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Abstract. In this paper, we introduce the notions of mean open and closed sets in

topological spaces, and obtain some properties of such sets. We observe that proper

paraopen and paraclosed sets are identical to mean open and closed sets respectively.

1. Introduction

Unless otherwise mentioned, X stands for the topological space (X,P). By a
proper open set (resp., closed set) of a topological space X, we mean an open set
G ̸= ∅, X (resp., a closed set E ̸= ∅, X).

During the past few years, maximal and minimal open and closed sets due
to Nakaoka and Oda [3, 4, 5] have been widely investigated in the literature. A
nonempty open set U of X is said to be a minimal open set [5] if U and ∅ are only
open sets contained in U . Dualizing the notion of minimal open sets, Nakaoka and
Oda [4] introduced the notion of maximal open sets: a proper open set U of X is
said to be a maximal open set [4] if X and U are only open sets containing U . It is
seen that if G is a minimal open set and H is a maximal open set in X, then either
G ⊂ H or X is disconnected [2, Theorem 2.6]. If G ⊂ H for a minimal open set
G and maximal open set H of a topological space X, then there is a possibility to
exist an open set U such that G ⊂ U ⊂ H. Gazing at maximal and minimal open
sets, Ittanagi and Benchalli [1] introduced the notion of paraopen sets: an open set
of a topological space X is said to be paraopen if it is neither maximal open nor
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minimal open. We note that if V is a paraopen set, then there exist proper open
sets G,H( ̸= V ) such that G ⊂ V ⊂ H (Theorem 2.5). We observe that U and V as
describe above lie between two open sets in the inclusion sense like the arithmetic
mean of two real numbers which instigates us to introduce the notion of mean open
sets (Definition 3.1).

Throughout the paper, R stands for the set of real numbers.

2. Some Rectifications

Firstly, we look at the following two results due to Ittanagi and Benchalli [1].

Theorem 2.1(Theorem 2.5 [1]). Let X be a topological space and U be a
nonempty paraopen subset of X. Then there exists a minimal open set N such
that N ⊂ U .

Theorem 2.2(Theorem 2.6 [1]). Let X be a topological space and U be a proper
paraopen subset of X. Then there exists a maximal open set M such that U ⊂ M .

In view of Theorem 2.3 (resp., Theorem 2.4), Theorem 2.1 (resp.,, Theorem
2.2) holds good if U is a nonempty finite open set (resp., U is a proper nonempty
cofinite open set). The complement of a finite subset is termed as a cofinite subset.

Theorem 2.3(Theorem 3.1 [5]). Let V be a nonempty finite open set. Then
there exists at least one (finite) minimal open set U such that U ⊂ V .

Theorem 2.4(Theorem 2.7 [4]). Let V be a proper nonempty cofinite open set of
X. Then there exists at least one (cofinite) maximal open set U such that V ⊂ U .

We consider the usual topology S on the set R. In the topological space
(R,S ), (−1, 1) is a paraopen set and it is neither contained in a maximal open set
nor contains a minimal open set.

In tune of Theorems 2.1 and 2.2, we give the following modified result.

Theorem 2.5. If V is a proper paraopen set, then there exist two proper open sets
G,H( ̸= V ) such that G ⊂ V ⊂ H.

Proof. Easy to follow from the definition of paraopen sets. 2

We recall now the following definitions.

Definition 2.6(Nakaoka and Oda [3]). A proper nonempty closed set E of X
is said to be a maximal closed set if X and E are only closed sets containing E.

Definition 2.7(Nakaoka and Oda [3]). A proper nonempty closed set E of X
is said to be a minimal closed set if E and ∅ are only closed sets contained in E.

Definition 2.8(Ittanagi and Benchalli [1]). A closed set F of a topological
space X is said to be paraclosed if X − F is paraopen.
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We look at the following two results due to Ittanagi and Benchalli [1].

