J. Korean Soc. Math. Educ. Ser. B: Pure Appl. Math. ISSN(Print) 1226-0657
http://dx.doi.org/10.7468/jksmeb.2016.23.1.61 ISSN(Online) 2287-6081
Volume 23, Number 1 (February 2016), Pages 61-72

AN IMPROVED LOWER BOUND FOR SCHWARZ LEMMA AT
THE BOUNDARY

BULENT NAFI ORNEK®* AND TUGBA AKYELP

ABSTRACT. In this paper, a boundary version of the Schwarz lemma for the holom-
rophic function satisfying f(a) = b, |a| < 1, b € C and Rf(z) > «, 0 < a < |
for |z| < 1 is invetigated. Also, we estimate a modulus of the angular derivative
of f(z) function at the boundary point ¢ with $8f(c) = . The sharpness of these
inequalities is also proved.

1. INTRODUCTION

The classical Schwarz lemma gives information about the behavior of a holomor-
phic function on the unit disc D = {z: |z| < 1} at the origin, subject only to the
relatively mild hypotheses that the function map the unit disc to the disc and the
origin to the origin. This lemma, named after Hermann Amandus Schwarz, is a
result in complex analysis about holomorphic functions defined on the unit disc. In
its must basic form, the familiar Schwarz lemma says this ([5], p.329):

Let D be the unit disc in the complex plane C. Let f : D — D be a holomorphic
function with f(0) = 0. Under these circumstances |f(z)| < |z| for all z € D, and
|f(0)] < 1. In addition, if the equality | f(z)| = |z| holds for any z # 0, or | f/(0)| =1
then f is a rotation, that is, f(2) = ze', 0 real.

For historical background about the Schwarz lemma and its applications on the
boundary of the unit disc, we refer to (see [1], [19]).

Let f(z) be holomorphic function in D, f(a) =10, |a|] <1, b € C and Rf(z) > «,
0<a<|b for|z] < 1.
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Let
z+a
w(z) =1 (1 —|—az)
and
~ w(2) -«
F(z) = b—a
F(z) is holomorphic and Rf(z) > 0 for |z| < 1 and hence
_1—-F(2)
o) =T F0)

is holomorphic, |¢(z)| < 1 for |z| < 1 and ¢(0) = 0. Thus, by Schwarz lemma, we
obtain

/ ‘b — a|
(1.1) [f'(a)] <2

1—laf*

The inequality in (1.1) is sharp with equality for the function
l-az—z+4a
fz)=a+(b-a) l—az+z+a’
where —1 < a <0 and b is any integer > 1.

It is an elementary consequence of Schwarz lemma that if f extends continuously
to some boundary point to with |¢| = 1, and if |f(c)| = 1 and f’(c) exists, then
|f'(c¢)| > 1. This result of Schwarz lemma and its generalization are described as
Schwarz lemma at the boundary in the literature. This improvement was obtained
in [20] by Helmut Unkelbach, and rediscovered by R. Osserman in [15] 60 years later.

In the last 15 years, there have been tremendous studies on Schwarz lemma at
the boundary (see,[1], [3], [4], [6], [7], [9], [10], [15], [16], [17], [19] and references
therein). Some of them are about the below boundary of modulus of the functions
derivation at the points (contact points) which satisfies |f (¢)| = 1 condition of the
boundary of the unit circle.

In [15], R. Osserman offered the following boundary refinement of the classical

Schwarz lemma. It is very much in the spirit of the sort of result.

Lemma 1.1. Let f : D — D be holomorphic function with f(0) = 0. Assume that
there is a ¢ € D so that f extends continuously to ¢, |f(c)] =1 and f'(c) ewists.
Then

2

(1.2) f'(e)] > IO

Inequality (1.2) is sharp, with equality possible for each value of |f'(0)].
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Corollary 1.2. Under the hypotheses Lemma 1.1, we have
(1.3) f'(e)] > 1

and
‘f’(c)‘ > 1 unless f(z) = ze?, 0 real.

Moreover, if f(z) = apzP + ap412PTL. .., then

1- ‘ap’.

1+ |ap|

The equality in (1.4) occurs for the function f(z) =27 (z+7v) /(1 +7v2), 0 <~y < 1.

(1.4) |f'(e)| = p+

Lemma 1.3 (Julia-Wolff lemma). Let f be a holomorphic function in D, f(0) =0
and f(D) C D. If, in addition, the function f has an angular limit f(b) at b € 0D,
|f(b)| =1, then the angular derivative f'(b) exists and 1 < |f'(b)| < oo (see [18]).

