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Markov Decision Process for Curling Strategies

Kiwook Bae - Dong Hyun Park - Dong Hyun Kim - Hayong Shin

Department of Industrial and Systems Engineering, KAIST

Curling is compared to the Chess because of variety and importance of strategies. For winning the Curling game,
selecting optimal strategies at decision making points are important. However, there is lack of research on
optimal strategies for Curling. ‘Aggressive’ and ‘Conservative’ strategies are common strategies of Curling;
nevertheless, even those two strategies have never been studied before. In this study, Markov Decision Process
would be applied for Curling strategy analysis. Those two strategies are defined as actions of Markov Decision
Process. By solving the model, the optimal strategy could be found at any in-game states.
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Figure 1. An Example of Scoring in Curling
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Table 1. Frequency Table of Scroes at Each END with Hammer
END -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
1 1 4 25 104 251 322 156 32 7
2 2 6 53 133 184 322 162 32 6 2
10 1 8 19 92 22 183 70 10 4 1 1
11 4 15 4 85 7 2 1
12 1 3
Totals 0 4 23 92 434 1371 1523 2865 1603 407 78 18 3
o = ¢ &3} Markov Decision Process(©]3F MDP) B8 & (5,,,)15,]& S, transition ¥ Tk state 5, , A A& A
AaliA 2F 4718 Uetdol 471 13 § A4 S = o2 799+ valueo|t}. Value: Bellman’s equation back-
93 FORN ZE 7ol Ao R 7Y, ward induction &2 Z{ A T 4= I th 7 stateol| A valueE T
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O]E} Z MDP| A& 7} stater}t} actione ] & 4= 9l o
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actlonoﬂ o] &3}, ActionS #] 3} state transitiono] WAy o,
state} actionol] W} reward = A Sk}, State, action, transition
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Figure 2. Diagram of One Step Transition in MDP

tAI A ol A state, S, ZHE A8 22 transitiono] AY S o,
SoA F 4E J0E 71fﬂﬂ% reward?] F39 HAHYE
valueghal AoJsta v(s,) 2 E8 gt} o] = Bellman’s equa-
tion e 2= e QAE}(PoweII 2007).
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Table 2. Probability Distribution of the Scores with Hammer

Dong Hyun Park -

Dong Hyun Kim - Hayong Shin

©

=
o S Ael A
A

ox Mo X

e 2

o > ol
sl
[rt
ol
£l
£
o
N

g 2 o
Mo e N

potl

o

24

fo

o o
e’

Pl

K

e

b

I

2 =

o

i)

Ol Jﬁ
re

2

)
lo o
)
b
o
R}
rl.][O -lo(l
of
1o
ol
4
i
o
M
=
i
~
§
)

S T

dot A2
o

B T2 ) O o o
jus)
r
N
o M

e o K

_\|I_‘ o
Y
QL
2
o

0.4

03

0.2
. [ I B
0
-3 -2 -1 0 1 2 3

Figure 3. Probability Distribution of the Scores with Conservative
Strategy(with Hammer)

Table 4. Probability Distribution of the Scores with Conservative
Strategy(with Hammer)

X, -3 -2 -1 0 1 2
fx,) 0.0143391 0.051693 0.163031 0.183034 0.334980 0.192312 0.060609
Table 3. Probability Distribution of the Scores of Teams Without Hammer
X, -3 -2 -1 0 1 2 3
;"(xt) 0.060609 0.192312 0.334980 0.183034 0.163031 0.051693 0.014339
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Table 5. Probability Distribution of the Scores with Aggressive Strategy(with Hammer)

X, -3 -2 -1 0 1 2 3
f(l!,g( ) 0.02867 0.10338 0.22606 0.16606 0.06996 0.28462 0.12121
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Figure 4. Probability Distribution of the Scores with Aggressive
Strategy(with Hammer)
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Table 6. Probability Distribution of the Scores with Conservative
Strategy(without Hammer)

X, -3 -2 -1 0 1 2 3
fon) | 0 01 | 06 | 02 | 01 0 0

o A2 AL B8] §H ¢ AJE;J g s, = tran-

sition® SHEo] Ft}, o] W, tA T ol A TF of F htoﬂ u}e}
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ojt}. 7ok z =00] g tA =+ ‘Blank End’o]| B2 F3& 1
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Figure 5. Transition at S; of Curling Markov Decision Process
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r2>

2

Table 7. Probability Distribution of the Scores with Aggressive Strategy(without Hammer)

X, 3 -2 -1

0 1 2 3

Fagy () 0.12121 0.28462 0.06996

0.16606 0.22606 0.10338 0.02867
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A actiong A ¥ 5}4] transitiono] Lol d wf, reward$] R(S;, a)
7 A A e A o] A4 rewarde 00] 21 7HE 7] o
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(1) 7 7] & A A ol A Value function
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ol 10915 o] Zo g, = 00| oF ZH 9 transition©]
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H 2 002 o5y

1,d, >0
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Figure 6. Diagram of transition at 11END

Table 8. Probability distribution of the scores at 11 END and 12

END
End -3 -2 -1 0 1 2 3
11 0 0.03390 0.12712 0.03390 0.72034 0.05932 0.02542
12 0 0.25 0.75 0 0 0 0

4.2 2% MDP 29 9] Bellman’s Equation

V,,(S,,) F-EH = Bellman’s equation- backward induction 2.
Z ZoA values} optimal actiong 78 4= gtk 28 nd&
reward7} 3171 Bl& o] B statecl A C(S), a,) =0 0] y=1
o] B2 Bellman’s equations Z 3 2do] A £43tH o}
23 ZopZit

V() =max{R(S, a,) +vE[V, (5 )IS5]}

:maX{E[ V;+1(S;+l)|51]}

=maX{EP(S+1| S, a,) V;H(S;H)}
a, S+

o] ), A el d actiono] 5,94 optimal actiono] =L 17,(5,)
E YEhdth

11,(8) :argmaX{EP(Sr,Hl S, a) Vt+1(5t+1)}

a P

t= 105-E] t = 17bA] EE statel| 4] value function=} optimal
actions 7 + Qloh.

