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ABSTRACT. In this work, we shall give the degree of approximation for functions belonging
to Holder class by matrix summability method of multiple Fourier series in the Holder
metric.

1. Introduction and some Notations

Suppose that f(x,y) is integrable in the sense of Lebesgue over the square
S? .= S(—m,m;—m,m) and of period 27 in z and in y. If f(x,y) is defined only
on the square 52, we extend it periodically onto the whole xy-plane. The double
Fourier series of f(x,y) can be written in the form

flz,y) ~ > Amn[Nmn cOSME COSNY + Ly SID M COS Y
m,neN

+ Prmn cOSME SINNY + (i SIN M2 SIN NY]

where

1/4, m=n=0;
/\mn: 1/2; m>0,n=0\/m:0,n>0;
1, m > 0,n > 0.

and the coefficients nyn, tmn, Pmn and (., are calculated by the formulas
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1
Nnn = —5 //f(x,y) cos mx cos nydxdy,
T /5
1 .
Pmn = —5 //f(x,y) sin ma cos nydxdy,
T /4
1 .
(1.1) Pmn = —5 // f(z,y) cosma sin nydxdy,
™ /s
1 . .
S = =5 // f(z,y) sinma sin nydxdy,
T /4
form=20,1,2,...and n =0,1,2.... Now let

n
Z[nij COS 1T COS jY + ;5 SINix COS jy

m
Smn(2,y) =
i=0 j=0

+p;j cosixsin jy + ; sindz sin jy).

The quantity s, (z,y) (m =0,1,2,...; n =0,1,2...) are called the partial sums
of double Fourier series. According to (1.1), we know that

Smn(T,y) = % // fle+u,y+v) [Sln(m4;i{j>l2t])[;12g/—i2—)1/2)v] dudv.
SQ

Moreover, let

m n

Tmn(x7y) = Tmn(fa Av U;ma y) = ZZ amibnjsij(xay)7 vman Z 0
=0 j=0

where A = (ay,;) and U = (b, ;) are lower triangular infinite matrices such that:

>0, i<m; . -
(1.2) am_{Q ST (im=0,1,2,.) A ;am,izl
and
>0, j<nm o ~
(1.3) b"»j{o, iam Gm=012.) A Z(:)an,jfL
o

The double Fourier series of the function f(z,y) is called to be (A,U)-summable
to a finite number s, if 7., (z,y) — s as m,n — oo. The condition of regularity for
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double matrix summability means are given by

m n
Zzamib”j — 1, a8 m,n — oo,
i=0 j=0
n
(1.4) }i{%Z'amib"ﬂ =0, foreach i=1,2,...,
j=0

m
gmnz; |@mibn;| =0, for each j=1,2,....
P

Let
Ho=A{f € Con:|f(x) = f(y)| < K|z —y|*}

where K is a positive constant, not necessarily the same at each occurrence. It is

known that H, is a Banach space(see Prosdorff, [7]) with the norm || - ||, defined
by
(1.5) [flle = Ifllc 4 sup A% f(z, y)
z#Y
where £@) = ()
) —
A flz,y) = m_iy‘ay (x #y),

by convention A°f(x,y) = 0 and
[flle="sup |f(z)]

z€[—7,m

The metric induced by the norm (1.5) on H,, is called the Holder metric. Présdorft
has been studied the degree of approximation in the Holder metric and proved the
following theorem:

Theorem A.([7]) Let f € Hy(0 < a<1) and 0 < < a <1. Then

nf-e O<a<l;
(16) lonth) = s =0 { 5, 0SS
where o, (f) is Fejér means of the Fourier series of f.

The case § = 0 in Theorem A is owing to Alexits [1]. Chandra obtained a
generalization of Theorem A in the Woronoi-Norlund transform [2]. In [6], Mohap-
atra and Chandra considered the problem by matrix means of the Fourier series of
f € H,. In the one-dimensional case, these problems have been studied in detail.
Naturally, similar problems are considered for the periodic functions with two vari-
ables. Stepanets investigated the problem of the approximation of functions f(z,y),
2m-periodic with respect to each of the variables by the partial sums of their Fourier
sums and under the some conditions in [9, 10]. In [5], Lal studied the approximation
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of functions belonging to Lipschitz class by matrix summability method for double
Fourier series under the uniform norm.

The Holder class for f(z,y) continuous functions periodic in both variables with
period 27 is defined as

Heap) = {f : |f (@, y52,0)] = | f(2,y) = f(z,w0)] < Cr(lw = 2" + |y — w|”)}

for some «, 8 > 0 and for all x,y, z, w where C is a positive constant may depend
on f, but not on z,y, z,w. This class of functions is also called Lipschitz class and
denoted by Lip(a, 8). It can be easily verified that H, g is a Banach space with
the norm || - ||o,g defined by

(1.7) fllas = I1fllc +  sup AP f(z,y: 2, w)

TEZ, yFw

where
 f(ey) — fzw)
|z — 2] + |y — w]?

