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ABSTRACT. In this paper we introduce h(z)-B-Tribonacci and h(x)-B-Tri Lucas polyno-
mials. We also obtain the identities for these polynomials.

1. Introduction

Fibonacci and Lucas polynomials studied in [4] and [5] are the natural extension
of Fibonacci and Lucas sequences respectively. Many interesting identities relating
to h(x)-Fibonacci polynomials are studied in [3]. The B- Tribonacci sequence which
is an extension of generalized Fibonacci sequence is introduced in [1]. In [2] we have
discussed the identities relating to bivariate B-Tribonacci and B-Lucas polynomials.
In this paper we introduce h(x)-B-Tribonacci and h(x)-B-Tri Lucas polynomials
and study various identities involving these polynomials.

Definition 1.1. Let h(xz) be a non-zero polynomial with real coefficients. The
h(z)-B-Tribonacci polynomials (*B)p »(x),n € NU{0} are defined by
(11 ("Blnnra(z) = b (@) (Bnns1(@) + 2h(2) (‘B)nn(@) + (‘B)an-1(2),

vn > 1, with (*B)no(z) =0, ("B)n1(z) =0and (*B),q(z) = 1,

where the coefficients on the right hand side are the terms of the binomial expansion
of (h(aj)+1)2 and (' B)jn () is the n'® polynomial of (1.1). In particular if h(z) = 1,
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then (1.1) reduces to B- Tribonacci sequence defined in [1] with a = 1 and b = 1,

namely,

(12)  (B)int2(2) = (Blins1(@) +2 (‘B)in(@) + (‘Blin-a(z),¥n > 1,
with (‘B)10(z) =0, (*B)11(z) =0 and (*B); 2(x) = 1.

First few terms of (1.2) are (*B)10(z) =0, (*B)11(z) =0, (*B)12(z) =1,
(‘Blis(z) =1, ('B)ra(x) = )15() =6, ("B)ig(x) =13, ("B)i7(x) =28
and (*B); s(x) = 60.

Table 1 shows the coefficients of h(x)-B-Tribonacci polynomials, (*B)j ,(z),
arranged in ascending order and also the sequence (*B)j .

[n [P0 [ AT [ 0% [ B% [ A% [B° [ B° [ BT [B° [ B° [ RO AT [0 ] (B)ix |
0] 0 0
1|0 0
3|1 1
30001 1
102001 3
5/ 10|04 0|01 6
60 0]6]0][0]6 0 01 i3
70 [4[0 [0 [15] 003 0| 1 28
8 1[0 0/20[ 0028/ 0,0[10] 0] 0] 1] 60

Table 1: Showing the coefficients of (*B)j,(z) and the terms of (*B)1 .

Comparing the Table 1 with the Pascal type triangle, the sum of the n'”* row is
the nt" term of the sequence (*B);,. In Table 1, for n > 2, sum of the elements in
the anti diagonal of corresponding (2n-3)x(2n-3) matrix is 22("~2),

2. Identities for the n'" term (‘B); (), of h(x)-B-Tribonacci Polynomials

In this section we discuss some identities of h(x)-B- Tribonacci polynomials
which can be proved by usual method. For simplicity we use (*B)p, »(z) = (*B)n.n
and h(z) = h.

(1) Combinatorial formula: The n'* term (*B)j; ,, of (1.1) is given by

L2ng—4 i
o — 4 — 2r)r
(2.1) (tB)h,n = u R2n=473 for all n > 2.
7!
0

s
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(2) Binet type Formula: The n** term of (1.1) is given by
(@ =" = (a=7)B" + (B 7)o"
(@ =B)(B=)(a=7)

where «, 5 and ~ are the distinct roots of the characteristics equation corre-
sponding to (1.1).

(2'2) (tB)h,n =

(3) Generating function: The generating function for h(z)-B-Tribonacci polyno-
mials (1.1) is given by

1
2.3 tq =
( ) ( (B))h(z) 1_ Z(h+2)2

(4) Sum of the first (n + 1) terms: The sum of the first n 4+ 1 terms of (1.1) is

(2.4) Z(tB)h,r — (B)nnta + (1 - hhz(+B2)]:7n+1 + (*B)hn — ’

provided h # —2,0.

Next two theorems are related to the recurrence properties of h(z)-B-Tribonacci
polynomials.

Theorem 2.1.
2s (28)1 )
(2.5) 2L ('B)nti 1 = (‘B)nsras, Vs > 0.
Z'
i=0

Proof. For s = 0, the result is true. For s = 1,

i

L. H.S. of (2.5) = 2 22 (tB),, ps b

!