D. M. Burns and S. G. Krantz [8] and D. Chelst [2] studied the uniqueness part of
the Schwarz lemma. In M. Mateljevi¢’s papers, for more general results and related
estimates, see also ([11], [12], [13] and [14]).

Also, M. Jeong [7] showed some inequalities at a boundary point for different
form of holomorphic functions and found the condition for equality and in [6] a
holomorphic self map defined on the closed unit disc with fixed points only on the

boundary of the unit disc.

2. MAIN RESULTS

Theorem 2.1. Let f(z) be holomorphic function in D, f(a) = b, |a| < 1, b€ C
and Rf(z) > a, 0 < o < |b| for |z| < 1. Assume that, for some ¢ € 0D, f has an
angular limit f (c) at ¢, Rf (¢) = a. Then
b—all—
2.1 ! > .
(2.) @)= Pt
The inequality (2.1) is sharp, with equality for the function
l-az—z+a
— b)) drT=Ta
f) =t (b-a) el
where —1 < a <0 and b is any integer > 1.

Proof. Consider the function
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Then ¢(z) is holomorphic function in the unit disc D, ¢(0) = 0 and |[¢(z)| < 1. In
addition, for 29 = {—- € 9D,

1—a

w(zo)=f<zo+a>

1+ az

and since Rf (¢) = «, we take

1= F(20)|
o)l = || =1
From (1.3), we obtain
1< |¢/(z0)] =2 CON_pl'Goll 1

L+ F() " lo—al 1+ F(z)*

Since \1+F(Zo)|2 > (%(1+F(ZO)>)2 = (1+%F(zo))2 - [14_%(%)}2 =1

we have
2
| < 2 1—\a|2f,(zo+a>§ 2 1+4]q f,<zo+a>.
b—al (1 +az) 1+az |b—a|l—|al 1+az
Thus, we get
b—all-—|al
ol | |
|f(c)|_ 2 1+ |a
Now, we shall that the inequality (2.1) is sharp. Let
l-az—z2+4a
= b—a) ——.
fz)=a+( Oé)l—ﬁz%—z—i—a
Then, we take
b—all+a b—al+a
) = ! = .
‘f ( )‘ 2 1—-a 2 1—-a
Since —1 < a < 0 and b is any integer > 1, (2.1) is satisfied with equality. O

Theorem 2.2. Let f(z) be holomorphic function in D, f(a) = b, |a| < 1, b e C
and Rf(z) > a, 0 < a < |b| for|z| < 1. Assume that, for some c € 0D, f has an
angular limit f (c) at ¢, Rf (¢) = a. Then

, 1—|a| 2|b—a|2
2.2 = |
(2.2) ‘f (C)‘— 1+|a|2]b—04’+(1_|a|2> |f'(a)]

The equality in (2.2) occurs for the function

fz)=a+(b-a) e ,
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/ a2
where —1 < a <0, b is any integer > 1 and m = % s an arbitrary number

from [0,1] (see (1.1)).

Proof. Let ¢(z) be the same as in the proof of Theorem 2.1. From (1.2), for zg =
=2 ¢ 9D, we obtain

T—ac
2 / [ F'(20)] |w’ (20| 1
Tl = N = = ol 0 RGP
2 1+ |al f,<z0+a)"
|b—a|1—lal 1+az
Since
50 - (1= lal*) 1£(@)]
21b—qf 7
we have

2 2 1+4lall, [ z0+a
5 < f — |
14 (1=la)If'@] ~ |b—al1— |a] 1+azo
2|b—a|

Therefore, we take the inequality (2.2).
To show that the inequality (2.2) is sharp, take the holomorphic function

_ o == ’
ey (1Z:£z>2+2m(f_‘£z) +1
Then
1+l 2(b—a)?

