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APPROXIMATIONS OF SOLUTIONS FOR A NONLOCAL
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATION WITH
DEVIATED ARGUMENT

ALKA CHADHA* AND DWIJENDRA N. PANDEY

ABSTRACT. This paper investigates the existence of mild solution for a frac-
tional integro-differential equations with a deviating argument and nonlocal
initial condition in an arbitrary separable Hilbert space H via technique
of approximations. We obtain an associated integral equation and then
consider a sequence of approximate integral equations obtained by the pro-
jection of considered associated nonlocal fractional integral equation onto
finite dimensional space. The existence and uniqueness of solutions to
each approximate integral equation is obtained by virtue of the analytic
semigroup theory via Banach fixed point theorem. Next we demonstrate
the convergence of the solutions of the approximate integral equations to
the solution of the associated integral equation. We consider the Faedo-
Galerkin approximation of the solution and demonstrate some convergence
results. An example is also given to illustrate the abstract theory.
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1. Introduction

In recent few decades, researchers have developed great interest in fractional
calculus due to its broad applicability in science and engineering. The tool of
fractional calculus has been available and applicable to deal with many physical
and real world problems such as anomalous diffusion process, traffic flow, non-
linear oscillation of earthquake, real system characterized by power laws, critical
phenomena, scale free process, describe viscoelastic materials and many others.
The details on the theory and its applications can be found in [1]-[4]. The exis-
tence of the solution for the differential equations with nonlocal conditions has
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been investigated widely by many authors as nonlocal conditions are more real-
istic than the classical initial conditions such as in dealing with many physical
problems. Concerning the developments in the study of nonlocal problems, we
refer to [6]-[16] and references given therein.

To the solvability of evolution problems in the time domain, we have var-
ious approaches, namely, the evolution family approach and an approach us-
ing finite-dimensional approximations known as Faedo-Galerkin approximations.
The Faedo-Galerkin approach may be used for the study of more regular solu-
tions, imposing higher regularity on the data. In [20], author has extended the
results of the [19] and considered the Faedo-Galerkin approximations of the so-
lutions for functional Cauchy problem in a separable Hilbert space with the help
of analytic semigroup theory and Banach fixed point theorem. In [21], authors
have studied the Faedo-Galerkin approximations of the solutions to a class of
functional integro-differential equation extended the results of [20]. In [8], the
Faedo-Galerkin approximations of the mild solution to non-local history-valued
retarded differential equations have been obtained by authors. In [9], authors
have established the existence of the mild solution and approximations of mild
solutions via technique of Faedo-Galerkin approximations and analytic semi-
group theory. In [28], authors have considered an fractional differential equation
and studied the Faedo-Galerkin approximations of the solutions for fractional
differential equation. In [26], the existence and approximations of the mild so-
lution to fractional differential equation with deviated argument via technique
of Faedo-Galerkin approximations have been obtained by authors. The Faedo-
Galerkin approximations of solutions for fractional integro-differential equation
have been considered by authors in [30]. For the Faedo-Galerkin approximation
of solutions, we refer to papers [8]-[9], [21]-[31].

The purpose of this work is to establish the approximation of the solution for
following nonlocal integro-differential equation with a deviating argument in a
separable Hilbert space (H, || - [|&, (-, ) &)

°DY alt) + Ax(t) = f(tx0(a(z(t),0)) + / b(t, 5)g(s, 2(s), z)ds,
0<t<Ty<oo, 0<Tp< o0, (1)
h(z) = ¢, on [-1,0], >0, (2)

where 0 < ¢ < 1, CDg’t is the generalized fractional derivative of order ¢ in
Caputo sense with lower limit 0. For z € C([0,To]; H), z¢ : [-r,0] — H is
defined as x4(0) = x(t +6) for § € [—r,0]. In (1), A: D(A) C H — His a
closed, positive definite and self adjoint linear operator with dense domain D(A).
We assume that — A generates an analytic semigroup of bounded linear operators
on H. The functions f : [0, Ty x C([—-r,0], H)x H — H, a : Hx[0,Ty] — [0, To],
b:[0,Tp]x[0,Tp] = R, g : [0,To]x HxC([-r,0],H) — H and h : C([-r,0],H) —
C([-r,0], H) are appropriate functions to be mentioned later. For more details
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on differential equation with deviated argument, we refer to papers [17]-[18], [26]
and references cited therein.

