.11) %{ f/’((z))} >1- Z::

n

(2.10)

The result is sharp for the extremal function is given by (2.5).

Proof. Let
o = anlf-(-52)

dnt1 (0O k—1 00 k—1
T4 T2 D ka2 + 30, kagz
n k-1
14> s kagz
dn+t1 o) k—1
Zk:n+1 kayz

1 n+1
LT + > pg kagzF1
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using (2.6), we have

dn
(2.12) ’k(z> - 1‘ _ 2 Dk Kl
: — 00 dn 0o —
k(z) +1 2-23 o klak] — T D 0h s klak]
if
n dn+1 [ee]
(2.13) Zk|ak\+n+1 > klal <1
k=2 k=n-+1

Since the left hand of (2.13) is bounded above by >/, dj, |ay| if

n oo

(2.14) S~ ) laxl + D (dh— ) o] 2 0

k=2 k=n+1

This completes the proof of Theorem 2.

153

Theorem 3. Let the function f (z) defined by (1.1) be in the class Sa.g(f, 9, 5,7)

satisfis the condition (1.9), then

fa(2) dn+1
(215) %{ 1) } e P i
Proof. Let
_ ’:L(Z) d'fb+1

() S ke
L+ 302 5 kagzk—1 ’

and using (2.14), we have

|

Ko -1 (148 52 bl
k(z)+1

This completes the proof of Theorem 3.

3. Integral Means

In 1925, Littlewood [9] proved the following subordination theorem.

— e’} dpa1 e’} —
2-23 o klak] — (1 + 555) 2ot Flakl

Lemma 2. If the functions f and g are analytic in U with g < f, then for § > 0,

and 0 <r <1,

27 27
i¢y |9 i¢y |9
(3.1) / lg(re®®)|” dé < / 1£(re®)[” do.
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Using Lemma 1 and Lemma 2, we prove the following result.

Theorem 4. Let f € Tap(f,9,2,8,7),0>0,0<a<1,0<y<1,n>0 and

f2(z) is given by
. 2B-Ap-a)
) =2 S A B

where V(o 8,7, 2, A, B) is defined by (1.10). Then for z = re'®, 0 < r < 1, we have

27 27
(3.2) / P do < / a2 do

Proof. For f(z) is given by (1.8), (3.2) is equivalent proving that

27 0 g 2
JE S RTE|
0 k=9 0

By Lemma 2, it suffices to show that

5

2B-M)50-a)f

1—
‘1/(&,67’7,2,A7B)

- _ 2(B-A)By(1-a)
_ k—1 _
LD el < A

Setting

69 - et =1 LR

From (3.3) and (1.9), we obtain

= U(a, 3,7, k, A, B) o1
lw(z)] = z
222( A=) ™

— U(a,B,7,k A, B)
Z B A) By (1 - a)

lax] < ||
k=

This completes the proof of Theorem 4.

4. Square Root Transformation

Defintion 2. Let f € S and h(z) = /f(22), then h € S and
h(z) = 2+ Y ey cop_122k71 for |z| < 1 the function m is called a square root
transformation of f.

Theorem 5. Let the function f (z) defined by (1.8) be in the class Ta g (f, g, 3,7),
2(B—A)py(1—a) < V(a,B,7,2,A,B) and h be the square root transformation
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of f, then
2(B-A)pBy(1-q)

7ﬂ\/l Vago2am) oM

and
2B-=A)py(1-0a) ,

(4.1) |h(2)] ST\/1+ U(a,3,7,2,A,B)
where
(4.2) f(z):z—Q(BiA)ﬁfY(lia) 2 (2] = £r).

V(a,f,7.2,A,B)

Proof. In the view of Lemma 1, we have

2(B-A)y(1-a) 4

2 2(B—A)By(1—a) 4
U(a, 5.7,2, 4, B) <+ "

43) - < |f(%) < U(a, 3,7,2, A, B)

Using (4.3) in the defintion 2 we find

W) = VIf(z?)

2(B— A)py(1-a)
\/TQ W@ s AB)

IA

(4.4) :T\/l_i_Q(B_A)ﬁV(l—a)Tg.

