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HOMOCLINIC SOLUTIONS FOR A PRESCRIBED MEAN
CURVATURE RAYLEIGH p-LAPLACIAN EQUATION WITH A
DEVIATING ARGUMENT'

FANCHAO KONG

ABSTRACT. In this paper, the prescribed mean curvature Rayleigh p-Laplacian
equation with a deviating argument

4 ’
(on(——2 )+ f(u' (1) + gt ut = 7(0)) = (1

1+ (w/'(1))?
is studied. By using Mawhin’s continuation theorem and some analysis
methods, we obtain the existence of a set with 2kT-periodic solutions for
this equation and then a homoclinic solution is obtained as a limit of a
certain subsequence of the above set.
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1. Introduction

In resent years, The existence of homoclinic solutions have been studied
widely, especially for the Hamiltonian systems and the p-Laplacian systems(see
[1-4]). For example, in [1], Lzydorek, M and Janczewska, J studied the ho-
moclinic solutions for a class of the second order Hamiltonian systems as the
following form

g+ Vq(t7Q) = f()
where ¢ € R® and V € CY(R x R, R), V(t,q) = —K(t,q) + W(t,q) is T-
periodic in ¢. And in [4], Lu, SP studied the homoclinic solutions for a class of
second-order p-Laplacian differential systems with delay of the form

%[%(U’(t))] + %VF(u(t)) + VG (u(t)) + VH(u(t — y(t))) = e(t)
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Nowadays, the prescribed mean curvature equation and its modified forms,
which arises from some problems associated with differential geometry and physics
such as combustible gas dynamics [5-7] have been studied widely. As researchers
continue to study the prescribed mean curvature equation, the existence of
the periodic solutions for the prescribed curvature mean equation attracts re-
searchers’ attention and there are many papers about the existence of the peri-
odic solutions for the prescribed curvature mean equation. For example, in [11],
Feng discussed the existence of periodic solutions of a delay prescribed mean
curvature Liénard equation of the form

u'(t)
L+ (u'(2))?

and in [12], Jin Li discussed the existence of periodic solutions for a prescribed
mean curvature Rayleigh equation of the form

u'(t)
1+ (u/(1))?

As is well known, a solution u(t) of Eq.(1.1) is named homoclinic (to 0) if
u(t) — 0 and u/(t) — 0 as |t| — 4o0o. In addition, if u # 0, then u is called a
nontrivial homoclinic solution.

In [13], Liang and Lu studied the homoclinic solution for the prescribed mean
curvature Duffing-type equation of the form

' (t)
1+ (u/(2))?
where f € C*(R,R), p € C(R,R), ¢ > 0 is a given constant.
Recently, in [14], Wang studied the periodic solution for the following pre-

scribed mean curvature Rayleigh equation with a deviating argument of the
form:

( )+ fu)u' (@) + gt ult — (1)) = e(t)

( )+ [t (1) + g(t ut — 7(1)) = e(t)

( )"+ eu!(t) + f(u(t) = p(t)

(ol ﬁ) DHgltalt—r) =e)
1(0) <w>, 2(0) = ()

where p > 1 and ¢, : R — R is given by ¢, (s) = |s|P72s for s # 0 and ¢, (0) = 0,
g € C(R*R), e, 7 € C(R,R), g(t +w,x) = g(t,x), f(t +w,z) = f(t,2),
f(t,0) =0, e(t +w) = e(t) and 7(t + w) = 7(¢). Under the assumptions:

f(t,z) > alz|", V(t,x) € R?
and

g(t,x) —e(t) > —my|x| —me, Yt ER, x> d.
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where a, r > 1; m; and my are positive constants. Through the transformation,
(1) is equivalent to the system
14 — _ __pe(@2(t)
xl(t) - ¢(’U(t)) - 17903(9:2(15))
qg(v(t
(1) = —f(t, Z2LE=) — g(tult = (1)) +e(t), @)
21(0) = z1(w), 22(0) = z2(w)

By using Mawhin’s continuation theorem and given some sufficient conditions,
the authors obtained that Eq.(1) has at least one periodic solution.