A*P (2, y; 2, w) (z# 2,y #w),

by convention A% f(x,y;2,w) = 0 and

[flle="sup [f(z,y)]

(z,y)€8?

Moreover, a function f in Lip(a, () is said to belong to the little Lipschitz class
lip(e, B) if
lim  (Je—2|% + |y — w|”) "} f(z,y;2,w)[ = 0

Z2—T, W—Y

uniformly in (z,y). The aim of this paper is as follows. First, the approximation to
functions f(x,y) belonging to these Lipschitz classes is given by matrix summability
method of double Fourier series in accordance with the norm in (1.7). Later the
approximation is generalized to the N-multiple Fourier series.

Throughout this paper, we shall also use the following notations:

W(u,0) = W i, 0) = T+ g +0) + f by — )

+f(x—u,y+v)+f(x—u,y—v)74f(x,y)}

and
F(u,v) = ®(u,v) — ¥(u,v)

where ®(u,v) := V(z, w;u,v). Since f(z,y) € H(,, p), it is clear that

(1.8) |F(u,0)| = O(lz — 2|* + |y — w|”).
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2. In Case of Double Fourier Series

The approximation by matrix means for double Fourier series is as follows with
respect to Holder metric.

Theorem 2.1. Assume A = (am;) and U = (b, ;) are lower triangular matrices
where (am,;) and (by;) are nondecreasing sequences with respect to i < m and
J < n satisfying the conditions (1.2) and (1.3), respectively such that double matriz
method (A,U) is reqular. If f(x,y) is a function of period 2m in x and y Lebesgue
integrable in S? belonging to the class Hopy for 0 < a,B <1, then

(m+1)"2+n+1)"F O0<a<l,0<f8<;
ITimn = fllap = O)  logllm + Dm)  log((n+Dm) 5 _
(m+1) (n+1) T

form,n=20,1,2,....

For small Lipschitz class, the analogy of the Theorem can be written if ”O”
is replaced by "0” as m,n — oo independently one another, and f € Lip(«, §) is
replaced by f € lip(a, B) for 0 < o, 8 < 1. We don’t enter in details.

Furthermore, double matrix summability method gives us the following means

for some important cases:

e (C,1,1) means, when a,, ; =

1
and b, ; = Y for all 7 and j, respec-

+1
tively [3];
Pm—i dn—j i
e (N,pm,qn) means, when a, ; = and b, ; = ; where Py, = Y pr #
Pm Qn k=0

0 and Q= 32 g # 0 [4]

1 1

H,1,1 hen ap, ; = dbni = = T D) logn
e (H,1,1) means, when a,,, and On,j (n—j+1)logn

[8].

Taking into account the first two case above, we write the following results.

(m—i+1)logm

Corollary 2.2. If f(x,y) is a function of period 27 in x and y Lebesgue integrable
in S% belonging to the class Hapy for 0 <a,B <1, then

(m+1)"+Mn+1)7F O<a<1,0<B<1;
lomn = flla,s = O(1) ¢ log((m+1)m)  log((n+ 1)) A
a=p=1
(m+1) (n+1)
form,n=20,1,2,..., where

1 m n
_ g > 0.
O'mn(l'7y) (m+1)(n+1) ;;SU(IJJ)’ Vm,n_O
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Corollary 2.3. If f(x,y) is a function of period 2w in x and y Lebesgue integrable
in S? belonging to the class Hiopy for 0 < a,B <1, then

INun = fllas = OQ) {(m+1)"% + (n+1)77}

form,n=20,1,2,..., where

Zme iqn— jslj X y) VYm,n > 0.

i=0 j=0

N (2,y)
( WQTL
Before giving the proof of Theorem 2.1, we need the following auxiliary results.

Lemma 2.4. Let (am,;) and (by;) be real nonnegative and nondecreasing sequence
with (1.2) and (1.3), respectively.

(i) For 0 <u <1/(m+1), we have K,,(u) = O(m + 1) where
1 & sin(i + 3)u
T ;0 sin(y)
(ii) For 0 <v <1/(n+1), we have K, (v) = O(n + 1) where
1 — sin(j + 3)v
Ky(v) = =S b, — 27
(U) T Z 5] sm(%)
7=0
This is easily proved by an elementary calculation.

Lemma 2.5.([5]) Assume that (am ;) and (b,;) be real nonnegative and nondecreas-
ing sequence with i < m and j < n, respectively.