The organization of the article is as follows: Section 2 provides some basic
definitions, lemmas and theorems as preliminaries as these are useful for proving
our results. We firstly obtain an integral equation associated with (1). A mild
solution of equation (1) is defined as a solution of associated integral equation.
We consider a sequence of approximate integral equations. Section 3 proves
the existence and uniqueness of the approximate solutions by using analytic
semigroup and fixed point theorem. In section 4, we show the convergence of
the solution to each of the approximate integral equations with the limiting
function which satisfies the associated integral equation and the convergence of
the approximate Faedo-Galerkin solutions will be shown in section 5. Section 5
gives an example.

2. Preliminaries and Assumptions

Some basic definitions, theorems, lemmas and assumptions which will be used
to prove existence result, are stated in this section.
Throughout the work, we assume that (H,|| - | g, (-,-)x) is a separable Hilbert
space. The symbol C([0,Tp], H) stands for the Banach space of all the con-
tinuous functions from [0,7p] into H equipped with the norm || z(¢)|c :=
supseo,ry] | 2(8)|lm and LP((0,7p), H) stands for Banach space of all Bochner-
measurable functions from (0,7p) to H with the norm

ellor = (2l

o,

Since —A is the infinitesimal generator of an analytic semigroup of bounded
linear operators {7 (¢);¢ > 0}. Therefore, there exist constants C' > 0 and w > 0
such that || 7(¢)|| < Ce*?, for t > 0. In addition, we note that

dJ

I %T(t)ﬂ < M;, for t >tgandty >0, j=1,2, (3)

where M; are some positive constants. Henceforth, without loss of generality,
we may assume that 7 (¢) is uniformly bounded by M i.e., | T(¢)|| < M and
0 € p(—A) which means that —A is invertible. This permits us to define the

positive fractional power A% as closed linear operator with domain D(A%) C H
for o € (0,1]. Moreover, D(A®) is dense in H with the norm

Iyl == [ A%l ¥y € D(A%). (4)

Hence, we signify the space D(A*) by H, endowed with the a-norm (|| - o).
It is easy to show that H, is a Banach space with norm || - ||, [35]. Also, we
have that H, — H, for 0 < o < k and therefore, the embedding is continuous.
Then, we define H_, = (H,)*, for each a > 0. The space H_,, stands for the
dual space of H,, is a Banach space with the norm || z||-o = || A=%z||. For
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additional parts on the fractional powers of closed linear operators, we refer to
book by Pazy [35].

Lemma 2.1 ([35]). Let —A be the infinitesimal generator of an analytic semi-
group {T (t)}i>0 such that | T(t)|| < M, fort >0 and 0 € p(—A). Then,
(i) For0 < a <1, H, is a Hilbert space.
(ii) The operator AT (t) is bounded for every t > 0 and
IAT®) < Mt ()
| AT < Mt (6)

Now, we state some basic definitions and properties of fractional calculus.

Definition 2.2 ([3]). The Riemann-Liouville fractional integral operator J of
order g > 0 with lower point 0, is defined by
1 t
J4F(t) = —/ (t — 5)T~1F(s)ds, 7)
o I'(q) Jo

where F' € L((0,Ty), H).
Definition 2.3 ([3]). The Riemann-Liouville fractional derivative is given by
RLDY F(t)=D{Jy,"F(t), § —1<q<4, d €N, (8)

where D) = dt&, F e L'Y((0,Ty), H), Jth € W%((0,Tp), H). Here the nota-
tion W%1((0,Ty), H) stands for the Sobolev space defined as

-1

WOL(0,Ty), H) = {ye H:3ze L'(0,Ty), :Zdj ‘
t5—1 =
+m x2(t), t € (0,Tp)}. (9)

Note that z(t) = y°(t), d; = 37 (0).

Definition 2.4 ([3]). The Caputo fractional derivative is given by

“Dg F(t) = ! ] /t(t — 5)°7 1 F(s)ds, (10)

I'(6—q) Jo
for§ —1<q<d, €N, where F € L'((0,Ty), H)NC°~1((0,Ty), H).

Let Cy := C([—r,0], H) be the collection of continuous mappings from [—r, 0]
into H equipped with the supremum norm ||yl|o := sup,c(_,. o [ly(t)[| for y € Co.
In addition, C; := C([—r,t], H) be the Banach space of all H-valued continuous
functions on [—r,t] endowed with the supremum norm ||y||; := supyc;_,.4 [y(s)]|
for each y € C; and t € (0,Tp] and the space of all continuous functions from
[—r,t] into H, denoted by Cf, is a Banach space with the supremum norm
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[9llt,a = supge(rq A%y (s)]], for each y € Ci*.
For 0 < a < 1, we define

crli={z el | x(r) —x(s)| < L|T —s], for all 7,5 € [—7,t]}, (11)

where £ > 0 is a appropriate constant to be defined later.

