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EXISTENCE OF RADIAL POSITIVE SOLUTIONS FOR A
QUSILINEAR NON-POSITONE PROBLEM IN A BALLf
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ABSTRACT. In this paper, we prove existence of radial positive solutions
for the following boundary value problem

{ —DNpu=Af(u(z)), z€Q
u(z) =0, x € 00.

where A > 0, Q denotes a ball in RY; f has more than one zero and
£(0) < O(the nonpositone case).
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1. Introduction

Let us consider the the existence of radial positive solutions of the problem

—Dpu=Af(u(z)), =€,
{ u(z) =0, x € 09, (1.1)

where A > 0, Q denotes a ball in RY; f(0) < 0, f has more than one zero and is
not strictly increasing entirely on [0,00). Apu = div(|Vu[P~2Vu) (1 < p < N)
is the p-Laplacian operator of u.

The problem (1.1) arises in the theory of quasiregular and quasiconformal
mappings or in the study of non-Newtonian fluids. In the latter case, the quantity
p is a characteristic of the medium.Media with p > 2 are called dilatant fluids
and these with p < 2 are called pseudoplastics(see[18,19]). If p = 2, they are
Newtonian fluid. When p # 2, the problem becomes more complicated certain
nice properties inherent to the case p = 2 seem to be lost or at least difficult to
verify. The main differences between p = 2 and p # 2 can be founded in [9,11].
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In recent years, the asymptotic behavior, existence and uniqueness of the
positive solutions for the quasilinear eigenvalue problems:

—div(|Vu[P~=2Vu) = A f(u), =z €,
u(z) =0, x € 09,

with A > 0,p > 1,2 € RY,N > 2 have been considered by a number of
authors, see [5-15, 20-24, 26-28] and the references therein. In [11], Guo and
Webb proved existence and uniqueness results of (1.2) for A large when f > 0,
(f(x)/xP~1) < 0 for > 0 and f satisfies some p-sublinearity conditions at 0
and oo, generalizing a result in [11] where 2 is a ball. When p = 2, uniqueness
results for semilinear equations were obtained in [29, 30] where the assumption
(f(x)/z)" < 0 is required only for large x. Similar results for systems were
discussed in [31]. Related results for the superlinear case when f > 0 can be
found in [26, 32]. When p =2, f(0) < 0, f(s) has only one zero and 2 being a
unit ball or an annulus in R the related results have been obtained by Castro
and Shivaji [2], Arcoya and Zertiti[l]. The case when f(0) < 0 and p = 2 was
treated in [33], in which uniqueness of positive solution to single equation of
(1.1) for X large was established for sublinear f. See also [34] where this result
was extended to the case when ) is any bounded domain with convex outer
boundary.

In this paper, we study this problem for p # 2, f(0) < 0 and 2 being a unit
ball in R¥. It extends and complements previous results in the literature [1].

The paper is organized as follows. In section 2, we recall some facts that will
be needed in the paper and give the main results. In section 3, we give the proofs
of the main results in this paper.

(1.2)

2. Main results

We consider radial solution of (1.1), then, the existence of radial positive
solutions of (1.1) is equivalent to the existence of positive solutions of the problem

{ N ) =AY, TE 0D, g
w (0) =0,u(1) =0 : '
where ) is the unit ball of R and A > 0. Here f : [0, +00) — R satisfies the
following assumptions:

(H1) f € CY(]0,+0), R) such that f > 0 on [3, +00), where 3 is the greatest
zero of f;

(H2) f(0) < 0;

(H3) limy o0 £ = o0, where p—1 < ¢ < p*—1,p* = 2L if 1 < p < N;
p*=o00if p > N;

(H4) For some k € (0,1), limg—, o0
F(x) = fol f(s)ds.

Remark 2.1. We note that in hypothesis (H1), there is no restriction on the
function f(u) for 0 < u < 5.

)%(F(kd)— NT?df(d)) = +00, where
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Remark 2.2. If f satisfies (H1), any nonnegative solution u of (2.1) is positive
in Q, radial symmetric and radially decreasing, that is
u >0, in Q;
u=u(r), r=|=z|; (2.2)
gu <0, inQ.

By a modification of the method given in [1], we obtain the following results.

Theorem 2.1. Let assumptions (H1)-(H4) be satisfied. Then there exists a
positive real number \g such that if X € [0, \g], problem (1.1) has at least one
radial positive solution which is decreasing on [0,1].

The proof of the theorem is based on the following preliminaries and four
Lemmas.

Lemma 2.2. Let u(r) be a solution of (2.1) in (r1,r2) C (0,00) and let a be an
arbitrary constant, then for each r € (r1,r2) we have

d

N 1 "\p a o ip—2 _ N-1 N "\p
a7 L= D PPt Juw fu |77 = r P INE () —auf(u)+(a+ 1= 2w 7]

Remark 2.3. The identity of Pohozaev type was obtained by Ni and Serrin [6].

By a modification of the method given in [1], we first introduce the notations
and the following preliminaries. Let F be defined as F(z) = [ f(s)ds, and 6
denotes the greatest zero of F.