= (tB)hm + 2h (tB)h,n_H + h? (tB)h7n+2 = (tB)hm_;,_g = R.H.S.
Therefore (2.5) is true for s = 1. Assume that the result holds for all s < m.
Consider, 2m0+2 M (*B)hnti B

= 22m+2 ( 2(;71)2’)' + 2 (?:ri);)’—' + (27)L> (tB)h,n-i-i hl

i

=y, 27:7) (‘B)nmsie B2 4+2 Y7 G (B, i B
+ Z2m (2m) (tB)h i hz
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= Z?:Lo (2T)L h! (h2 (*B)pntit2 +2h ('B)pptit1 + (tB)h,n+i)

= h2(*B)hntami2 + 20("B)hntsm+1 + ((B)hntsm

- (tB)h,7z+3m+3-
Hence the result is true for s = m + 1. Therefore by Mathematical induction on
s, the theorem is proved. O

Theorem 2.2 For all s > 1,

(2.6)
s—1

Z (2 h2s—1—2i(tB)h’n+1+Z_ + h2s—2—2i(tB)h’n+i) _ (tB)h,n+2+s _ h2s(tB)h,n+2~
i=0

Proof. We use induction on s. Equation (1.1) gives,
2h ('B)insr + (‘Blnn = (‘B)anss = h? (‘B)nnsz

s

Hence (2.6) holds for s = 1. Now let the result be true for s < m. We prove it
for s =m+ 1.

Consider,
ST (2 RRMHL2I(RY, h2mf2i(tB)h’n+i>

= S (2h2 B+ h B )

+ (2h(tB)h,n+m+1 + (tB)h,mm)

= 12 (X0 @hE B B s + BB )
+(2h(t3)h,n+m+1 + (tB)h,n+m)

= 12((Blntmsz = 12" Bhuntz) + 2 b B)nmsmir + (Bl

W2 ("B)hmsmaz — W22 B) g2 + 2 (" B)hnsmr1 + (B hngm

= (tB)h,n+m+3 - h2m+2(tB)h,n+2~

Hence the theorem is proved. O

Theorem 2.3 The derivative of (*B)j, with respect to z is given by

(2.7) (Bl =2 (b (Blrnsii + (Bl ) (Bln
=0
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Proof. Consider,

1
t _
("Gpyn(z) = 1— 2 (h+2)2
Thus,
= 1
t n—2 __
(2.8) nE:o( B)pnz — 1= 2(h+ 2)?

Differentiating (2.8) both sides with respect to = we get,

’

oo ! n—21" __ hz 4 22
Zn:O(tB)h,nZ 2h - [1—2(2h+z)2]2 h + [1—2(2h+z)2]2 h

— 20 2 [0 (B nn 2" 2] 4 20 22 [0 (P B)pe 2]

= 20k 23 [0 (B 2] 4+ 20 22 [0 (P B)np]

n=0
Therefore,

Z:,o:O(tB);L,nzn-i_l =2h EZO:O (Z?:O(tB)h,i(tB)hmfi)zn
+223 00 o (o B)ni("B)hn—i) 2"

Comparing the coefficients of z"*1,

(B =250 (h (Bhnnsr—i + (Blun-i) (‘B

3. h(x)-B-Tri Lucas Polynomials

In this section we define h(z)-B-Tri Lucas polynomials and prove some identities
related to these polynomials.

Definition 3.1. Let h(z) be a non zero polynomial with real coefficients. The
h(z)-B-Tri Lucas polynomials (*L) ,(z),n € NU {0} are defined by

(3.1) ("L)nmr2(@) = h* (@) (L)nny1(x) +20(x) CL)nn+ ((L)hn-1(z),

for all n > 1, with ("L)no(x) =0, (‘L)n1(z) =2, and (‘L) 2(z) = h*(z),

where the coefficients on the right hand side are the terms of the binomial expansion
of (h(z) +1)? and (*L)j.» () is the n'" polynomial. In particular if h(z) = 1, then
(3.1) reduces to B- Tri Lucas sequence defined by

(32)  (Dinre(@) = (L)nsr(@) +2 (L)a@) + (Lia-i(e),¥n > 1,
with (tL)Lo(JJ) =0 y (tL)Ll(J}) =2 and (tL)LQ(J?) =1.
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First few terms of (3.2) are (*L)10(z) = 0,(*L)11(z) = 2,(*L)12(z) = 1,
(tL)Lg((E) = 5, (tL)1’4($) = 9, (tL)l’s(.T) = 20, (tL)LG((E) =43 and (tL)lj(l') = 92.

Table 2 shows the coefficients of h(z)-B-Tri Lucas polynomials (*L)j.,(z) ar-
ranged in ascending order and also the sequence (‘L)1 .