"1 = ’
‘f( )‘ 1—‘a|2(b—a)+ <1f|a|2) ‘f/(a)|

Since —1 < a < 0 and b is any integer > 1, (2.2) is satisfied with equality. O
If f(2) = b+ ap(z—a) + aps1 (2 —a)’™ + ... is a holomorphic function in D
fla) =0, |a] <1,be Cand Rf(z) >, 0 < o < [b] for |z| < 1, then
b—a

Theorem 2.3. Let f(z) = b+ a, (2 — a)’ 4 apr1 (2 — a)P' + ... is a holomorphic
function in D f(a) = b, |a] <1, b€ C and Rf(z) > a, 0 < a < |b] for |z] < 1.
Assume that, for some ¢ € D, f has an angular limit f (c) at ¢, Rf (¢) = a. Then
P
|b—all—|al 2[b—al - (1—\a|2> |ay|
p
2 1+]qf 20— af + (1~ |a|2)” lay|

(2.3) lap| <2

(2.4) /()] =



66 B. Nart ORNEK & T. AKYEL

Equality in (2.4) occurs for the function

1+d (f_‘“z

a > B <1z__£z)p+1 —d (12__aaz>p

z—a z—a p+1 z—a P’
1+d(1fﬁz>+<lfaz) +d(176z>

lap|(1—al*)”
2[b—q|

f(z)=a+(b—a)

where —1 < a <0, b is any integer > 1 and d =
from [0,1] (see (2.3)).

s an arbitrary number

Proof. Using the inequality (1.4) for the function ¢(z), for zp = =% € 9D, we

1—ac
obtain
1_|np‘ / 2 1+|a| /<20+a)
+ < 20)| < — .
PE T S S T [ T
Also, since
2\ P
apl (1= lal)
= S e
we may write
lap| (1—laf*)"
1- p2|b—oe| 2 1+4all|, [ 20+a
P ) S a1l || \T+am)|
14 lap|(1~|al*) b—al1—]al + @z
2b—a|

Thus, we take the inequality (2.4).
The equality (2.4) is obtained for the function

z—a \ _ ([ z—a pH _ 2—a |’
PR (=) <Pwlﬂ dcﬂgw
1+d(f_‘§z> + (f_‘g‘;) +d(f_‘§z)

as show simple calculations. O

In Theorem 2.3, the inequality (2.4) is obtained by adding the term a, of f(2)
function. In the following theorem, the inequality (2.4) is obtained by adding a,

and ap41 that are consecutive terms of f(z) function.

Theorem 2.4. Let f(z) = b+a, (z — a)’ +aps1 (z — a)’t ..., p > 1 is a holomor-
phic function in D f(a) =b, |a| <1, b€ C and Rf(z) > a, 0 < o < |b] for |z| < 1.
Assume that, for some ¢ € 0D, f has an angular limit f (c) at ¢, Rf (¢) = a. Then
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70 2 Pl <p+

1+ |al

(2.5)

2(21b—al — (1 —a|*)?|a,|)? )
4w—aﬁ—(L—MFV”%F+2M—@H1—MFV“1—MFMHJ—@MJ

In addition, the equality in (2.5) occurs for the function

ﬂ@:a+@—a)1—2<?$)

— 5|
1+<1 az)

Proof. Let ¢(z) be the same as in the proof of Theorem 2.1. Also, let

k(z) = —=.

zp

where —1 < a <0 and b is any integer > 1.

We know that, from the maximum principle for each z € D, we have |¢(z)| < |2P].
Thus, k(z) is holomorphic function in D and |k(z)| < 1 for |z| < 1. In particular,

we have

P
2.6 k(0 <1_|a|2) |a,,|<1
and

o) <"?1<

Moreover, we can see that, for zg = {—- € 9D,

2 _
1 — |a ) ap+1 — GPay| .

Zo¢ Zo / 2ol (20)
— > W (20)| = ,
where h(z) = 2P.
The composite function
k(z) — k(O
5oy - M) ZEO)
1 —k(0)k(2)
satisfies the assumptions of the Schwarz lemma on the boundary, whence we obtain
2 - kO |, L+ kO] |,/
— - < [§ FO) < Ty MG
1+|3/(0)| ‘ ‘ ‘1_7)]{:(20)‘2 ‘ 1—’/4: ‘ ‘
1 + k(0)
= g g Gl - iGo}-

k(0)|
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Because )
1— k(0
= LEOP
(1 - FO)k(=))
and
1—|al?)? 2 _
13(0)] o e (1 1) ar —apa
1— [k(0)? L <(1—a|2)1’|ap>2
2|b—a|
26— qf <1 - |a\2)p ‘ (1 - |a\2) ap+1 —Epap‘
— 5 ,
4l —af? = (1-1aP?) " |,
we take
1—a|*)” |ay|
2 <1+(2|b)a|p 2 1+ al f,<zo+a>‘
14 2lb—al(1-|al?)"|(1-|al*)ap+1—apay| _1 ~ (1=a®)"lapl \ |0 — | 1 — |a 1+ azg
4lb—al?~(1-[af2) " |a, | 2ol
p)
Therefore, we have
2\P 2
o) > balizlal (1 2(21b—o|=(1~al*)"|ay|) >
[f )l == T+l \P 4|b7a|27(17\a|2)2p|ap|2+2|b701|(1f\a|2)p|(1f\a|2)ap+176pap|

Now, we shall that the inequality (2.5) is sharp.

