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NOTE ON SOME CHARACTER FORMULAS

Mahendra Pal Chaudhary, Sangeeta Chaudhary and
Junesang Choi∗

Abstract. Chaudhary and Choi [7] presented 14 identities which
reveal certain interesting interrelations among character formulas,
combinatorial partition identities and continued partition identities.
In this sequel, we aim to give slightly modified versions for 8 iden-
tities which are chosen among the above-mentioned 14 formulas.

1. Introduction and Preliminaries

We recall the following q-notation (see, e.g., [10, Chapter 6]):

(1) (a; q)∞ :=
∞∏

k=0

(
1− a qk

)
=

∞∏

k=1

(
1− a qk−1

)

(
a, q ∈ C; |q| < 1; a 6= q−m (m ∈ N0)

)
.

It is noted that, when a 6= 0 and |q| = 1, the infinite product in (1)
diverges. So, whenever (a; q)∞ is involved in a given formula, the con-
straint |q| < 1 will be tacitly assumed. Here and in the following, N,
Z, and C denote the sets of positive integers, integers, and complex
numbers, respectively, and N0 := N ∪ {0}.

The following notation is also frequently used:

(2) (a1, a2, · · · , am; q)∞ := (a1; q)∞ (a2; q)∞ · · · (am; q)∞ (m ∈ N).
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Ramanujan defined the general theta function f(a, b) as follows (see,
for details, [2, p. 31, Eq.(18.1)]):

(3)

f(a, b) = 1 +
∞∑

n=1

(ab)
n(n−1)

2 (an + bn)

=
∞∑

n=−∞
a

n(n+1)
2 b

n(n−1)
2 = f(b, a) (|ab| < 1).

We find from (3) that

(4) f(a, b) = a
n(n+1)

2 b
n(n−1)

2 f(a(ab)n, b(ab)−n) = f(b, a) (n ∈ Z).
Ramanujan also rediscovered the Jacobi’s famous triple-product iden-

tity (see [2, p. 35, Entry 19]):

(5) f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞,

which was first proved by Gauss.
Several q-series identities emerging from Jacobi’s triple-product iden-

tity (5) are worthy of note here (see [2, pp. 36-37, Entry 22]):

(6)

φ(q) := f(q, q) =
∞∑

n=−∞
qn

2
= 1 + 2

∞∑

n=1

qn
2

= {(−q; q2)∞}2(q2; q2)∞ =
(−q; q2)∞(q2; q2)∞
(q; q2)∞(−q2; q2)∞

;

(7) ψ(q) := f(q, q3) =

∞∑

n=0

q
n(n+1)

2 =
(q2; q2)∞
(q; q2)∞

;

(8)

f(−q) := f(−q,−q2) =
∞∑

n=−∞
(−1)nq

n(3n−1)
2

=

∞∑

n=0

(−1)nq
n(3n−1)

2 +

∞∑

n=1

(−1)nq
n(3n+1)

2 = (q; q)∞.

Equation (8) is known as Euler’s Pentagonal Number Theorem. The
following q-series identity:

(9) (−q; q)∞ =
1

(q; q2)∞
=

1

χ(−q)

provides the analytic equivalence of Euler’s famous theorem: The num-
ber of partitions of a positive integer n into distinct parts is equal to the
number of partitions of n into odd parts.



Note on some character formulas 811

We also recall the Rogers-Ramanujan continued fraction of R(q):

(10)

R(q) := q
1
5
H(q)

G(q)
= q

1
5
f(−q,−q4)

f(−q2,−q3)
= q

1
5
(q; q5)∞(q4; q5)∞
(q2; q5)∞(q3; q5)∞

=
q

1
5

1+

q

1+

q2

1+

q3

1+
· · · (|q| < 1).

Here G(q) and H(q) are widely investigated Roger-Ramanujan identities
defined by

(11)

G(q) :=
∞∑

n=0

qn
2

(q; q)n
=

f(−q5)

f(−q,−q4)

=
1

(q; q5)∞(q4; q5)∞
=

(q2; q5)∞(q3; q5)∞(q5; q5)∞
(q; q)∞

;

(12)

H(q) :=
∞∑

n=0

qn(n+1)

(q; q)n
=

f(−q5)

f(−q2,−q3)

=
1

(q2; q5)∞(q3; q5)∞
=

(q; q5)∞(q4; q5)∞(q5; q5)∞
(q; q)∞

;

and the functions f(a, b) and f(−q) are given in (3) and (8), respectively.