Lo [P7[ A7 [ A2 I W° [ B% [ B° (B[ A7 [R5 A7 [ B0 AT [ A% | (D) |
0] 0 0
1] 2 2
2001 1
3[04 001 5
120 ]0[6]0 01 9
500 0 1100|8001 20
6] 0|8 0 0|24 0]0[10]0]0] 1 13
7270 03004 0|0 12| 00| 1] 9

Table 2: Showing the coefficients of (‘L) ,(z) and the terms of (‘L)1 .

)

Comparing Table 2 with the Pascal type triangle, the sum of the n'* row is the
term (*L); . In Table 2, for n > 2, sum of the elements in the anti diagonal of
corresponding (2n-1)x(2n-1) matrix is 7 (22("=2),

We state below the identities related to the n'" term (L), ,,(z), of h(x)-B-Tri
Lucas polynomials. For simplicity we use (‘L) »(z) = (‘L) ,, and h(z) = h.

(1) Combinatorial formula: The n'* term (L), ,, of (3.1) is given by

(3-3) ("L)nn

[2272]

_ Z (( 2n—-2) (2n-—-2- 2r)£_r<r_1) (2n —4 —2r)= ) p2n—2-3r

Vn > 2.

(2) Binet type formula: The n'" term of (3.1) is given by

(3.4)
¢ _ (@=B"(2y = h?) — (@ —7)B" (28 — h*) + (B — y)a"(2a — h?)
( L)h,n = .
(a=B)(B =) (a—7)
where «, 8 and « are the distinct roots of the characteristics equation corre-
sponding to (3.1).
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(3) Generating function: The generating function for h(x)-B-Tri Lucas polyno-
mials (3.1) is given by

2 — h2z

(3.5) ( G(L))h(z) = m

(4) Sum of the first n+1 terms: The sum of the first n 4+ 1 terms of (3.1) is

(3.6)
Zn:(tL)  (Dansa+ (=0 ) L)pprr + CL)nn + (L)na — (“L)na
Lt I h2 + 2h ’

provided h # —2,0.

We have the following theorems on recurrence properties of h(z)-B-Tri Lucas
polynomials.

Theorem 3.2.
(3.7) (CL)hns1 = (B)hpioa + 20 ('B)pn + (‘B)pn—1, for allm > 1.
Proof. By induction on n. Note that (3.7) holds for n = 1. Now assume that it
holds for n < m — 1 and consider,
CL)nmt1 =h? CL)pm +2h CL)pm—1+ ("L)pm—2
- h2( (*B)hmi1 + 20 (*B)pm—1 + (tB)hvm_2>
+2h ( (‘B + 2 (‘Blnm—z + (Blrm-s)
+( (*B)hm—1+2h (*B)pm—3 + (tB)h,m74>

= ("B)nmt2 +2h ('B)hm + (*B)nm—1.
Hence the theorem is proved. O

Following corollary can be deduced from equations (1.1) and (3.7).

Corollary 3.3

(3.8) ("L =2 ("B)pms1 — h* (*B)pn, for alln > 0.
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Theorem 3.4

2s i
(3.9) Z (2.8)7 ("L)nnti h' = ("L)hn+3s-

Proof. Since ("L =2 ("B)pn+1 — h2('B)hon,

S CL (L) s b= 307 B (2 ("B)nnt1+i — h2(tB)h’””> W

i i

= 22?20 (2;)7 (*B)hn+14i h' — h? Z?io (2;) ("B)hnyi h'

=2 ("B)nnt1+3s — h% (' B)pnt3s, from equation (2.5).

= (tL)h,n+33- =

Using the procedure similar to the one used to prove Theorem 2.2, we get the fol-
lowing result.

Theorem 3.5. For all s > 1,
(3.10)
s—1

Z (2 h257172i(tL)h’n+1+i T h237272i(tL)h7n+i> _ (tL)h,n+2+s _ hQS(tL)h7n+2.

=0

To prove the next theorem we use equation (2.7).
Theorem 3.6. The derivative of (*L)., with respect to x is given by

n

B11) (L= (2h (‘L) nmsr—i + 2 (fL)h,n,z-) (*B)ni — 2h (*B)pm.
=0

Proof. Consider,
(3.12) (“L)nn =2 ("Blnntr — > ('B)an
Differentiating (3.12) both sides with respect to x, we get
(tL)h,n =2 (tB)lh,n+1 - hQ(tB)/h,n —2h (tB)hm
=2 Z?:()l (2h (*B)hnyo—i+2 (tB)h,ani) (*B)n.i
12 S (20 (B)ns1-i+2 (Buni ) (Bhni — 20 (Bl

= Yizo (2h <2<tB)h,n+2fi —h? (tB)h,n+17i)
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+2 (2 (‘B)nnsii — 2(Blani) (Blii) = 2 (Bl

=>", (Qh (*L)hnt1—i +2 (tL)h,nﬂ') (*B)p,i — 2h (*B)pn. O
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