Now, we turn to the following fractional differential equations with nonlocal
conditions as

°Diz(t) = —Azx(t)+ F(t, zs,z(a(z(t),1)))
+ /0 b(t,s)g(s,z(s),zs)ds, t € [0,Tp], h(x) = ¢, on [—r,0].(12)

We give few examples of function h as
(1) Let w € L'(0,7) be such that W = [ w(s)ds # 0. Let

0
h(s) :/ w(—s)s(s)ds, s €Cq. (13)

—r

(ii) Let —r <t; <ty <---<t, <0,k >0and K =Y  k; #0. Let

p
h(€) = D kis(t), <e€Cg,
=1

i Cq

P ki [t
Mo = N[ s sec, (14
i=1 "

where ¢; > 0.
If we take 1 € C§ defined as ¥(0) = ¢ for all 6 € [—r,0] and G : C§ — C§ given
by G(y)(0) = h(y) for all § € [—r,0] and y € C§. Then the condition h(y) =
¢ is equivalent to the condition G(y) = 1. Thus, the functional differential

equation with a more general nonlocal history condition may be considered which
is illustrated as follows,

“Dix(t)

—Aax(t)—&-F(t,xt,m(a(m(t),t)))—l—/ot b(t, s)g(s,z(s), zs)ds, t € (0,To),
G(x) = 1, on [-r0]. (15)

which includes (12). For example,

‘Dix(t) = —Ax(t)+ F(t,z¢,z(a(z(t),t)))

+/0t b(t,s)g(s,z(s),zs)ds, t € [0,Tp], x=(t) =v(¢t), on [—r,0].

is a particular case of (15). Thus, the problem (12) and (15) are equivalent.
Next, we make the following assumptions:
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(Al) A is a closed, densely defined, positive definite and self-adjoint linear
operator from D(A) C H into H. We assume that operator A has the
pure point spectrum

O<AOS>\1S>\2§"'S>\TYLS“'7 (16)

with A\, — oo as m — oo and corresponding complete orthonormal
system of eigenfunctions {x;}, i.e.,

Axj; = Ajxj, and < xi, x5 >= 45, (17)

where

L j=1
0y = .
0, otherwise.
(A2) (i) There exists a function k € C* such that h(k) = ¢, for all ¢t € [—r,0].

We assume that h is Lipschitz continuous function on C([—r, 0], D(A%)).
(#3) The function k(t) € D(A?) for each ¢ € [—r, 0] and k is locally Holder
continuous with exponent 1 on [—r, 0] i.e. there exists a constant Ly > 0
such that

||k(t1) — k(tg)” < Lk|t1 — t2|, v t1,to € [—’I”, 0] (18)

(A3) The nonlinear function f : [0,Ty] x C§ x Ho—1 — H is Lipschitz contin-
uous and there exist constants £; > 0 and pq € (0, 1] such that

| f(t,x1,91) — f(s, 22, 92) || < Lg[[t—s|" + | 21 —220,0 + || Y1 — ¥2lla=1], (19)

for au/\gtvxl,yl)a(sax%y%} € [OvTO] X BR(C(?az) X BR(HOL—DE)' Here,

Br(Z,k)={z€ Z, ||z — k|lz < R} and Z is a Banach space and R > 0
is a constant to be defined later. The function & is defined by

- {k:(t), t € [-r,0],

k(t) =

(20)
k(0), e[0T

(A4) The function a : H, x [0,Tp] — [0, Tp] is continuous function and there
exist constants £, > 0 and po € (0, 1] such that
la(x1,t1) — al@a, t2)| < La[|l 21 — z2lla + [t1 — t2]*2], (21)

for all (z1,t1), (v2,t2) € Br(Ha, k) x [0,Tp] and a(-,0) = 0.
(A5) g : [0,Ty] x Hy x C§ — H is continuous function and there exists a
positive constant £, such that

I g(t, 1, 91) — g(t, 22, 92)l| < Lglll 21 — 22lla + 1 — y2llo.al; (22)
for all (xlvyl)v (x27y2) S BR(HDHE) X BR(C(C)M;I;) and t € [OvTO]

Now, we provide the definition of mild solution for the nonlocal system (1)-(2).
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Definition 2.5. A continuous function x : [0,7p] — H is said to be a mild
solution for the system (1)-(2) if x € C3 N C%)_l and the following integral
equation

k(t), te[-r0],

z(t) = { S, (t)k( +fg t—s ‘HT(t—s)f(s,ms,x(a(x(s),s)))ds (23)
+f0 VI TG (t = 5) [ b(s, 7)g(,a(7), 2, )drds t € [0,Ty),

is verified.