However, to the best of our knowledge, there are no papers about the study-
ing of the homoclinic solutions for the prescribed mean curvature Rayleigh p-
Laplacian equation. In order to solve this problem, in this paper, we consider
the following the prescribed mean curvature Rayleigh p-Laplacian equation with
a deviating argument

' (t)
(o )

where p > 1 and ¢, : R — R is given by ¢,(s) = |s[P~2s for s # 0 and ¢, (0) = 0,
f€C(R,R), g € C(R? R) and g is T-periodic in the first argument. e(t), 7(¢)
are continuous T-periodic function and T > 0 is a given constant.

In order to study the homoclinic solution for Eq.(3), firstly, like in the work
of Lzydorek and Janczewska in [1], Rabinowitz in [2], X. H. Tang and Li Xiao in
[3] and Lu in [4], the existence of a homoclinic solution for Eq.(3) is obtained as
a limit of a certain sequence of 2kT-periodic solutions for the following equation:

" P (1) + gt ult — 7()) = e(t) (3)

u'(t) ' /
(mW)) W) + gt ult— 7)) = e (4)
where k € N, e, : R — R is a 2kT-periodic function such that

e(t) t € [—kT, kT — &)
e(kT — gg) + SR D—cT=c0) (4 _ g7 4 ¢),  t € [kT — g0, kT

€0

ex(t) =

()
where gy € (0,7T) is a constant independent of k. In our approach,the existence of
2kT-periodic solutions to Eq.(4) is obtained by applying Mawhin’s continuation
theorem [16].

The structure of the rest of this paper is as follows: Section 2, we state some
necessary definitions and lemmas. Section 3, we prove the main result.

2. Preliminary

Throughout this paper, |- | will denote the absolute value and the Euclidean
norm on R. For each k € N, let Corr = {ulu € C(R, R),u(t + 2kT) = u(t)},

1 1 _ _
Copr = {uju € CY(R,R),u(t + 2kT) = wu(t)} and ||ullo = ter[g%%ﬂ lu(t)]. If

the norms of Coxr and C, are defined by || - ||c, = |- |o and llzllcy,, =
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max{|x|o, |20}, respectively, then Cor and Cj,p are all Banach spaces. Fur-

kT
thermore, for ¢ € Corr, ||d||r = (/ |¢(t)|7"dt)%, where r € (1, +00).
[y

In order to use Mawhin’s continuation theorem, we first recall it.
Let X and Y be two Banach spaces, a linear operator L : D(L) C X — Y is said
to be a Fredholm operator of index zero provided that
(a) ImL is a closed subset of Y,
(b) dimKerL = codimImL < oco.
Let X and Y be two Banach spaces, 2 C X be an open and bounded set, and
L :D(L) ¢ X = Y is a Fredholm operator of index zero, and continuous
operator N : Q@ € X — Y is said to be L-compact in Q provided that
(c) Kp,(I — Q)N(Q) is a relative compact set of X,
(d) QN(Q) is a bounded set of Y,
where we denote Xy = KerL,Y> = ImlL, then we have the decompositions
X=X1PX, Y =Y1PYs,let P: X - X1, Q:Y — Y] are continuous linear
projectors(meaning P? = P and Q? = @), and K, = L |I_(1erPﬁD(L)'

Lemma 2.1 (16). Let X and Y be two real Banach spaces, and § is an open
and bounded set of X, and L : D(L) C X — Y s a Fredholm operator of index
zero and the operator N : Q C X — Y is said to be L-compact in Q. In addition,
if the following conditions hold:

(h1) Lz # ANz, V(x,A) € 90 x (0,1);

(ha) QNz # 0,Vz € KerL N OQ;

(h3) deg{JQN,QNKerL,0} # 0, where J : ImQ — KerL is a homeomorphism,
then Lr = Nx has at least one solution in D(L) N Q.

Lemma 2.2 ([4]). Let s € C(R, R) with s(t+w) = s(t) and s(t) € [0,w], ¥t € R.
Suppose p € (1,4+0), a = max s(t) and u € C*(R, R) with u(t + w) = u(t).
€10,

te(0,w]
Then

w

/0 |u(t)—u(t—s(t))|pdt§ap/0 o (£)|Pdt

Lemma 2.3. If u: R — R is continuously differentiable on R, a > 0, up > 1
and p > 1 are constants, then for every t € R, the following inequality holds
t+a t+a

uls)"ds)* +a(2a) 3 ([ (s)Pds)?

t—a

u(t)] < (2a)"#( /

In order to study the ezistence of 2kT -periodic solutions for Eq.(1.2), for each
k€ N, from (1.3) we observe that ey, € Cor. Let Xy, = Cayprp.