From (H4), we have v > {%, 93 such that

pNF(kd) — (N — p)df(d) > 1, for Vd > ~. (2.3)

Given d € R, A\ € R, we define

E(r,d,\) = B2/ (r,d, A)|P +AF (u(r,d, ) ;
H(r,d,\) =rE(r)+ ?uu lu [P=2.

By Lemma 2.2, we show the following Pohozaev identity on (rg,71)

rN T H (e, doN) — Y TP H (ro, d, )

:/” AN LN F(u(r, d, V) — =P 24

fu(r,d, \)u(r,d, \) tdr.

Moreover, for d > «, there exists ¢y such that
u(to,d, \) = kd,0 < k < 1;
kd < wu(r,d,\) < d,Vr € [0,10]. (2.5)
Next from (H1), we obtain that f is nondecreasing on [kd, d] C (8, 400), and
from (2.1) we have u'(r,d,\) = —(Ari=V [ sNV=1f(u(s))ds)7 T, then we obtain
A f(kd) s . arf(d)

(FEF)PT < - < ()7
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Integrating on [0, t], which implies
dr=t
)

where Oy = [(;27)7~*(1 — k)P"'N]» > 0.

)7, (2.6)

=

Ci( <ty < Cq(

Af(d)

Hence, taking ro = 0,r; = to in (2.4), and using (2.5)-(2.6), we find
N-p
p

N VH (to,d, A) — /O AN YN P () — F(u)u)dr

N—p ty
> A\[NF(kd) — Tdf(d)]%
> ACN VF(kt) - *—Laf @) )
dr=1

f(d)

3|z

> O\ ¥ [NF(kd) — Np_pdf(d)]( )

where Cy = CN

Lemma 2.3. There exists Ay > 0 such that if A € (0, 1), then u(r,v,\) > S,
for Vr €[0,1].

Proof. Let r* =sup{0 <r <1 :u(r,y,A) > B}. For u is decreasing on [0, 7*],
then 8 < u(r,v,A) < u(0,v,A) =+, Vr € [0,r*]

Moreover, since f > 0 on [, +00) and u' (r,7,A) = —(Ar'™N [ sN1f(u(s))ds) 7T,
we obtain

() = = [ "N f () ds|
0

" A
<N [ astt < (2L
0 N
Then for A < A\ = %, we have
ju' (r, 7, N <7 = 8. (2.8)

Next, by using the mean value theorem and (2.8), there exists 7 € (0,7*) such
that

U(T*,’}/7 A) - U(O, s )‘) = Ul (7:) 7> /\)(T* - O) > _(7 - ﬁ)r*
Assume that r* < 1, we have

u(r®, v, A) > —(y = B)r* +v =5,
which contradicts the definition of 7*. Then, the lemma is proved for r* =1. O
Lemma 2.4. There exists Ay > 0 such that for X € (0, A2)
u(r,d, \)? + u (r,d,\)? > 0,Vr € [0,1],Vd >~
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Proof. From Lemma 2.2, we have the following Pohozaev identity on (r,tg)
T
N —
rNTUH(r) =t T H () + )\/ sNTUNF(u) — Jf(u)u]ds (2.9)
to

Extending f by f(z) = f(0) <0, for z € (—o0, 0], then there exists B < 0 such
that N
NF(s)— ~——L¢(s)s > B,vs € R.

For sufficiently large +, from (H4), we deduce

N-—p Pt N
F(kd) — ——d » >1,Vd >
Py — S @) G} = v =
By (2.7) and (2.9), we get
rNTUH () =t T H () + )\/ sNTUNF (u) — Uf(u)u]ds
fo P 2.10
1_N —-p dar—t N _ T(JJV ( ' )
> -5 _ M
Then, there exists Ao such that
_N AB B
rNTUH(r) > Co! +W—A(CQ + ) > 0,9 € [to, 1],

Hence, for all A € (0, A2) and r € [0,1],H(t) > 0,Vd > ~. This also implies that
w(r,d, \)? +u (r,d, \)2 > 0, for all t € [0,1] and all d > . O

Lemma 2.5. Forr € [0,1], there exists d > -y such that u(r,d,\) < 0.

Proof. By contradiction, let d > 7, we assume that u(r,d, \) > 0 for Vr € [0, 1].
Let 7 = sup{r € (0,1) : u(-,d, ) is decreasing on (0,7r)}. Define w be the
solution of the following equation:

’

(Jw'P~2w) + 2= (o' |P~20") + S(|w|P~2w) = 0, r € (0,1);
{ w(0) = 1,w'(0) = 0, (2.11)

where ¢ is chosen such that the first zero of w is Z and w satisfies , w< =

€ (0,1).
From (H3), there exists dy > v such that
fls) 098
= Vs 2 do. (2.12)
Since

)
(I =2+ N2 (' f20) 4 A () = 0.