The operator S,(t) and 7,(t) are defined as follows:
sitte = [ o7
T = qf e

where (,(¢) = %fl_l/q X wq(ffé) is a a probability density function defined on
(0,00) ie., ((€) =0, ;7 ¢q(€)dé =1 and

U@ = - 3 (-1t TPED g € e (0,00),
n=1

Lemma 2.6 ([11]). If —A is the infinitesimal generator of analytic semigroup
of uniformly continuous bounded operators. Then,

(1) The operator Sy(t), t > 0 and T4(t), t > 0 are bounded linear operators.

(2) | Sa@®yll < Ml yll, | To@®yll < mZ5 Iyl and | A°To(t)yl| < LHerEat 22y,
foranyy e H.

(3) The families {Sy(t) : t > 0} and {T,4(t) : t > 0} are strongly continuous.

(D If T (t) is compact, then Sy(t) and Tq(t) are compact operators for any t > 0.

3. Approximate Solutions and Convergence

In this section, we study the existence of approximate solutions for the system
(1)-(2).
Let H,, be the finite dimensional subspace of H spanned by {xo, X1, " ,Xn}
and P" : H — H, be the corresponding projection operator for n =0, 1, 2,
We define

fn :10,T5] x C([-r,0],H) x H— H, (24)
by
fn(t,xhx(a(x(t),t))) = f(t,P"mt,P”x(a(gc(t),t))), (25>
and
gn : [0, To] x H x C([-r,0],H) — H, (26)
by

gn(t, (1), 1) = g(t, Px(t), P ). (27)
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We choose T', 0 < T < T} sufficiently small such that

118,(6) ~ TFO)a < 5 (29)
o= Mol2- )T 207 [L7(2+ LL,) +2b7Ly) < 1. (30)

(1I-a)'(1+¢(1—-a)
Now, we consider
Br=Br(CFNCs k) ={yecsncs™" |y -kl < R} (31)
By the assumptions (A3) — (A4), we have that f is continuous on [0, T]. There-
fore, there exist a positive constant Ny such that
Ny = LT+ R(14LLy)+LL,T"]+ N, where N = | £(0,ko, k(0))], (32)
with
| f(t, 2o, z(a(z(t),t)|| < Ny, x€H, tel0,T]. (33
Similarly with the help of the assumption (A5), we can show that || g(t, z, ¢)||
2L,R + || g(t,k(0), ko)|| = Ny. Therefore, we can indicate effectively that G,
br Ny, where by = sup;e(o 1) foT |b(t, 7)|dT.
Let us consider the operator A% : CY¥ — C; defined by (A%y)(t) = A*(y(t)) and
(P"z)(s) = P™(x(t + s)), for all s € [—r,0] and ¢t € [0,T]. We consider the
operator Q,, : B — Bpr defined by
k@), tel-ro0,
(Qnx)(t) = Sq(t)%(O) + fg(t — 8)I7 T, (t — 8) fu(s, ms, x(a(z(s),s)))ds  (34)
+ f(f(t — 8)I7 T, (t — 8)(Grz)(s)ds, t € 0,77,

=

A

for each x € Bg, where G,z(t) = fot b(t, 8)gn (s, x(s), zs)ds.

Theorem 3.1. Suppose (A1)-(A5) holds and k(t) € D(A) for all t € [—r,0].
Then, there exists a unique z, € Bgr such that Qnx, = x, for each n =
0,1,2,---, and x,, satisfies the following approximate integral equation

k(t), te[-r0,
2 (t) = § Sg(Ok(0) + 3 (t = )TV To(t = 8) fu(s, (@n)s, Ta(a(wn(s), 8)))ds  (35)
[t = 8)IT T (t — 8)(Gun)(s)ds, t € [0,T].
Proof. To demonstrate the theorem, we first need to show that 9,z € C¢ ﬂC%fl.
It is easy to show that Q,, : C& — C¢ by using the fact that f and g are continuous

function. Now, it remains to show that Q,,x € C?‘fl. Fort,r € [—r,0] witht > T,

we have Q,x € C%_l for x € C%_l by using fact that k is Holder continuous
with exponent 1 i. e., Lipschitz continuous on [—r, 0].
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For z € C37', 0 < 7 <t < T, then we have
[ Qna(t) = Qna(7)[la—

< Sa(t) = Sq(7)]E(0) a1

/ 1t =9 Ta(t = 5) = (7 = )" Ta(7 = 8)llar || fu(s, s, 2(alx(s), 9)))llds
/ It = 8)" " Ta(t = 8)lla=1ll fu(s, 2, x(alz(s), 5)) | ds,

/ It =) Ta(t = 5) = (7 = )" " To(7 = 8)l|arll (Gn2)(s)lds

/ It = 8)" " Tyt = 8)lla—1ll (Gn)(s)llds.