Lemma 2.4 ([18]). Suppose 7 € C(R, R) with 7(t + w) = 7(t) and 7/(t) < 1,
Vt € [0,w]. Then the function t—7(t) has an inverse u(t) satisfying p € C(R, R)
with u(t +w) = p(t) + w, Vt € [0,w].

Throughout this paper, besides 7 being a periodic function with period T', we
suppose in addition that 7 € C'(R, R) with 7/(t) < 1, Vt € [0,T].
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Remark 2.1. From the above assumption, one can find from Lemma 2.4 that

the function (¢ —7(t)) has an inverse denoted by pu(t). Define og = — II[liIl | 7'(t),
te(0,T
o1 = max 7'(t) and || 7 [[o= max |7(t)|]. Clearly, 09 >0 and 0 < oy < 1.
te[0,T) t€[0,T]

) s

Lemma 2.5 ([3]). Let uy € Ca.p be a 2kT-periodic function for each k € N
with

lurlo < Ao, fuplo < Ax, |uilo < Ag
where Ay, A1 and As are constants independent of k € N. Then there exists
a function u € CY(R,R™) such that for each interval [c,d] C R, there is a
subsequence {uy; } of {ur}ren with uj (t) —= ug(t) uniformly on [c,d].

The system (4) is equivalent to the system

14 — — _ #q(v(®)
{ W(t) = o((t) = Lo ©)
v'(t) = —f(¢(v(t)) — g(t, ult — 7(t))) + ex(t)
where p,(s) = [s72[s, L+ 1 =1, 0(t) = m%) = ¢ (' (1))
Let Xy = {w = (u(t),v(t))" € C(R,R?),w(t) = w(t + 2kT)} and Y, =
{w = (u(t),v(t)" € C(R,R?),w(t) = w(t + 2kT)}, where the norm ||w|| =
max{|ulo, |[v]o} with ||ullo = max |u(t)| and |[v|lo = max ]|v(t)\. It is obvi-

te[0,2kT] te[0,2kT
ous that X} and Y} are Banach spaces.
Now we define the operator

L:D(L) C Xy, = Yi, Lw =’ = (/(t),0(t))"

where D(L) = {w|w = (u(t),v(t))T € CY(R, R?),w(t) = w(t + 2kT)}.

Let Z = {w = (u(t),v(t))" € CY(R,R x By),w(t) = w(t + 2kT)}, where
By = {z € R,|z| < 1,2(t) = z(t + 2kT)}. Define a nonlinear operator N : Q C
(XN Zg) C Xy — Yy as follows:

v(t v(t
N = (20D ) () + )T
1= (v(t)) 1= (v(t))

where Q C Zj, C X} and € is an open and bounded set. Then problem (6) can
be written as Lw = Nw in .
we know

KerL = {wjw € Xp, ' = (u/(t),7'(t))" =0}
then V¢ € R we have v/(t) = 0, v'(t) = 0, obviously u = a1 € R, v = az € R, thus
26T
KerL = R?, and it is also easy to prove that ImL = {z € Yk,/ z(s)ds = 0}.
0

Therefore, L is a Fredholm operator of index zero.
Let

1 2T
P:Xk%KeTL,Pw:%—T/O w(s)ds
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2kT

Q:Y, — ImQ,Qz= 0T ; z(s)ds

Let K, = L\;(leerD(L), then it is easy to see that:

26T
(Kp2)(t) = ; Gi(t,s)z(s)ds

where

Gr() = { S s<t<auT
For all Q such that Q C (Xj, N Zx) C Xj, we have K,(I — Q)N () is a relative
compact set of Xi, QN(Q) is a bounded set of Y, so the operator N is L-
compact in .

For the sake of convenience, we list the following assumption which will be
used by us in studying the existence of homoclince solutions to the Eq.(3) in
Section 3.