The following continued fractions are recalled (see, e.g., [3, p. 5, Eq.
(2.8)] and [4]): For |q| < 1,
(13)

(q2; q2)∞(−q; q)∞ =
(q2; q2)∞
(q; q2)∞

=
1

1−
q

1+

q(1− q)

1−
q3

1+

q2(1− q2)

1−
q5

1+

q3(1− q3)

1− · · · ;

(14)
(q; q5)∞(q4; q5)∞
(q2; q5)∞(q3; q5)∞

=
1

1+

q

1+

q2

1+

q3

1+

q4

1+

q5

1+

q6

1+
· · · ;

(15) C(q) :=
(q2; q5)∞(q3; q5)∞
(q; q5)∞(q4; q5)∞

= 1 +
q

1+

q2

1+

q3

1+

q4

1+

q5

1+

q6

1+
· · · .

Andrews et al. [1] investigated new double summation hypergeomet-
ric q-series representations for several families of partitions and further
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explored the role of double series in combinatorial partition identities by
introducing the following general family:

(16) R(s, t, l, u, v, w) :=

∞∑

n=0

qs(
n
2)+tnr(l, u, v, w;n),

where

(17) r(l, u, v, w : n) :=

[n
u
]∑

j=0

(−1)j
quv(

j
2)+(w−ul)j

(q; q)n−uj(quv; quv)j
.

Certain interesting special cases of (16) are recalled (see [1, p. 106,
Theorem 3]; see also [3]-[7] and [9] ):

(18) R(2, 1, 1, 1, 2, 2) = (−q; q2)∞;

(19) R(2, 2, 1, 1, 2, 2) = (−q2; q2)∞;

(20) R(m,m, 1, 1, 1, 2) =
(q2m; q2m)∞
(qm; q2m)∞

.

Chaudhary and Choi [7] presented 14 identities which reveal certain
interesting interrelations among character formulas, combinatorial parti-
tion identities and continued partition identities. Here, in this paper, we
give slightly modified versions for 8 identities which are chosen among
the above-mentioned 14 formulas.

2. A Set of Preliminary Results

Here we recall certain interesting interrelations among character for-
mulas, combinatorial partition identities and continued partition identi-
ties (see [7, Section 3]).

(21)

f(−q) = − 4q · Θ̂−1
12

(
q

1
2 · trL(∧(1); 13)q

L0 + q−
1
2 · trL(∧(5); 13)q

L0
)
+ 4qβ̂12,1(τ)

+
(q2; q2)∞(q2, q6, q8, q10, q12, q14, q18; q20)∞{(q2, q6, q8, q10, q14; q16)∞}2

(q4, q16; q20)∞{(q16; q16)∞}2
× [R(8, 8, 1, 1, 1, 2)]2 [R(1, 1, 1, 1, 1, 2)]3

×
{

1

1+

q4

1+

q8

1+

q12

1+

q16

1+

q20

1+

q24

1+
· · ·

}
;
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(22)

φ(q) = − 2q · Θ̂−1
12

(
q

1
2 · trL(∧(1); 13)q

L0 + q−
1
2 · trL(∧(5); 13)q

L0
)
+ 2qβ̂12,1(τ)

+
(q2; q2)∞(q2, q6, q8, q10, q12, q14, q18; q20)∞{(q2, q6, q8, q10, q14; q16)∞}2

(q4, q16; q20)∞{(q16; q16)∞}2
× [R(8, 8, 1, 1, 1, 2)]2 [R(1, 1, 1, 1, 1, 2)]3

×
{

1

1+

q4

1+

q8

1+

q12

1+

q16

1+

q20

1+

q24

1+
· · ·

}
;

(23)

χ(−q) = −q · Θ̂−1
12

(
q

1
2 · trL(∧(1); 13)q

L0 + q−
1
2 · trL(∧(5); 13)q

L0
)