From the first term of above inequality, we have
Si(0) = Sy R0) = [T G@IT 9 - Tl Koy, (30
Also, we have that for each x € H
T(e) = T = [ L (s1g)ads - / s AT (%) ads. (37

Therefore, we estimate the first term as

JoZ CONT (€)= TN A k(0)|dg

/ G / 1T (%) ds]| wolla_rd,

/0 Col©) Mt — 7] FO) lard,

IA

IA

< Kit-n) [ Gl
0
= Ki(t—7), (38)
where K = M;|| k(0)||a—1. The second integrals is estimated as
/ It =)' Ta(t = 5) = (1= 8)" " Talr = 8)lla=1ll fu(s, 25, 2(alz(s), 5))) | ds

< / / ()l [*7'<—S)q5)|<:t—d%T((@—S)qE)k:r]Aa%H
X || fuls, s w(ala(s), 5)))lldeds,

// Gl [/ ||A”d2 (s — 5)°€) | de]Ndds,

< [7 7 cut@ll A= 1ate - ) ydeas,
0 0
< Ko(t—7), (39)
where Ky = || A%72||MyN¢T. The third integrals is estimated as

/ It = )7 Ta(t = 8)llar | Fuls, s 2(ala(s), )| ds
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< / | / "GO Talt — 5) AT (1 — 5)€N A Jus, e, 2(ala(s), 5)) s,

/ / GO LT (s — 5)96) oA Ny deds,
< Ks(t —7), (40)

where K3 = M;| A®72||N¢. Similarly, we estimate forth integral as

/O | (= 8T Tyt — 8) — (7 — ) T (7 — 8)Jas ]| (Guiz)(s)]|ds
< Kyt —7), (41)
where Ky = || A*72||MsT G, and

/ 1t = )7 Tyt — 8)Jar | (Gnx)(s) ds < Kt — 7). (42)

where K5 = M| A*2||G,.
Thus, from the inequality (38) to (42), we obtain that

1 (Qna)(t) = (Qua)(T)lla—1 < L(t =), (43)

for a positive suitable constant £ = 215:1 K. Therefore, we conclude that
(Qnz) € C%fl. Hence, we deduce that the operator Q,, : C%fl — C?‘fl is well
defined map.

Next, we prove that Q,, : Bg — Bgr. For 0 <t < T and = € By, we get that

| (Qn)(t) = k(0)la
< | [Sg(t) = 1K(0) [l + / | (t = )T To(t — 8) fuls, 25, 2(alz(s), 8))) [ ads
+ / | (t = 8)T T4(t — 8)(Gn)(5)]lads,

<[ (84(t) ~ TRO)lo + m /0 (t — 5)10-)-14g
PO =) [, ey,
+I‘(1+q(1—a))/o(t ) ds,
< [Sq(t) — I}E(O)Ha + MO‘NfF@ - a)TQ(l_a) MaGgF(2 — a)T‘Z(l_O‘)

(1-a)l(1+q(l—a)) (1-a)(1+q(1-0a))
(44)

From the inequalities (28) and (44), we conclude that Q,(Bgr) C Bg. Finally,
we will show that Q,, is a contraction map. For x,y € B and 0 <t < T, we have

[ (@n)(t) = (Lny) (D)l

/ It = 8)" P AYTy(t = 8) Il fu (s, 25, 2(al(s), 8))) = fuls, ys, ylaly(s), 5)) | ds
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+ [l =) AT = Ol () 6) — (G0l (45)
We have the following inequalities:
[fn(s, 25, 2(a(z(s), 5))) = fnls, ys, y(aly(s), s))I| < Le[2+LLa]l| z—yllT.0s (46)

and

I (Gn)(s) = (Gny)(s)

IN

/ (s, 9l 27 22) — alry(r).y)ldr,
2Lyl 2 — |1 (47)

A

Using (46)-(47) in (45), we get,
1 (@nz)(t) = (2ny)(t)lo

gM,I(2 — o) /t (1—a)-1
— L L2+ LL, — o t—s)it 797
F(l + q(l — O()) f[ + ]” x yHT, 0 ( S) S

aM,I'(2 = a)

t
= (2 — _ g)e(1—a)-1
I'(1+q(1— a))( bT'Cg)H x y”T,a/O (t s) ds,

M,T(2 — a)T90 =) M,T(2 — a)T90 =)

< oo ga—an ™2t T g =y e
x|z = yll1a- (48)
From the inequality (30), we get
1(Qna)(t) = (Quy)(B)lla < Ol = YlIT,0s (49)

with © < 1. Therefore, it implies that the map Q,, is a contraction map i.e.
9, has a unique fixed point z, € Bg i.e., Q,z, = x, and xz, satisfies the
approximate integral equation

k@), tel-r0],

2n(t) = S Sq(t)E(0) + [ (t = 8)T VT (t = 5) fu(5, (Tn)s, Tn(a(zn(s), 5)))ds  (50)
[t 8) T T (t — 8)(Gnay)(s)ds,  te[0,T).