[H1] There exists constants o and 5 > 0 such that

|2f(2)] > ofa|” and |f(2)] < Bla|"~", Vo € R
[H3] There exists constants mg and m > 0 such that
lzg(t, 2)| > molx|P and |g(t, z)| < mq|z[P~!, V(t,z) € R?

[H3] e € C(R, R) is a bounded function with e(t) # 0 and
A max{(/ |e(t)|%dt)”7’l,/ le(t) 2dt} + sup e(t)] < +o0
R R tER

Remark 2.2. From (5), we can see that |ex(t)| < sup |e(t)]. So if [Hs] holds,

teER
kT

then for each k € N, (/ |e(7§)|p%1dt)p%1 < A.
—kT

3. Main results

In order to study the existence of 2kT-periodic solutions to system (6), we
firstly study some properties of all possible 2kT-periodic solutions to the follow-
ing system:

/ _ _ pq(v(t))
{ W (t) = Ap(v(t)) = A -
V(1) = =AF(@(0(1)) = Ag(t,ult = 7(8)) + Aex(t), A € (0,1]

where (ug,v;)" € Z C Xj. For each k € N and all A € (0,1], let A represent
the set of all the 2kT-periodic solutions to the above system.



Homoclinic solutions for a prescribed mean curvature Rayleigh p-Laplacian equation 729

Theorem 3.1. Assume that conditions [Hi[-[Hs] hold,
1 1
B ()T a7 llo (BT mg
1-— g1 1 + go
and there exists a positive constant dg such that

(2T)"2/Cy + T(2T)"2Cy < 1

where .
)55+ Ady

Cy = By do +madd My || 7 |0 (

1—0’1

yaa
m1d02 p—2

T 2T) o+ TRT) )T + A

mi 1 p=1 5 1 A ﬁ
d ;:(— ol f)
! 04(1—01) 0 +a

then for each k € N, if (u,v)T € A, there are positive constants py, pa, p3 and
pa which are independent of k and A, such that

CQ =

[lullo < p1. |[v]lo < p2 < 1, [[u']|o < p3, [[V']|0 < pa
Proof. For each k € N, if (u,v)" € A, it must satisfy the system (7). Multi-
plying the second equation of (7) by u/(¢) and integrating from —kT to kT, we
have
kT

kT kT
0= / o' () (t)dt = = F/ (@) (t)dt — A/ g(t,u(t —7(t)))u'(t)dt

—kT —kT —kT

+ A/kT ex(t)u'(t)dt

—kT
In view of [H;] and [Hs] and by Hoélder inequality, we get

kT kT kT
o / o < m / (e = () (0 + / le®ll 0l
kT L bl
< ma / (e = ) / )
kT kT
([l ([ wora? ®
Furthermore,
kT o kT —7(kT) 1 »
[, == /_kT_T<_kT> T (e s

and by Lemma 2.4,

KT —7(KT) 1 . oT R )
/—kT—r<—kT> Wlu(s)l == /—kT 1—7'(u(s)) fula) Pds
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It follows from Remark 2.1 that

Louigs [ s < @)
Y S u
Lo = ) T—7(u(s) T—o

Substituting (9) into (8) and combining with Remark 2.2, we can obtain

a [l u [[p< ma(

1 p—1 _
_01) ol T Wl +A Y

1
which yields
my 1 p=1 _ A ﬁ
o < (G0 ™ +) (10)

Multiplying the second equation of (7) by u(t) and integrating from —kT to kT,
we have