T

{ (1(dw) [P~2(dw))" + 224 (| (dw)' [P (dw) ) + 8(|deo]P = (dw)) = 0,

Let v = dw,
—(rN_1|vl|p_211/)/ = pN-lgyr—1,
—(rN_1|u/ |”_2u/)/ = NI\ f(u).
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Then, we obtain

rp—2
v

V= (wP )| — vp71|u|,p72u’) + /r(p — 1)51\771(|u,\pin‘772 - |v/| up72)ulv/ds
0
= /T stl()\f(u) — &)uP~ P ds. (2.13)
0 up—1
Suppose u(r,d, A) > do for all r € [0, 7], from (2.12),
" A
/ stl[Lul) — SJuP~ P ds > 0. (2.14)
0 (e
On the other hand, from the quality of wj.e.lw—l,lw < lul—,lu,r € (0,1), we know
that |ul|pdv1’*2 — |v/\p72u1’*2 < 0, then
" / p—2 / p—2 o
/ (p—1)sN"1(|u \p P2 — o |p uP~?)u v ds < 0. (2.15)
0
From (2.13)-(2.15), we obtain
! 71 ’7 71 r
WP P s 0w e [0, 2} (2.16)

On the other hand, since v(§) = 0,v (§) <0,

p=1( Ty P Ty (D
which is contradiction with (2.16).
Hence, there exists 7 in (0, %) such that u(?,d, ) = do.
And since dy > v > 3, there exists r1 € (,7) such that

B <u(r,d,\) <dy,Vr € (f,r1). (2.17)

Now, we consider t¢ defined in (2.5), also ¢y < 7.
On [0,%g], from (H1), F is nondecreasing on [§,+0c0) and u(r,d,\) > kd >
B,¥r € (0,tg]. We have

E(r,d,\) =P . Lol (ryd, NP + AP (u(r, d, X)) > AF(kd), ¥ € [0, ). (2.18)
On the other hand, since u(r, d, )\)u/(r, d,\) <0,Vr € (tg, 7] then
rNE(r,d,\) =V H(r,d,\) — %rlv*luulwlvkz >rN1H(r, d, \)
Hence, by (2.10) we get

N-—p dr—1 N rNv —rév

rNE(r,d,\) > CoA'™ % {F(kd) —

From (H4), (2.18), (2.19)
lim E(r,d,\) = +o00,Vr € [0,7]

d—+o00
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Therefore, there exists d; > dy such that for d > d;, we get
p—1 dj

E(r,d,\) > \F(d _—

b A) 2 AR )+ = 6

By (2.17), (2.18)

p;ﬂu’md,w — E(rd,\) — AF(u(r,d, \))

p—1 db N
> AF(dy) — M\F(u(r,d, X ————— Vr e (7
> AF(do) (u(r,d, N)) + P A (7,71)
Which implies
’ do
,d,\) < — —,Vr € (7,
u (r ) < o r e (f,r1)
The mean value theorem gives us C' € (7, Z£™) such that
T +r . ’ ry—r do ry—r do
a5 () =o' (@) T < -
hence u(“£) < 0 and since u/(%) < —% < 0, there exists T € (0,1)
such that u(T,d,\) < 0, which contradicts with the assuming, the lemma is
proved. O

3. Proof of the Main Results
The proof of Theorem 2.1. Let A\g = min{\;, A2}, for VA € (0, \g). Define

d = sup{d >~ : u(r,d,\) > 0,¥r € (0,1]}. From Lemma 2.3, we obtain that the
set {d >~ :u(r,d,\) >0,Vr € (0,1]} is nonempty. From Lemma 2.5 implies
that d < +oc.

Then we claim that u(r, d, A) is the solution of problem (1.1). Moreover, the
solution u(r, d, A) satisfies the following properties:

(i) u(r,d,\) > 0, for all r € [0,1);

(i) w(1,d, \) = 0;

(iii) ' (1,d, \) < 0;

(iv) u is decreasing in [0,1].

For (i). By contradiction, if there exists 0 < Ry < 1 such that u(Ry,d,\) = 0,
from Lemma 2.4, u,(Rl, d, A) # 0, then we can suppose u (Ry, d, A) <O0.

Hence from u(th, A) =0, u(l,(f, A) = 0 and u/(Rl,cf, A) < 0, we find
there exists Ry € (Ry,1) such that u(Ra,d, \) < 0 which contradicts with the
definition of d,

So u(r,d,\) > 0, for all € [0,1).

For (ii). By contradiction,we assume u(1,d, ) > 0, then from (i) there exists
7 such that u(r, d, A) > n, for Vr € (0,1), moreover, there exists § > 0 such that
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u(t,d +8,\) > 1 for ¥t € (0,1], which is a contradiction with the definition of
d, (i) is proved.

For (iii). From (2.1),u'(r,d,\) = —(Ari=N [ sV 1f(u(s)
into account Lemma 2.3 and (H1), we have for VA € (0, Ag),
f(s) > 0, for Vs € (3, 400), which implies for VA € (0, \1),d >

)d ) Taking
u(r, v, ) > B and
>d>y

w (r,d,\) = —(r'™N / sV f(u(s))ds) 7T < 0,V € (0,1].
0

So u'(1,d,\) < 0, (iv) is also proved.
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