Hence, the proof of the theorem is completed. O

Lemma 3.2. Assume that hypotheses (A1)-(A5) are satisfied. If k(t) € D(A)
for each t € [—r,0], then x,(t) € D(AY) for allt € [—r,T] with 0 < v < 1.

Proof. If t € [—r,0], then results are obvious. Thus, it remains to show results
for t € [0,T]. From Theorem (3.1), we have that there exists a unique z,, €
BcCCEn C%_l such that x,, satisfy the integral equation (35). Theorem 2.6.13
in Pazy [35] implies that 7(¢) : H — D(AY) for ¢t > 0 and 0 < v < 1 and for
0<wv<n<1, D(A") C D(A"). Tt is easy to see that Hélder continuity of z,
can be established using the similar arguments from equation (38)-(42). Also
from Theorem 1.2.4 in Pazy [35], we have that T (t)x € D(A) if z € D(A). The
result follows from these facts and D(A) C D(AV) for 0 < v < 1. This completes
the proof of Lemma. O
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Corollary 3.3. Suppose that (A1)-(A5) are satisfied. If k(t) € D(A), V ¢ €
[—7,0], then for any t € [—r,T], there exists a constant Uy independent of n
such that

A%z, ()] < Uo, n=1,2,3,---,
with0 <a<v <l
Proof. Let k(t) € D(A) for every t € [—r,0]. For t € [—r,0], applying AV on the
both the sides of (35) and obtaining,

1A%z ()] < k@l < [[kllow, ¥ ¢ € [—r,0].
For ¢t € (0,T], we apply AV on the both the sides of (35) and get
| A%z (2)]|

< | 14“3c1(1t)7~5(0)||Jr/0 (t=s)" A Ta(t = 9)|

| fa(s, (zn)s; n(alzn(s), 5)))llds + /t(t =) AT (t = )| Gazn(s)llds,

7 qM’UNfF( - )/t g(l—v)—1 qM’UGQF(ziv)
< M| k)|, + L= 2 ds+1-vte- 2= )
< MIFO+ Tasga—oy J, ¢ T+ ol =)
t
></ (t — )71y,
0
~ M,N;T(2 — )T~ M,G,I(2 — v)T90~Y)
< M| k(0)||, ;
= MIEFOl+ G A=) T A ura e = o)
< U (51)
This finishes the proof of lemma. U

4. Convergence of Solutions

The convergence of the solution x, € H, of the approximate integral equa-
tions (35) to a unique solution z(-) of the equation (23) on [0, 7] is discussed in
this section.

Theorem 4.1. Let us assume that the conditions (Al)-(A5) are satisfied. If
k(0) € D(A), for each t € [—r,0], then

lim sup | zn(t) — zp(t)]|la = 0. (52)

P70 {n>p,—r<t<T}
Proof. For 0 < a <v <1, n >p. Let t € [-r,0], we conclude
A%z (t) — A%ap(t)]| = 0. (53)
For t € (0,T], we obtain,
| falt, (@n)e, Tnlalzn(t),t) — fp(t, (xp)e: 2p(alzy(t),1)))]]
< Al (@) malal@n(t), 1)) = fu(t, (@p)e; zplalzp(t), 1))
t

| fu(t, (@p)es 2p(alzp(t), 1)) — fots (@p)e, 2p(alzp(t), 1)),
Lf[2+ LL| @n — xp)|lt.a + L[| (P = PP)apllt,a

IA
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HIATH] (P = PP)zp(a(zp(t), ) la]- (54)

We also have the following estimation:

I (P" = PPyl <1 AP = POAD e < Sl A7
Thus, we obtain
I Falt, (@a)es 2alalzn(t), ) = folt, (2p)es mplalay(t), )]
< L2+ LL w0 - Tyl + ﬁf[A;_J Zpllin
= PN RO (59
And
| gn (8, 2n(8), (Tn)s) = gn(s, Tp(s), (xp)s)ll < 2Lg[l| Tn — Tp|lt,a + )\g%\l Tp|l¢,0]-

Therefore, we estimate

| (Gran)(t) — (Gpap) @)l
= | / b(t, 8)[gn (s, 20 (8), (Tn)s) — gp(8, Tp(s), (zp)s)]ds]],
0

IN

/0 [6(; $)| 1| gn(s, 20 (), (2n)s) = gp(s, 2p(s), (2p)s | ds,

IN

2bp Lyl n —

s,v]-

S,a"')\gj|

We choose té) such that 0 < t, <t < T, we have
[ () = 2 )Ha

/ / Y ATt - )]

><H fn xn 97xn(a(17n() ))) fp( (mp)axp(a(xp() )))Hds
/ / 1Y) APy (t — )| (Gun)(5) — (Gpity)(s)|ds.