Theorem 2.9(Theorem 2.9 [1]). Let X be a topological space and E be a
nonempty paraclosed subset of X. Then there exists a minimal closed set D such
that D ⊂ E.

Theorem 2.10(Theorem 2.10 [1]). Let X be a topological space and E be a
proper paraclosed subset of X. Then there exists a maximal closed set F such that
E ⊂ F .

Due to duality principles (i) F is a minimal closed set in X iff X − F is a
maximal open set in X [3] and (ii) F is a maximal closed set in X iff X − F is a
minimal open set in X [3], Theorems 2.9 and 2.10 do not hold. In tune of Theorems
2.9 and 2.10, we give the following modified result.

Theorem 2.11. If E is a proper paraclosed set, then there exist two proper closed
sets D,F (̸= E) such that D ⊂ E ⊂ F .

3. Mean Open and Closed Sets

Definition 3.1. An open set M of a topological space X is said to be a mean open
set if there exist two distinct proper open sets U, V (̸= M) such that U ⊂ M ⊂ V .

Note that all open sets of a topological space X except ∅ and X should be
mean open sets if U and V are not restricted to be proper open sets in the above
definition.

Example 3.2 (Steen and Seebach [6]). Let X be an infinite set and a ∈ X. We
define

T = {∅}
∪

{G | a ∈ G ⊂ X}.

In the topological space (X,T ), {a} is not a mean open set and all finite open sets
contain at least two elements of X are mean open sets of the space.

The union and intersection of mean open sets may not be mean open sets. In
the topological space of Example 3.2, {a, b} and {a, c} where b, c ∈ X and b ̸= c ̸= a
are mean open sets but their intersection {a} is not a mean open set. For different
b, c, d ∈ X with b, c, d ̸= a, X − {b, c} and X − {c, d} are mean open sets but their
union X − {c} is not a mean open set.

Definition 3.3. A closed set E of a topological space X is said to be a mean closed
set if there exists two distinct proper closed sets D,F (̸= E) such that D ⊂ E ⊂ F .

Theorem 3.4. An open set of a topological space is a mean open set iff its com-
plement is a mean closed set.

Proof. Let M be a mean open set in X. Then we have open sets U ̸= ∅,M and
V ̸= M,X such that U ⊂ M ⊂ V and so X − V ⊂ X − M ⊂ X − U . Since
X − V ̸= ∅, X −M and X − U ̸= X −M,X, X −M is a mean closed set.
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Conversely, let M be an open set such that X −M is a mean closed set. Hence
there exist closed sets D ̸= ∅, X−M and F ̸= X−M,X such that D ⊂ X−M ⊂ F .
It means that X − F ⊂ M ⊂ X −D. Since X − F ̸= ∅,M and X −D ̸= M,X, M
is a mean open set. 2

Theorem 3.5. A proper paraopen set is a mean open set and vice-e-versa.

Proof. If P is a proper paraopen set, then it is easy to follow by Theorem 2.5 that
P is a mean open set.

Conversely, let M be a mean open set in X. Then there exist proper open sets
G,H ̸= M such that G ⊂ M ⊂ H. Since G ̸= ∅,M and H ̸= X,M , M is neither a
minimal nor a maximal open set. As M ̸= ∅, X, M is a proper paraopen set. 2

Theorem 3.6. A proper paraclosed set is a mean closed set and vice-e-versa.

Proof. If E is a proper paraclosed set, then it is easy to follow by Theorem 2.11
that E is a mean closed set.

Conversely, let E be a mean closed set in X. We have proper closed sets
D,F ̸= E such that D ⊂ E ⊂ F . Since D ̸= ∅, E and F ̸= X,E, E is neither a
minimal nor a maximal closed set. As E ̸= ∅, X, E is a proper paraclosed set. 2

Theorem 3.7(Nakaoka and Oda [4]). If U is a maximal open set and W is an
open set, then either U ∪W = X or W ⊂ U . If U and V are two distinct maximal
open sets, then U ∪ V = X.