+ qβ̂12,1(τ) +
(q4; q4)∞(q6; q6)∞

{(q12; q12)∞}2{(q2, q6, q14, q18, q20; q20)∞}2
× [R(3, 3, 1, 1, 1, 2)] [R(10, 10, 1, 1, 1, 2)]2

×
{

1

1+

q4

1+

q8

1+

q12

1+

q16

1+

q20

1+

q24

1+
· · ·

}2

×
{
1 +

q4

1+

q8

1+

q12

1+

q16

1+

q20

1+

q24

1+
· · ·

}2

;

(24)
A(q2) =q · Θ̂−1

8 · trL(∧(2);9)
qL0

− q · η̂8,2(τ)− q(−q2; q2)∞(−q4; q4)∞R(4, 4, 1, 1, 1, 2);

(25)

µ(q4) = − 2q·Θ̂−1
4 ·trL(∧(0); 5)q

L0+2q η̂4,0(τ)+
12 (q8; q8)∞R(1, 1, 1, 1, 1, 2)

(q; q)∞(q2; q4)∞
;

(26)

φ(q4) = − 2q · Θ̂−1
12 · rL(∧(4); 13)q

L0 + 2q η̂12,4(τ)

+
(q2, q4, q6; q8)∞(q12; q24)∞(q3; q6)2∞

(q; q)∞
R(1, 1, 1, 1, 1, 2)R(6, 6, 1, 1, 1, 2);

(27)

X (−q2) = −2q · Θ̂−1
40

(
trL(

∧
(18); 41)q

L0 − trL(
∧

(2); 41)q
L0
)
+ 2q η̂40,18(τ)

− 2q η̂40,2(τ) +
(j(−q2, q20)j(q12, q40) + 2q(q40; q40)3∞)

(q20; q20)∞(q40; q40)∞j(q8, q40)
R(2, 2, 1, 1, 1, 2);
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(28)

χ(−q2) = −2q3 · Θ̂−1
40

(
trL(

∧
(14); 41)q

L0 + q2 · trL(∧(6); 41)q
L0
)
+ 2q3η̂40,14(τ)

+ 2q5η̂40,6(τ) + q2
(2q(q40; q40)3∞ − j(−q6, q20)2j(q4, q40))

(q20; q20)∞(q40; q40)∞j(q16, q40)
R(2, 2, 1, 1, 1, 2).

The general form of Kac-Wakimoto character formula (see [8, p. 442])
is given as follows:

(29) trL(
∧

(s); r+1) · qL0 := 2q
r−1
24

− s
2 · η2(2τ)

ηr+3(τ)
· Lr,s(τ) (r ∈ N; s ∈ Z),

where L0 is the energy operator or Hamiltonian,

(30) Lr,s(τ) :=
∑

k=(k1,k2,...,kr)∈Zr

q
1
2
∑

i ki(ki + 1)

1 + q−s+
∑

i k
i (r ∈ N; s ∈ Z),

and the function η(τ) is the Dedekind η-function, a classical weight 1/2
modular form, defined by

(31) η(τ) := q
1
24

∞∏

n=1

(1− qn) .

It is noted that L(
∧

(s); r + 1) is the irreducible s`(r + 1, 1)∧ module

with highest weight
∧

(s).

The function j(x; q) (see [8, p. 454, Table 8]) is defined by

(32) j(x; q) := (x; q)∞(x−1q; q)∞(q; q)∞.

For the details of the other notations whose definitions are not given
here, one may refer to the work [8].

3. Main Results

Here we present certain interesting interrelations among character
formulas, combinatorial partition identities and continued partition iden-
tities
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Theorem 3.1. Each of the following identities holds true:
(33)

f(−q) =− 4q Θ̂−1
12

(
q

1
2 trL(

∧
(1); 13)q

L0 + q−
1
2 trL(

∧
(5); 13)q

L0

)
+ 4qβ̂12,1(τ)