5.4 %
A vt23Z A AA =H Y state, action, transition proba-
bility, reward =5 428} %7] value function= A 4 5}
ong BEd Qe dARE TAE Bk <Table 9>9}
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Table 9. Optimal Action of Each States(with Hammer)

H1 (51) HQ(SQ) Hz(Sz) H4(S4) Hs(Ss) HG(SG) H7(S7) Hs(Ss) Ho(So) HlO(SIU)
d=-2 AGG AGG AGG AGG AGG AGG AGG AGG AGG
d=-1 AGG AGG AGG AGG AGG AGG AGG AGG AGG
d=20 CON CON CON CON CON CON CON CON CON CON
d=1 CON CON CON CON CON CON CON CON CON
d=2 CON CON CON CON CON CON CON CON CON
Table 10. Optimal Action of Each States(without Hammer)

Hl (‘Sl) HQ(‘S’_)) HB(SS) H4(S4) HS(SS) Hf)(‘sf)) HT(S7) HS(“S;%) H‘)(S‘)) Hl()(Slﬂ)
d=-2 AGG AGG AGG AGG AGG AGG AGG AGG AGG
d=-1 AGG AGG AGG AGG AGG AGG AGG AGG AGG
d=0 AGG AGG AGG AGG AGG AGG AGG AGG AGG AGG
d=1 CON CON CON CON CON CON CON CON CON
d=2 CON CON CON CON CON CON CON CON CON

Table 11. Probability Distribution of the Scores with Conservative Strategy(with Hammer)

z, -3 -2 -1 0 1 2 3 Expected Score
examplel 0 0 0.1 0.25 0.55 0.1 0 0.65
example2 0 0 0.1 0.2 0.6 0.1 0 0.7
example3 0 0 0.1 0.18 0.62 0.1 0 0.72
example4 0 0 0.1 0.16 0.64 0.1 0 0.74
example5 0 0 0.1 0.15 0.65 0.1 0 0.75
A Meke Addete o] fed v, AFd e 347 & HwE xo|th
A AekS Agste Aol o felsttes A3 Uttt o] & Example 37hA = A 59 o 4o H A =of FaAglol T4
d& Fste] 47 1Y F @A Aol ABete stateFEH A WS Ak T2, example 457E A7) 20 &
&3 HA o dee met 47 2744 A3 5 9l FAcd 3% uQl AeFo] optimal action©] L, exam-
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Table 12. Optimal Action when d = 0 without Hammer
Hl (*91) HZ (*92) ]73 (S’{) H4 (51) 175 (*9')) ]76 (5;)) H7 (57) HS (‘5;%) HQ (*%) Hl() (Slﬂ)
example 1 AGG AGG AGG AGG AGG AGG AGG AGG AGG AGG
example 2 AGG AGG AGG AGG AGG AGG AGG AGG AGG AGG
example 3 AGG AGG AGG AGG AGG AGG AGG AGG AGG AGG
example 4 CON AGG CON AGG CON AGG AGG AGG AGG AGG
example 5 CON CON CON AGG CON AGG CON AGG AGG AGG
Table 13. Optimal Action of Each States with Hammer (100 Actions)
m(s) ms)  IL(S)  I(S) L) I(S) L) I(S)  I(S)  I7,(5,)
d=-2 100 100 100 100 100 100 100 100 100
d=-1 100 100 100 100 100 100 100 100 100
d=0 0 0 0 0 0 0 0 0 0 0
d=1 0 0 0 0 0 0 0 0 0
d=2 0 0 0 0 0 0 0 0 0
6. F7F oA A& Sensitivity analysisE &3 & #27} 2epil o wel 4
o) Ago] FepA = AS7 BAFE A w3 Flsn) nt
mdlo] SulAQ) Aekst FAA AW action©Z 2= A A FAH S A FH1 el WYY w) A ¥4 R )

of ohyzt L Atofol]l T @A AHEE ZEEE AT T8l o|HE 5t B AFoAM AlE 2d Fud A 2

I F7F &A AHE 9 transition probabilitye] A%, 7 34 A oA A8uit Ao AT HS & 9le Aot o U

A At 7Hg erl A A A E 230 IR UEE oyt mdo) Wgsty] AP oM T ATE A T 9

WAt N=1002 o, 2% MDP 29 -& ZojH gt} HTFEL A9 Aol & 4§l F dgvto] HAH 9 M

. ol g 5 g HAT ol 2HE RU ¥R 5o TAH
Action Space = {ay, ay, -, @, -+ ax), ol Aol Aekuet olg) ThE Tk A BA O E 248
Gy : The most Conservation, &AL Ao |ttt Td B AT A Ate 2y W
ay: The most Aggressvie B4 BYe gge A A e 2P e Jiy
P&l a,) = (1=A,) - PLS 15 o) o A% HYE TP RIS ALITE 25 FL AT
A, PSS, ay), n=0,-, N, A, = % FATL D A2 AT o AFE Tl M2 2 A
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