/ ey = / oty ()t

—kT —kT
kT

=A@ @)t

—kT

kT
- A/ g9(t,u(t = 7(1)))[u(t) — u(t — 7(t))]dt

kT
_ )\/ gt ult — 7(0))ult — 7(£)dt + A/_kT e (B)u(t)dt

From the equality above, we have

kT ’U2 kT
)\/_kT mdtH/ gt u(t — T(t))ult — 7(t))dt

—kT
kT

==A f( "(6)u(t)dt

- )\/ gt ult — () [ult) — ult — 7(8))]dt
—l—)\/_kT er(t)u(t)dt

Since \/‘% > |v(t)|? and in view of [H], [Hs] and Lemma 2.2, we can get

kT kT
/ |v(t)|2dt+mo/ lu(t — 7(t))|[Pdt

—kT —kT

kT kT
< / L (1)) [t + / ot ult — () Ju(t) — ut — 7(£))dt

—kT —kT

kT
+ / lenOllu(olar
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kT BT

< ﬂ[kT [ ()P u(t)|dt +ma [kT u(t — ()P~ u(t) — ult — 7(t))|dt
kT

[ el

kT
kT kT . kT R
< ﬁ(/_kT (1) Pdt) 7 </ u(®Pan? +m 7 o </_kT fu(t — r(t))[Pdt)"F
kT kT L kT .
( / W oPdn? + / len®lFTan T / Juttpan? (11)
By applying (9) to (11), we have

2 mo _ p=1 _
Follz +3 = llulp < B u 57wl Frllo (=) % Il o s
+ A ulp

From the inequality above, we can see that

_ 1
Fol3< B I u 157w llp +ma |l 7 llo (;——

p=1 _
1_01) ol By A
and

731

(12)
MO < B w5l a7 o (5
1 +UO p— p p

p=1 p—1 / A
T e T A

(13)
Substituting (10) into (13), we get
mo p<<@ L yest it é) A
0l < 6T ) A

1 e p—1 (T 1 e -1 A =T
tm 7l (G 7wl (R =) 7 Nl +5)
ML) TE () T o .
Since —; < IT(‘;O, it is easy to see that there exists a
constant dy such that
| w[lp< do (14)
Substituting (14) into (10), we obtain
1
I s (T (=

p—1 AN 71
I el / St il
a 1-— 01) o T a)
It follows from Lemma 2.2 that
) t+T N . t+T N
()] < (2T)"( / fu(s)[Fds) ¥ + T(2T) 3 ( / ! (s)|Pds)
t—T t—T
. t+kT N N t+kT
<erH[ P +Ten [
t—kT t—kT
. kT . . kT .
—en ([ et 1D P
—kT

—kT

= d1 (15)

[/ (s)|Pds) ¥
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In view of (14) and (15), we have
u(t)| < (2T) " #do + T(2T) " #dy
= pP1

then we get

= H) < 16
[[ullo te[gr;ﬂagfkT]IU()Ifm (16)

Clearly, p; is independent of k£ and A. Furthermore, substituting (14) and (15)
into (12), we can see that
1
1 _
1 p—
)Tl + Ady
o

— p—1 —
lol3 < Bl 157 wllp +ma |7 o ( o) 7 Il 57w [l +A [ [l

< By do +madgdy | 7 o (5
e (17)

Multiplying the second equation of (7) by v’(¢) and integrating from —kT to kT,
we have

kT kT
/’ OPd = A [ o - A/' ot ult — (1) (1)t
—kT
kT
+)\/_kT ex(t)v'(t)dt
kT kT
=-A f( "(t))d(v(t)) — AlkTg(t,U(t —7(t)))v' (t)dt

+A/ (18)

From the first equation of (7), we can see that v(t) = gap($), thus
)2

14 (2O
kT kT (@)
A o)) = A [ fa ), (——2——))
—kT —kT 1+ (uA(t))2
KT PO (1)
= [ )| =2 )
1+(u(t))2 1+(u)(\t))2
—0 (19)

Substituting (19) into (18) and in view of [Ha|, we get

kT kT kT
| v’ Hg:/ [v/(t)|dt = f)\/ g(t,u(th(t)))v'(t)dtwL)\/ ex ()’ (t)dt

—kT —kT —kT

kT kT
< my / Ju(t — ()P~ (8) dt + / el Ol

—kT
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kT . kT .
<o Jue-r@)PeVant([ Pan?
—kT —kT
kT . kT .
YOOy OIS
—kT —kT
bon kT L [kT )
<mulule™ ([ Jute—rnpant([ ppan?
—kT _
kT ) kT .
+([JatPai([ kit
kT —kT
ez 1 B /
<mi | ully Jioor [ ullp 0" l2 +A 10" [|2
It follows from (14) and (16) that
| o' |2 < ml7%%[(%)—%61 FT(2T) 7dy)" T + A
2 > m 0 1
= Cg (20)
Applying the Lemma 2.2 again, we have
. t+T . . t+T .
o] < @D7E et £ TED [ W)
t—T t—T
. t+kT . . t+kT .
<er i Pt ren [ )P
t—kT t—kT
. kT . . kT .
—eny i Pt eTen ([ pePsE e
—kT —kT
then combining (17) and (20) gives
o(t)| < (2T)"3\/Cy + T(2T)"3Cs := ps
It follows from (21)~2+/C} + T(2T)~2Cy < 1 that
[vllo < p2 <1 (22)