+
(q16; q32)∞(q4, q12; q16)∞(q2, q6, q8, q10, q12, q14, q18; q20)∞

(q4, q16; q20)∞(q16; q16)∞(q32; q32)∞
× {(q2, q6, q8, q10, q14; q16)∞}3

×R(16, 16, 1, 1, 1, 2) {R(8, 8, 1, 1, 1, 2)}2 {R(1, 1, 1, 1, 1, 2)}3

×
{

1

1+

q4

1+

q8

1+

q12

1+

q16

1+

q20

1+

q24

1+
· · ·

}
;

(34)

φ(q) =− 2q Θ̂−1
12

(
q

1
2 trL(

∧
(1); 13)q

L0 + q−
1
2 trL(

∧
(5); 13)q

L0

)
+ 2qβ̂12,1(τ)

+
(q16; q32)∞(q4, q12; q16)∞(q2, q6, q8, q10, q12, q14, q18; q20)∞

(q4, q16; q20)∞(q16; q16)∞(q32; q32)∞

× {
(q2, q6, q8, q10, q14; q16)∞

}3

×R(16, 16, 1, 1, 1, 2) {R(8, 8, 1, 1, 1, 2)}2 {R(1, 1, 1, 1, 1, 2)}3

×
{

1

1+

q4

1+

q8

1+

q12

1+

q16

1+

q20

1+

q24

1+
· · ·

}
;

(35)

χ(−q) =− q Θ̂−1
12

(
q

1
2 trL(

∧
(1); 13)q

L0 + q−
1
2 trL(

∧
(5); 13)q

L0

)
+ qβ̂12,1(τ)

+
(q4; q4)∞(q6; q12)∞(q12; q24)∞

(q12; q12)∞(q24; q24)∞{(q2, q6, q14, q18, q20; q20)∞}2
×R(12, 12, 1, 1, 1, 2)R(3, 3, 1, 1, 1, 2) {R(10, 10, 1, 1, 1, 2)}2

×
{

1

1+

q4

1+

q8

1+

q12

1+

q16

1+

q20

1+

q24

1+
· · ·

}2

×
{
1 +

q4

1+

q8

1+

q12

1+

q16

1+

q20

1+

q24

1+
· · ·

}2

;

(36)
A(q2) =q Θ̂−1

8 trL(
∧

(2);9)
qL0 − q η̂8,2(τ)

− q(−q4; q4)∞R(2, 2, 1, 1, 2, 2)R(4, 4, 1, 1, 1, 2);
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(37)

µ(q4) =− 2q Θ̂−1
4 trL(

∧
(0); 5)q

L0 + 2q η̂4,0(τ)

+
12 (q8; q16)∞R(8, 8, 1, 1, 1, 2)R(1, 1, 1, 1, 1, 2)

(q; q2)∞ {(q2; q4)∞}2 (q4; q8)∞(q16; q16)∞
;

(38)

φ(q4) =− 2q Θ̂−1
12 trL(

∧
(4); 13)q

L0 + 2q η̂12,4(τ)

+
(q2, q6; q8)∞(q12; q24)∞(q3; q6)2∞

(q; q2)∞(q2; q4)∞(q8; q8)∞
R(1, 1, 1, 1, 1, 2)R(6, 6, 1, 1, 1, 2);

(39)

X (−q2) = 2q Θ̂−1
40

(
trL(

∧
(2); 41)q

L0 − trL(
∧

(18); 41)q
L0

)

+ 2q
(
η̂40,18(τ)− η̂40,2(τ)

)

+

(
j(−q2, q20)j(q12, q40)

(q20; q20)∞(q40; q40)∞j(q8, q40)
+

2q

j(q8, q40)
R(20, 20, 1, 1, 1, 2)

)

×R(2, 2, 1, 1, 1, 2);

(40)

χ(−q2) =− 2q3 Θ̂−1
40 trL(

∧
(14); 41)q

L0 − 2q5 Θ̂−1
40 trL(

∧
(6); 41)q

L0

+ 2q3η̂40,14(τ) + 2q5η̂40,6(τ)

+ q2
(
2q R(20, 20, 1, 1, 1, 2)

j(q16, q40)
− j(−q6, q20)2j(q4, q40)

(q20; q20)∞(q40; q40)∞j(q16, q40)

)

×R(2, 2, 1, 1, 1, 2).