Theorem 3.8(Nakaoka and Oda [5]). If U is a minimal open set and W is an
open set, then either U ∩W = ∅ or U ⊂ W . If U and V are two distinct minimal
open sets, then U ∩ V = ∅.

Theorem 3.9(Mukharjee [2]). If H is a maximal open set and G is a minimal
open set of a topological space X, then either G ⊂ H or the space is disconnected.

Theorem 3.10. Let a connected topological space X contain a maximal open set
H, a minimal open set G with G ̸= H and a proper open set U ̸= G,H. Then only
one of the following is true on X:

(i) U is a mean open set such that G ⊂ U ⊂ H.

(ii) G ⊂ X − U ⊂ H.

(iii) G ⊂ U , H ∪ U = X and H ∩ U ̸= ∅.

(iv) U ⊂ H, G ∩ U = ∅ and G ∪ U ̸= X.

Proof. Due to Theorem 3.9, we have G ⊂ H. Since G is a minimal open set and H
is a maximal open set, we have G ⊂ U or G ∩ U = ∅ and U ⊂ H or H ∪ U = X.
The feasible combinations are (i) G ⊂ U ⊂ H, (ii) G ∩ U = ∅ and H ∪ U = X, (iii)
G ⊂ U and H ∪ U = X, (iv) G ∩ U = ∅ and U ⊂ H. G ∩ U = ∅ and H ∪ U = X
imply that G ⊂ X −U ⊂ H. If G ⊂ U and H ∪U = X, then ∅ ̸= G ⊂ H ∩U since
G ⊂ H. If G ∩ U = ∅ and U ⊂ H, then G ∪ U ⊂ H ̸= X since G ⊂ H.
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If both (i) and (ii) are true, then we see that G ⊂ U ∪ (X − U) ⊂ H and
G ⊂ U ∩ (X − U) ⊂ H. G ⊂ U ∪ (X − U) ⊂ H gives G ⊂ X ⊂ H and then we get
H = X, an absurd result. Also G ⊂ U ∩ (X − U) ⊂ H gives G ⊂ ∅ ⊂ H and then
we get G = ∅, again an absurd result.

If both (i) and (iii) are true, then U ⊂ H and H ∪ U = X give H = X, an
absurd result.

If both (i) and (iv) are true, then G ⊂ U and G ∩U = ∅ give G = ∅, an absurd
result.

If both (ii) and (iii) are true, then G ⊂ X−U and G ⊂ U give G ⊂ (X−U)∩U =
∅ and thus G = ∅, an absurd result.

If both (ii) and (iv) are true, then X −U ⊂ H and U ⊂ H give (X −U)∪U =
X ⊂ H and thus H = X, an absurd result.

If both (iii) and (iv) are true, then we get G ⊂ U ⊂ H, H ∪ U = X and
G ∩ U = ∅. U ⊂ H and H ∪ U = X give H = X, an absurd result. G ⊂ U and
G ∩ U = ∅ give G = ∅, again an absurd result. 2

Theorem 3.11. Let a connected topological space X contain a maximal closed set
F , a minimal closed set D with D ̸= F and a proper closed set E ̸= D,F . Then
only one of the following is true on X:

(i) E is a mean closed set such that D ⊂ E ⊂ F .

(ii) D ⊂ X − E ⊂ F .

(iii) E ⊂ F , D ∩ E = ∅ and D ∪ E ̸= X.

(iv) D ⊂ E, F ∪ E = X and F ∩ E ̸= ∅.

Proof. We see that the connected topological space X contains a maximal open set
X−D, a minimal open set X−F and a proper open set X−E with X−F ̸= X−D
and X − E ̸= X −D,X − F . By Theorem 3.10, only one of the following is true:

(i) X −E is a mean open set such that X − F ⊂ X −E ⊂ X −D which in turn
implies that D ⊂ E ⊂ F . By Theorem 3.4, we see that E is a mean closed
set.