Clearly, po is independent of k£ and .
It follows from (7) that

. o pu0(1)
. _ __Pqlv®))
o= max /()= max A
te[—kT KT PERTRT] 1 — 02(u(t))
q—1
< P2 — = ps (23)
1—p3!
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Clearly, p3 is independent of k and A. Let define F,, = |m‘2x (' (1)), Gp, =
u'|<ps

‘HlliiX lg(t,u(t))|, then from the second equation of (7), we can obtain

uU|=p1

Wllo = _mae V(O] < Fyp+ Gy + A= pu (24

and also p4 is independent of k and A. Therefore, From (16), (22), (23) and
(24), we know p1, po2, p3 and py are constants independent of k and A. Hence
the conclusion of Theorem 3.1 holds. O

Theorem 3.2. Assume that the conditions of Theorem 3.1 are satisfied . Then,
for each k € N, system (7) has at least one 2kT-periodic solution (ug(t),vy(t)) "
m A C X}, such that

[ullo < p, [lorllo < p2 <1, luillo < ps; [[villo < pa

where p1, p2, p3 and py are constants defined by Theorem 3.1.
Proof. In order to use Lemma 2.1, for each k£ € N, we consider the following
system:
1Y — _ wq(v(t))
{ W (t) = Ap(v(t) = AT 25)
"(t) = =Af(p(v(?) = Ag(t, u(t — 7(t))) + Aex(t), A € (0,1]

! (t)

where v(t) = SOP(W) Let Q1 C X}, represent the set of all the 2kT-
-

periodic solutions of system (25). Since (0,1) C (0, 1], then 1 C A, where A is
defined by Theorem 3.1. If (u,v)" € Q;, by using Theorem 3.1, we have

[lullo < p1. [vllo < p2 < 1 [[e']|o < p3, [[V']|0 < pa
Let Q = {w = (u,v)" € KerL,QNw = 0}, if (u,v)" € Qq, then (u,v)" =
(a1,a2) T € R?(constant vector) and we can see that

/kTm

/ —f(a}) — g(t,a1) + ex(t)dt =0
kT

dt =0

ie.,
as =10
[ )~ ttm) + eutte =0 .
Multiplying the second e_;uTation of (26) by a; and combining with [Hs], we have
W Tmola|? < /k; lar[lex(B)]dt < (2KT)¥|ar|A
Thus

_1

1
Jaa] < AT (QT) T m 7 =
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Now, if we define Q = {w = (u,v) " € Xi, ||ullo < p1+7,|[v[|o < H% < 1}, it is
easy to see that 3 U Qs C Q. So, condition (h;) and condition (hg) of Lemma
2.1 are satisfied. In order to verify the condition (hs3) of Lemma 2.1, let

H(w,p): (QNR?) x[0,1] = R: H(w, ) = pw + (1 — ) JQN (w)
where J : ImQ — KerL is a linear isomorphism, J(u,v) = (v,u)’. From
assumption [H;]| and [Hz], we have
w' H(w, 1) # 0,Y(w, u) € 00N R? x [0,1]
Hence,
deg{JQN,Q N R? 0} = deg{H(w,0),Q N R* 0}
= deg{H(w,1),2N R? 0}
#0
So, the condition (hs) of Lemma 2.1 is satisfied. Therefore, by using Lemma
2.1, we see that Eq.(6) has a 2kT-periodic solution (ux,vx)" € Q. Obviously,
(ug,vx) " is a 2kT-periodic solution to Eq.(2) for the case of A = 1, so (u,vy,) " €
A. Thus, by using Theorem 3.1, we have
[lullo < pu; [lorllo < p2 <1, l[ullo < pss [[villo < pa
Hence the conclusion of Theorem 3.2 holds. O
Theorem 3.3. Suppose that the conditions in Theorem 3.1 hold, then Eq.(1)
has a nontrivial homoclinic solution.
Proof. From Theorem 3.2, we see that for each k € N, there exists a 2kT-
periodic solution (ug,vx)' to Eq.(2) with
[lukllo < o1, lJokllo < p2 < 1, [Jugllo < ps, l|villo < pa (27)