Proof. Using (q2; q2)∞ = (q2, q4, q6, q8, q10, q12, q14, q16; q16)∞ in (21)
and (22). Then applying (20) with m = 16 is seen to yield (33) and
(34).

Using (q6; q6)∞ = (q6; q12)∞(q12; q24)∞(q24; q24)∞ and (q12; q12)∞ =
(q12; q24)∞
(q24; q24)∞ in (23), and applying (20) with m = 12, we obtain the iden-
tity (35).

Using the combinatorial partition identity (19) in (24), we get (36).

Using the following identities:
(
q8; q8

)
∞ =

(
q8; q16

)
∞

(
q16; q16

)
∞
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and

(q; q)∞ =
(
q; q2

)
∞

(
q2; q4

)
∞

(
q4; q8

)
∞

(
q8; q16

)
∞

(
q16; q16

)
∞

in (25) and making a suitable arrangement to apply (20) with m = 8,
we obtain (37).

A similar argument as in getting (33)-(37) will establish the remaining
three identities (38)-(40). So the detailed accounts of their proofs are
omitted.

Acknowledgement

The first-named author is thankful to the Clay Mathematics Institute
for providing opportunity and hospitality to join in its event at the
Mathematical Institute, University of Oxford, England, U.K. during the
summer of 2016. The second-named author is thankful to the National
Board of Higher Mathematics (NBHM) of Department of Atomic Energy
(DAE), Government of India for providing financial support by awarding
her Post Doctoral Fellowship [grant number 2/40(47)/2015/R and D-
II/11325, and further order no. 2/40(47)/2015/R and D-II/11795 on
dated 06/09/2016] while carrying out this research work.

References

[1] G. E. Andrews, K. Bringman and K. Mahlburg, Double series representations
for Schur’s partition function and related identities, J. Combin. Theory Ser. A
132 (2015), 102–119.

[2] B. C. Berndt, Ramanujan’s Notebooks, Part III, Springer-Verlag, Berlin, Heidel-
berg and New York, 1991.

[3] M. P. Chaudhary, Generalization of Ramanujan’s identities in terms of q-
products and continued fractions, Global J. Sci. Frontier Res. Math. Decision
Sci. 12(2) (2012), 53–60.

[4] M. P. Chaudhary, Generalization for character formulas in terms of continued
fraction identities, Malaya J. Mat. 1(1) (2014), 24–34.

[5] M. P. Chaudhary, Some relationships between q-product identities, combinatorial
partition identities and continued-fractions identities III, Pacific J. Appl. Math.
7(2) (2015), 87–95.

[6] M. P. Chaudhary and J. Choi, Note on modular relations for Roger-Ramanujan
type identities and representations for Jacobi identities, East Asian Math. J.
31(5) (2015), 659–665.

[7] M. P. Chaudhary and J. Choi, Certain identities associated with character formu-
las, continued fraction and combinatorial partition identities, East Asian Math.
J. 32(5) (2016), 609–619.



818 M. P. Chaudhary, S. Chaudhary and J. Choi

[8] A. Folsom, Kac-Wakimoto characters and universal mock theta functions, Trans.
Amer. Math. Soc. 363(1) (2011), 439–455.

[9] H. M. Srivastava and M. P. Chaudhary, Some relationships between q-product
identities, combinatorial partition identities and continued-fractions identities,
Adv. Stud. Contemporary Math. 25(3) (2015), 265–272.

[10] H. M. Srivastava and J. Choi, Zeta and q-Zeta Functions and Associated Series
and Integrals, Elsevier Science Publishers, Amsterdam, London and New York,
2012.

M. P. Chaudhary
Former Researcher, Department of Applied Sciences and Humanities,
Faculty of Engineering and Technology, JMI,
New Delhi 110025, India.
E-mail: dr.m.p.chaudhary@gmail.com

Sangeeta Chaudhary
School of Computational & Integrative Sciences,
Jawaharlal Nehru University,
New Delhi 110067, India.
E-mail: sangeeta.ch289@gmail.com

Junesang Choi
Department of Mathematics, Dongguk University,
Gyeongju 38066, Republic of Korea.
E-mail: junesang@mail.dongguk.ac.kr