Consider the function

(Z—a p
fe)=a+(b—-a) |l - ——

Then , )
z+a 2z 1—=z
f<1+az> =a+(b—a) [1_1—1—#’} :a+(b—o<)71+zp,
2
(1—|a| )f,(z—l—a) (b—a)<_2pzp_1>
(14+a2)?" \1+az) (1+ zpr)2
and

%;'z’;>ff<1:z>:<b—a><@fsz>=—pb-x

Since —1 < a < 0 and b is any integer > 1, we take
a1+a
] =
—a
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Also, because |a,| =2 (llfLTJ)p, (2.5) is satisfied with equality. O

If f(z) — b has no zeros different from z = a in Theorem 2.4, the inequality (2.5)
can be further strengthened. This is given by the following Theorem.

Theorem 2.5. Let f(z2) =b+ay, (2 —a)’ + aps1 (z—a)P ™ +..p>1,a,>0is a
holomorphic function in D f(a) =0, |a] <1, b€ C and Rf(z) > a, 0 < a < |b| for
|z| <1 and f(z) —b has no zeros in D except z = a. Assume that, for some ¢ € 9D,
f has an angular limit f (¢) at ¢, Rf (¢) = a. Then

(2.7)
b=al1~ o A G

p
2 1 14 12\P
+ |CL| 2 ‘ap| In <(12|ab|—>a|ap> _ ‘(1 _ |CL|2> apr1 — apap

The equality in (2.7) occurs for the function

|F'(c)| =

f(z)=a+(b—a) 1—2<Z_aaz)

where —1 < a < 0 and b is any integer > 1.

Proof. Let a, > 0. Having in the mind inequality (2.6), we denote by Ink(z) the

holomorphic branch of the logarithm normed by the condition

2\ P
(1= 1)yl

Ink(0) =In 2l

The auxiliary function
Ink(z) —Ink
() = nk(z) —Ink(0)
Ink(z) + Ink(z)
satisfies the assumptions of the Schwarz lemma on the boundary and so, for zy =
=2 ¢ 9D, we obtain

1—ac
2 o) — 1210 k(0)] k' (20)
1+ |®'(0)] < |2(z0)] = In k(20) + In k(0)[* | k(20)
—21In k(0)

T 2 k(0) + arg? k(zo) {‘gb'(zo)‘ a p} '

Since
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iyl K'(0)]
[2'(0)] = |2k(0) In k(0)|
(1=af?)”

2 — 2 _
“Sbal (1 — la )ap+1 - apap‘ B ‘(1 — lal )ap+1 —apap’

o (1-laP) lag| | ((1—|a|2)Pap|>  2ja/In <(1—a|2)”|ap|> ’

2[b—q/ 2[b—q/ 2[b—q

[ 20+ a
/ <1+azo>‘_p]'

and replacing arg? k(zg) by zero, we take
2 < -2 2 1+4|q
1_ |(1—la]?*)ap1—apay| — n <(1—a|2)”|a,,> b—all—|d

1-]a?)P|a 2[b—
2oy Uil (b=

Thus, we obtain the inequality (2.7).

The equality in (2.7) is obtained for the function

f(z)=a+(b—a) 1—2<Z_;za)p

el

1
by simple calculations.

Theorem 2.6. Under the same assumptions as in Theorem 2.5, we have

2p
b—al1—]al 1 (1— |al ) |ay|
p—=In|-——FF"-—-

2 1+ |d 2 2[b—

(2.8) |f'(e)] =

The equality in (2.8) occurs for the function

f(z)=a+(b-a) 12<za>

where —1 < a < 0 and b is any integer > 1.

Proof. Using the inequality (1.3) for the function ®(z), we obtain

1< |9 (0| = ‘21“’“(0)( SCCIEE

~ In? k(0) + arg? k(2
, [ 20+ a B
f<1+azo>‘ p}

Therefore, we obtain the inequality (2.8) with an obvious equality case.

Replacing arg? k(zg) by zero, we take
-2 2 1+a

2[b—q/
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