We estimate the first integral as

’

/0 "t = )T ATyt — )l fa(5,2n(5), 2 (a(n(s), 9)))
— o5, (@p)er zp (alzp(5), 5))) |ds
< / "(t— )71 AT (t — 5)||2Nds,

2N MoL(2—0) -0
“(1-a)l(1+4(1-a))

— (t—to) 77,
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2N M.T(2 — o)
“(1-a)l(1+4(1-a))

AN MaT(2 — a)
“1-a)l(1+49(1—-a))
By using Corollary 3.3, the second integral is estimated as

/t, (t = 8)T 1 A2Tg(t = s)llll fuls, (zn)s, zn(a(za(s), 5)))

s, (@) ap(aey(s),5))) | ds

Mo TQ2—0) [ .
_F(l—l—q(l—a))/t(t VL 2+ LLal 20— Tllsa

(t —bit) ™7 0 < by < 1,

(to — to) 7)1y,

’
0

L LA .
gl + L) v, a0, )11}
y4 4
Mo LT~ o) o TyTee)
T+ —ap AT D=0

t

+(2+ ua)/ (t — )= 5 || 2, — 2| .0ds].

’
tO

Third and forth term are estimated as

/

/0 (= )T ATt — )| (Gazn)(s) — (G )(s)]ds

2G,M,I'(2 — a)
T (1-a)(1+4¢(1 —a))

(T — t;))(I(l—@)—lt;M
and
Ji (@ =) AT (t = )Illl (Gawn)(s) — (Cpap)(s)lds

qMo LgbpT(2—a) UpTd(1—e) t 1—a)—1
< Tataimay 2la—apee +ft6(t_s)q< T 20 = plls.ads]

Thus, we have
| 2, (t) — xp(t)lloz
/ Dy ! 1 1
= Prlot e 1 Ds / (t = )10y — 2 s s,
p to

where

2N M, T(2 — / —a)—
D1 — f ( a) (T—to)q(l @) 1+

2G ML I'(2 — «)

(60)

(61)

(1-a)T(14¢(1—a))
(T — e,

M, LT(2 - _
Dy = ML)y,

(1-a)T(14¢(1-a))

IF'1+q¢(1-a))
Uy T2t~

x99
q(1-a)

UpoT9 =) qM,L,brT(2 — a)
q(1—a) F(1+4q(1-a))
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Dy = gM LT (2 — o) (24 LLo) + QqMaﬁngF@ - a)

I'(1+q(1—a) I'(1+4¢(1-a))

We now put ¢t =t + 6 in the above inequality, where 6 € [t;J —t,0] and get
[2n(t +0) = 2p(t 4 0) o

, DQ t+0
< Dyt g2t Da [ (4057 [, —ayads. (62)
P tg

Taking s — 6§ = v in above inequality and obtaining,
[ (4 0) = zp(t 4 0)[la

0

. D t
< Dify+ g+ Do [ (= gl
P to—
' Dy ’ (1—a)-1
S Dlto + )\'1)7—(1 + D3 \/{ (t - V)q « || Ty — SUp||l,7adI/. (63)
p £,

Thus, we have
Supté,tgego ||l‘n(t + 9) - .’L'p(t + H)HOK

, D t
< Ditg+1oq +Ds / (t — )10~ 2 — |y adv.
P to

(64)
Since, for t 46 < 0, we have z,,(t +6) = k(t +0) for all n > ng. Thus, we obtain
SUp_y_y<p<o [[€n(t +6) = 2p(t + 6)[|a

< osup lza(t4+0) —2p(t+0)a + sup  [lza(t 4+ 0) — 2p(t 4 0)[(65)
0<6+t<t; ty—t<0<0

Thus, for each ¢ € (0, té)], we have
lzn(t+60) —ap(t+60)|a < Dsto+ 7)\U_6a7
P
where D5 and Dg are arbitrary positive constants. Using (64) and (66) in (65)

and thus getting
SUpPp_r<tyo<t |zn(t +6) — zp(t +0) [l

(66)