where p1, p2, p3, pa are constants independent of k € N. And wug(¢) is a solution

of (2), so

(orl el s) + ) + ot (e =) = est) (29

with vg(t) = wp(%> implies that vg(t) is continuously differentiable
for t € R. Also, from (27), we have |vg]o < po < 1. It follows that u)(t) =

d(ve(t)) = % is continuously differentiable for t € R, i.e.,
— 2ok

g (ok (8)) v (1)
(1= p2(vi (1))
(s

) = |s|972s for s # 0, then we have
2

ug(t) =
By using (27) again and combining with ¢,(s

—1)pi™
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Clearly, ps is a constant independent of k € N. From Lemma 2.5, we can see
that there is a function uy € C*(R, R") such that for each interval [a,b] C R,
there is a subsequence {ug, } of {un}ren with ufcj (t) = ug(t) uniformly on [a, b].
In the following, we show that ug(t) is just a homoclinic solution to Eq.(4).
For all a, b € R with a < b, there must be a positive integer j such that for
J > jo, [=k;T,k;T — o] C [a— a,b+ a]. So, for j > jo, from (3) and (26) we
see that
U, /
(gap(lf)Q)) - F(uh, (1) + (b, (= 7() = e(t),t € [a,b]  (29)

!
+ Up,

Then from (29) we can have

(mf‘,);)’ = — Fluf (1) — gt g, (= (1)) + et

1+ (uy,
— —f(ug(t)) + g(t, uo(t — 7(t))) + e(t) uniformly on [a, b].

Since(@p(%)y — (@p(\/%%)g))/ uniformly for ¢ € [a, b] and <¢p(ﬁ)>/

is continuous differentiable for ¢ € [a, b], we can have

<<Pp(

Considering that a, b are two arbitrary constants with a < b, it is easy to see
that ug(t), t € R is a solution to system (1).

Now, we prove ug(t) — 0 and u/(t) — 0 as [¢| — cc.

Since

/
Uo

1+(ug)2))/ = —f(ug(t)) + g(t,ug(t — 7(t))) + e(t),t € [a,b]

+o00 T
/ (luo ()P + Jug(t)[P)dt = lim (luo ()7 + [ug(t)|")dt
— 00 i—+oo | _p
T
= lim lim (Jur, (D + Jug,, (£) )t
T

i—+o0 j—+oo [,

Clearly, for every i € N if k; > 4, then by (14) and (15), we have

iT k;T
| s+, @)t < [ (g (0 + i, (0 ) <+ a

—iT —k;T
Let ¢ — 400, j — 400, we have

“+o0
| ool + (o) < &+ a (30

— 0o

and then
/“ (w0 + w0 )it = 0 (31)
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as r — 400. So, by using Lemma 2.3 as |t| — +00, we obtain

t+T t+T

u(s)Pds)? + T ([ o)

-T

|wun§<mv*w/

t—T

. 1 t+T t+T 1
s[@zv*5+~r@zw*ﬂ§[ |u@nmu+1l [ (s) Pds)

T T
— 0.

Finally, we will proof
ug(t) — 0, [t| — oo. (32)
From (27), we know

o ()] < pu, [ug(t)] < ps, vt € R

Then, we have

/

(%xlf%%VDWsLﬂ%@»Hﬂﬂuwu—T@»n+eun
< o W@+ sw ot u)l]+4
Z:MthGR |

If (32) does not hold, then there exist 1 € (0, 1) and a sequence {t;} such that
|t1| < |t2| < |t3| <K< |tk| +1< |tk+1|,]€ =1,2,3,---

and

2
|u6(tk)| > - k= 1a2737 e

o z/1— |2€1|27

Then, for t € [ty, tk + 1557 |, We can have
up(t) up (i) L up(s)
(1)) > | =l [ (Y
V1 Jug(t)] \/14“0 )| te /1 [ug(s)]
t /!
> |0 [y )y
T+ Jug ()2 1+ Jug(s)]?