(i) For 1/(n+1) <v <7 and any n € N, we have

Bn,a
Kn(v) = 0(—>),
v
where By o = Y. by; and o denote integer part of 1.

j=n—o

(ii) For 1/(m+1) <u <m and any m € N, we have

A
Ko (u) = O(—=%),
U
m
where A = Y.  am; and k denote integer part of %

t=m—kK
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3. Proof of the Theorem 2.1
Proof. We know that

(3.1)  sy(z,y) — %//\P [sin(é ;;(/3;;1528/;)1/2)0]dudv

Taking into account (3.1) and 7., (x, y) that double matrix means of s,,,(z,y) , we
write
m

T (29) = F(@.9) = 33 by {s05(@,9) — F(,9)}

i=0 j=0

[sin(i + 1/2)u][sin(j + 1/2)v]
a // uv) Zzaml n sin(u/2)sin(v/2) dudv

=0 j=0

//\I/ u, V) K, (u) Ky, (v)dudv
0
Let us estimate that
(32) sup |Tmn(‘ra y) B f(xay)a_ (Tmn(27’;}) B f(Z,’UJ))| — O(l)
r#z, yFw |{,C—Z| +|y_w|

o (29) — () — (Fpan (2 0) — f(z,0))] = / / F (11, 0) K p (1) K (0)
0 0

j / / / |F (1, 0) Ko (u) Ky (v)|dudv

1 1 1
n+1) (m+1) (m+1) (n+1)

1 1 1
(m+D) (D) (m+D)

ol

(3.3) =J1+ o+ J3+ Js.

IN

Therefore, from (1.8) and Lemma 2.4, we obtain
1/(m+1) 1/(n+1)
Ji = / / | F'(w, v) K, (0) Ky (v) |[dudv

0 0
1/(m+1) 1/(n+1)

(m + 1)(n+1) / / P, v)|dudv = O(z — 2|® + [y — w]?)

(3.4)
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for 0 < a, 8 < 1. By using Lemma 2.4, Lemma 2.5 and again (1.8), then we have

1/(m+1) n
Jo = / / |F (u, v) K, (u) Ky, (v)|dudv
0 1/(n+1)
1/(m+1) = T
Bn o a ¥l Bn o
= (m+1) |F'(u,v)] v’ dudv = O(|x — z|“+|y — w|”) ——dv
0 1/(n+1) 1/(n+1)
B'I’L v
< Oflz =21 + |y — w]?) — L dy
1/(n+1)
(n+1)B
(35)= Oz =2l +ly—ul’) [ Ztdt=0(e 2" +Iy - wl’
1/
since B:’t is monotonic increasing. Similarly, we can prove that
m  1/(n+1)
(3.6) J3= / |F(u, 0) K (0) Ky (0) | dudv = O(|z — 2|* + |y — w]?)
1/(m+1) 0
and
37) Ji— / / Ko (1) Ko (0)]dudv = O(|z — 2% + [y — w]?).

/(m+1)1/(n+1)

By combining (3.3)-(3.7), we obtain (3.2). On the other hand, we know that from

[5]

(m 4 1)°2 4 (n41)2 <<l
(3.8) |[Tmn — fllc = O(1) { log((m + 1)me) N log((n + 1)me) a=B=1
(m+1) (n+1)

for m,n = 0,1,2,.... Since loge < log(m + 1)m and loge < log(n + 1)m, we omit
the number ”e” in the formula (3.8). Therefore, according to (3.2) and (3.8), the
proof of Theorem 2.1 is completed. a

4. In Case of N-Multiple Fourier Series, N > 3.

Let f(x1,...,zy) is integrable over the N dimensional cube SV and of period
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27 in each variable. The N-multiple Fourier series of f(x1,...,zy) can be written
in the form

i(mix1+moxo+--+myx
f(x17"'amN)N § § E C’ml,mg,...,mNe( . 22 N N)-

mi1EZmo€ZL my€EZ

where ¢, ms....my i the Fourier coefficients of f (see, [11, p. 300]). The series is
denoted by S[f] and the partial sums of it are given by

T ™ N
SmlmzmmN(xl,. .. ,l‘N) = 7T_N/' . '/f(l‘l—i-th L. ,.TN+tN) Hij(tj)dtl Loodty
—r -7 J=1

where D, (t;) are the Dirichlet kernels for each j. Moreover, similar to the two-
dimensional, we can write

Tmimg--mn (xlv cees xN) = Tmimg---mn (fa {Ak}JlV’ Tiy--- 7xN)
mi ma mN
= Z Z Z amm...amNiNSiliQA..iN(xl,...,mN)
i1=012=0 in=0

for all my, > 0. Here {Ak}ivzl = {(amk’ik)};cvzl are lower triangular infinite matrices
such that:

. Mk
> < ;
(4.1)  amyi, = { TR (M, ik =0,1,2,...) A E Uy i = 1

0, 1 > My =
for each k =1,2,..., N. The N-multiple Fourier series of function f(z1,...,zn) is
called to be (Aq,..., Ay)-summable to a finite number £, if 7, imy-mp (T1,- -+, TN)
— { as my,mg, -+ ,my — o00. The condition of regularity for N-multiple matrix

summability means are given by

mi mao mn
E E E (Gmyiy - Qmpyiy) — 1, 88 My, ma, -+ ,my — 00,

i1=0i3=0  iny=0

ma ms3 mpn
limz Z Z (@myiy - - Ampyiy) =0, for each i3 =1,2,...,
" i7=0i3=0  in=0

mip  m3 mn
1imz Z Z (@myiy - - Amyiy) =0, for each ip =1,2,...,
M Z0i5=0  in=0

mN—1

mi ma
I}nmzz Z (@myiy - - Amyiy) =0, for each iy =1,2,....

11=019=0 iN—1=0
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Next, we give the notion of Lipschitz classes of functions on SY. Let f(x1,...,2x)
be a continuous periodic function with period 27 in each variable. The function
[ belongs to the Lipschitz class Lip(ai,az,...,an)(or Hi, as,..ay)) for some
aq,Qs,...,an > 0 if there exists a constant K7 such that

N
|f(x17"'7IN;y17"'ayN)| = ‘f(xla"'axN)7f(yla"'7yN)| SKlZm‘k*ykPk

k=1
for all zg,yr where k =1,..., N. Furthermore, a function f in Lip(aq, as,...,an)
is said to belong to little Lipschitz class lip(aq, ag, ..., an) if
lim ‘f(x1a7xN7y177yN)‘:O
Y1—T1, YN — TN N

> |oe — yelw

k=1
uniformly in (z1,...,2N).

The function space H(q, a,,...,ay) 18 @ Banach space with respect to the norm
H ’ ||011,042,...,o¢N defined by

Hf||(¥17a27"'7aN = ||fHC+ ” sup ” Aal’az’m’aNf(zla"'7xN;y1a"'7yN)
L17FY1l-- s TNFYN

where

|f(x17~~7xN;yla~~~7yN)|

N
> Tk — gl
k=1

AGTO2 N f(py N YL, e YN ) = ,

for x1 # y1,..., N # yn by convention A%Cf(zy,... . zN;y1,...,yn) =0 and

Iflle=" sap  [f(z1,....2N)l.

(z1,...,zn)ESN

Now as an extension of Theorem 2.1, we write the following theorem.

Theorem 4.1. Let {Ak}gzl = {(amk,ik)}fc\;p N > 3, are lower triangular ma-
trices where {(amk’ik)}gzl are nondecreasing sequences with respect to i, < my,
k=1,...,N, satisfying the conditions (4.1), respectively such that N-multiple ma-
triz method (A, As, ..., An) is regular. If f(x1,22,...,2N) s a function of period
27 in each variable Lebesgue integrable in SN belonging to the class Ho ...

SQN)

for0 < aj,ag,...,any <1, then

N

S (my 4+ 1) 0<ar,a,...,an <1;

k=1
||Tm1m2“'mN_fHahOQa-nyaN - O(l) N log((mk + 1)71_)

Z— ,a1:a2:"':aN:1,

(my +1)
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formyp =0,1,2,..., where k=1,2,.... N and N > 3 is a fixed integer.

Proof. One needs the extensions of Lemma 2.4 and Lemma 2.5 with respect to each
variable from double to N-multiple. After this, the proof runs along the same lines
as that of Theorem 2.1. O

Let 0 < ag,as,...,any < 1. The analogy of statement in the Theorem 2.1 can
be written if 7O” is replaced by 70" as my,ma, -+ ,my — oo, and f € Hq4, o,
is replaced by f € lip(aq, @g, ..., an).

N- multiple matrix summability method gives us the (C,1,1,...,1) means,

T for all i, (k=1,2,...,N) [11]. Then, it will be in the form

10N

when a5, =

N
Omyma-mu (L1y oy TN) = (H - +1> Z Z Z Sivigin X1y ooy TN)

11=012=0 in=0
Therefore, we observe the next result from the Theorem 4.1.
Corollary 4.2. If f(z1,22,...,2n) is a function of period 27 in each wvari-

able Lebesque integrable in SN belonging to the class Hiayan,.an) for 0 <
ay,Q,...,an <1, then

N
S(mg+1)" 0 < aq,an,...,ay <1;
k=1
lomyma-my—Ffllar,as,....an = O(1) N ((my, + 1))
Z a1 =ag = = ay=1
P mk + 1

formyp =0,1,2,..., where k=1,2,.... N and N > 3 is a fixed integer.
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