T(a7/87 ’Y? 2’ A7 B)
Since, 2(B— A) By (1 —a) < ¥(w, §,7,2,A,B) and r = |z] < 1, we have

2B-A)pr(1-a) o | 2B-A)(1-a),

(4.5) @A) | 7T W@ 5724 B)
and hence,
=) = VIFE)]
B A)By(1—a) ra
- O‘ ﬂ7772 A B)
2(B—A)By(l—a)
(4.6) % (@B 2 AB)

This completes the proof of Theorem 5.
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5. Integral Transform of the Class T4 5(f,9,,5,7)

For f € S we define the integral transform

1
f(tz

(5.1 Ve = [ un
where u(t) is a real valued, non-negative weight function normalized so that
fo t)dt = 1. Slnce special cases of u(t) are particularly interesting such as
u(t) = (1 + ¢)t°, ¢ > —1, for which V), is known as the Bernardi operator [3],
and

(c+ 1) ( 1)"1
5.2 w(t) = ———t° | log — ,c>—1,1n>0,
(52) 0 =" t

which gives the Komatu operator [8], see also [15].
Now we show that the class T4 g(f,g,a, 5,7) is closed under V,,(f(2)).

Theorem 6. Let the function f (z) defined by (1.8) be in the class Ta g(f, g9, 5,7),
then V,(f(2)) € Ta,(f, 9,0, 5,7).
Proof. From (5.1), we have

Vu(f(2) = (cr—ignl))”/ (—=1)71¢¢ (log t)" (z—Zakz th= 1)

0

ey Z“’a -

a (1) rL0+{/rt(1gt ( ~ K )}
. (c+1

- Zz(c—l—k) arz".

We need to prove that

o0

\II(Oé,ﬂ?’YakaAvB) c+1 K
>3 Y a5 A (e5)

On the other hand by Lemma 1, f(z) € T4 5(f, g, , 5,7) if and only if

i U(a, 8,7,k A, B)
2

—2(B-A )y (1 —a)™ =

Since EI}C < 1, therefore (5.3) holds and the proof of Theorem 6 is completed.

Theorem 7. Let the function f (z) defined by (1.8) be in the class Ta g(f, g, o, 5,7).
Then V,(f(2)) is starlike of order & (0 < & < 1) in the disc |z| < r,, where

o (R (1 =9%(a. 8,7,k A, B) w4
(5.4) Tl_szQ [(c+1) (k=8[2(B—A)By(1—a)
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Proof. Tt is sufficient to show that

2Vu(f(2))
Vu(£(2))

where 7, is given by (5.4). Indeed we find, again from the definition (1.8) that

(5.5)

—1’§1—€f0r |z| <r,,

> 1=k () a2

GO 1‘
Vu(f(2)) B 1— io: <¢C:jr_li)nak |Z|k—1
he V(P
Va(/(2) ‘1‘ =6
if

oo n _
(55 S () (25wt <t

=2

k
But, by Lemma 1, (5.6) will be true if
n _
(C+1> (k_§> |Z|k—1< \I/(a7ﬁ,’y,]{j,A,B)

c+k 1 T2(B-A)py(1-a)
that is, if
— |z C+k’ K (176)\1/(046,")/,]{}7A,B) ﬁ
(5.7) =l < [(cH) (k—ﬁ)[2(B—A)ﬁv(1—a)]]

Theorem 7 follwos easily from (5.7).

Theorem 8. Let the function f (z) defined by (1.8) be in the class Ta g(f, g9, o, B,7).
Then V,,(f(z)) is convex of order § (0 <& < 1) in the disc |z| < r,, where

ch)" . (1-&¥(a,B,7,k,A,B) }

(5.8) n=B ) MEooRB A1)

k>2

Remark. (i) Putting g = (0 < § < 1), in the above results, we obtain

z
e
the corresponding results obtained by Magesh et al. [10, with m = 0]);

(ii) Specializing the function g(z), we obtain different results corresponding to the
classes mentioned in the introduction.
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