It follows that

+00 tet T
[ wstoparz s, [T wepa =

—00 tk

which contradicts (30), thus (32) holds. Clearly, ug(t) # 0, otherwise e(t) =
0, which contradicts assumption (Hs). Hence the conclusion of Theorem 3.3
holds. 0



738 Fanchao Kong

REFERENCES

1. M. Lzydorek and J. Janczewska, Homoclinic solutions for a class of the second order Hamil-
tonian systems, J. Differ. Equ. 219 (2005), 375-389.

2. P.H. Rabinowitz, Homoclinic orbits for a class of Hamiltonian systems, Proc. R. Soc. Edinb.
A 114 (1990), 33-38.

3. X.H. Tang and L. Xiao, Homoclinic solutions for ordinary p-Laplacian systems with a
coercive potential, Nonlinear Anal. TMA 71 (2009), 1124-1322.

4. S. Lu, Homoclinic solutions for a class of second-order p-Laplacian differential systems
with delay, Nonlinear Anal., Real World Appl. 12 (2011), 780-788.

5. D. Bonheure, P. Habets, F. Obersnel and P. Omari, Classical and non-classical solutions
of a prescribed curvature equation, J. Differ. Equ. 243 (2007), 208-237.

6. H. Pan, One-dimensional prescribed mean curvature equation with exponential nonlinearity,
Nonlinear Anal. 70 (2009), 999-1010.

7. P. Benevieria, J.M. Do O and E.s. Medeiros, Periodic solutions for nonlinear systems with
mean curvature-like operators, Nonlinear Anal. 65 (2006), 1462-1475.

8. W. Li and Z. Liu, Ezact number of solutions of a prescribed mean curvature equation,
Journal of Mathematical Analysis and Applications, 367 (2010), 486-498.

9. P. Habets and P. Omari, Multiple positive solutions of a one dimensional prescribed mean
curvature problem, Communications in Contemporary Mathematics, 95 (2007), 701-730.
10. N.D. Brubaker and J.A. Pelesko, Analysis of a one-dimensional prescribed mean curvature
equation with singular nonlinearity, Nonlinear Analysis, Theory, Methods Applications, 75

(2012), 5086-5102.

11. M. Feng, Periodic solutions for prescribed mean curvature Liénard equation with a devi-
ating argument, Nonlinear Analysis, Real World Applications, 13 (2012), 1216-1223.

12. J. Li, Periodic solutions for prescribed mean curvature Rayleigh equation with a deviating
argument, Adv. Differ. Equ. 2013 (2013) : 88.

13. Liang and Lu, Homoclinic solutions for a kind of prescribed mean curvature Duffing-type
equation, Advances in Difference Equations, 2013 (2013) : 279.

14. D. Wang, Ezistence and uniqueness of periodic solution for prescribed mean curvature
Rayleigh type p-Laplacian equation, J. Appl. Math. Comput. 46 (2014), 181-200.

15. Li et al., Ezistence of periodic solutions for a prescribed mean curvature Liénard p-
Laplacian equation with two delays, Advances in Difference Equations, 2014 (2014) : 290.

16. R.E. Gaines and J. Mawhin, Coincidence Degree and Nonlinear Differential Equations,
Lecture Notes in Mathematics, vol. 568. Springer, Berlin, 1977.

17. Shiping Lu and Weigao Ge, Some new results on the existence of periodic solutions to
a kind of Rayleigh equation with a deviating argument, Nonlinear Analysis, 56 (2004),
501-514.

18. Shiping Lu, On the existence of positive periodic solutions for neutral functional differen-
tial equation with multiple deviating arguments, J. Math. Anal. Appl. 280 (2003), 321-333.

Fanchao Kong received M.Sc. from Anhui Normal University. His research interest focuses
on Boundary Value Problems.

Department of Mathematics, Anhui Normal University, Wuhu 241000, Anhui, P.R. China.
e-mail: fanchaokong88@sohu.com