(ii) X − F ⊂ X − (X − E) ⊂ X −D i.e., D ⊂ X − E ⊂ F .

(iii) X − F ⊂ X − E, (X −D) ∪ (X − E) = X and (X −D) ∩ (X − E) ̸= ∅ i.e.,
E ⊂ F , D ∩ E = ∅ and D ∪ E ̸= X.

(iv) X−E ⊂ X−D, (X−F )∩(X−E) = ∅ and (X−F )∪(X−E) ̸= X i.e., D ⊂ E,
F ∪E = X and F ∩E ̸= ∅. 2

Theorem 3.12. If there are two distinct maximal open sets and a mean open set in
a topological space, then the intersection of the two maximal open sets is nonempty.

Proof. Let U, V be two distinct maximal open sets and G be a mean open set in
a topological space X. By Theorem 3.7, U ∪ V = X. G being a mean open set,
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it is neither maximal open nor minimal open which means that G ̸= U, V . Also
G ̸= ∅, X. By Theorem 3.7, we get G $ U or G∪U = X and G $ V or G∪V = X.
The feasible possibilities are (I) G $ U and G $ V , (II) G $ U and G ∪ V = X,
(III) G ∪ U = X and G $ V and (IV) G ∪ U = X and G ∪ V = X.

Case I: Obviously, U ∩ V ̸= ∅ if G $ U and G $ V .

Case II: If G ∩ V ̸= ∅, then obviously U ∩ V ̸= ∅. Now suppose G ∩ V = ∅.
As G $ U , there exists an x ∈ U such that x /∈ G. Since G ∪ V = X, x ∈ V . So
U ∩ V ̸= ∅.

Case III: Similar to Case II.

Case IV: G ∪ U = X and G ∪ V = X imply that G ∪ (U ∩ V ) = X which in
turn imply that G = X if U ∩ V = ∅. As G ̸= X, we have U ∩ V ̸= ∅. 2

Theorem 3.13. If there are two distinct minimal open sets and a mean open set
in a topological space X, then the union of the two minimal open sets is not equal
to X.

Proof. Let U, V be two distinct minimal open sets and G be a mean open set in
a topological space X. By Theorem 3.8, U ∩ V = ∅. G being a mean open set,
it is neither maximal open nor minimal open which means that G ̸= U, V . Also
G ̸= ∅, X. By Theorem 3.8, we get U $ G or G ∩ U = ∅ and V $ G or G ∩ V = ∅.
The feasible possibilities are (I) U $ G and V $ G, (II) U $ G and G ∩ V = ∅,
(III) G ∩ U = ∅ and V $ G and (IV) G ∩ U = ∅ and G ∩ V = ∅.

Case I: Obviously, U ∪ V ̸= X if U $ G and V $ G as G ̸= X.

Case II: If G ∪ V ̸= X, then obviously U ∪ V ̸= X. Now suppose G ∪ V = X.
Since U $ G, there exists an x ∈ G such that x /∈ U . As G ∩ V = ∅, x /∈ V .
x /∈ U, V imply that U ∪ V ̸= X.

Case III: Similar to Case II.

Case IV: G ∩ U = ∅ and G ∩ V = ∅ imply that G ∩ (U ∪ V ) = ∅ which in turn
imply that G = ∅ if U ∪ V = X. As G ̸= ∅, we have U ∪ V ̸= X. 2

Dualizing Theorems 3.12 and 3.13, we have Theorems 3.14 and 3.15 respec-
tively. We omit the proofs of these theorems as they are similar to the proofs of
corresponding results already establish or can be established in the line of proof of
Theorem 3.11.

Theorem 3.14. If there are two distinct maximal closed sets and a mean closed
set in a topological space, then the intersection of the two maximal closed sets is
nonempty.

Theorem 3.15. If there are two distinct minimal closed sets and a mean closed
set in a topological space X, then the union of the two minimal closed sets is not
equal to X.
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