. Dy+D t
< (Dy+ D)ty + 22106 Dg/ (t — )= 2, — x|, 0dr. (67)
t

Ap @ .
Thus, we get
+ Do+ D ¢
llzn — Lp |t,a < (D1 + D5)t0 + % + D3 /, (t— V)q(lia)ilH In — zp”u,ad’/-
p t
° (63)
By Lemma 5.6.7 in [35], we have that there exists a constant K such that
’ Dy + D,
| 2a(t) = 2p(Olla < (D1 +Ds)tg + =g K. (69)

v—a
/\p
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Since té is arbitrary and letting p — oo, therefore the right hand side may be
made as small as desired by taking té sufficiently small. This complete the proof
of the Theorem. O

By the Theorem 4.1, we conclude that {z, } is a Cauchy sequence in Br. Now,
we show the convergence of the solution for the approximate integral equation
Zn(+) to the solution of associated integral equation x(-).

Theorem 4.2. Suppose that conditions (A1)-(A5) are satisfied and k(t) € D(A)
for each t € [—r, O]. Then, there exists a unique x,, € Br, satisfying

E(t), € [-r,0],
T (t) = )+ fo YIIT (= 5) fu (5, (Tn)s, T (a(zn(s), s)))ds  (70)
+f0 t— 5)9~ 17;(t— 5)(Gpxyn(s)ds, t € 0,17,
and x € Br, satisfying
k(t), te[-r0],
w(t) = { Sy()k(0) + [y (¢ — )17 Ty (t — ) f (5, 35, w(alx(s), 5)))ds (71)
[t = 8) T T (t — s)(Ga)(s)ds,  te[0,T),
such that x,, converges to x in Bg i.e., x, — x© as n — oo.

Proof. Let k(t) € D(A) for all t € [—r,0]. For 0 < t < T, it follows that there
exists x, € Bgr such that A%, (t) — A%zx(t) € Br as n — oo and z(t) =
xn(t) = k(t), for each t € [—r,0] and for all n. Also, for ¢ € [—r,T], we have
A%z, (t) — A%2(t) as n — oo in H. Since Bg is a closed subspace of C3:~* and
z, € Bg, therefore it follows that x € Br and

lim sup | z,(t) —z(t)|la =0, for any ¢y € (0,T]. (72)
<T

n—00 t <

Also, we have
SUPse(ro, 17 || fr(ts (Tn)e, n(alzn (1), 1)) — f(E, ¢, 2(a(z(2), 1))
< Ly[2+ LL| wn — @[t + Lyl (P = Dx(t)||a
H AT (P = Da(alz(t), 6)]la] — 0, (73)

as n — oo and
SUPse(t,7) || Gn(t; 2n(t), (2n)e) — g(t, 2(t), 1) ||
< 2Lyl wn = alla + | (P* = Dzllt,0] = 0, (74)

as n — oo. For 0 <ty < t, we rewrite (35) as

wa(t) = Sy(O)k(0) + (Jo + [i)(t = )" Talt = 8) fuls, (@a)s, za(alza(s), 5)))ds

Fo + [t = )7 Ta(t — 5)(Gnn)(s)ds.
We may estimate the first and third integral as
|08 = )T 1Tt — ) fu(s, (20) s, 2alalza(s), )))ds]| < SNETa=1,,
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|2t = )77 Tyt — ) (G (s)ds|| < ZMCa a1, (75)

Thus, we deduce that

| 2a(t) — S4()E(0) - / (t— ) Tyt — s)

(s o) nlaen (), 90)ds = [ (0= 97 Tl = )G ) (515
qMNy 41 qMGy g1
raeg” Trare’ M (7o)

Letting n — oo in the above inequality, we obtain

| 2(t) — Sy (1)k(0) — / (t = )17 Tyt — 5) f (5, 5, 2(ala(s), 5)))ds

to

‘/t<t—s>q17;<t—s><Gx><s>ds|<[qMNf oty MG gy

to ['(1+q) I'(1+q)

Since tg is arbitrary and hence, we conclude that z(-) satisfies the integral equa-
tion (23). O

5. Faedo-Galerkin Approximations

In this section, we consider the Faedo-Galerkin Approximation of a solution
and show the convergence results for such an approximation.

We know that for any 0 < T < Ty, there exists a unique x € C satisfying
the following integral equation

E(ﬂ? [—’/‘ O]
z(t) = ¢ Sy(t)k(0) + fo VI, (t = 8) f(s, s, w(a(x(s), s)))ds (77)
+fo )~ 1T(t—8)(G$)( )ds te 0,71,

with 0 < T < Ty.
Also, we have a unique solution z,, € C% of the approximate integral equation

k(t), tel[-r0],
(1) = € Sg(VR(0) + [y (t = )77 Tg(t = 8) fu(s, (@n) s, T (alzn(s),8)))ds  (78)
(= 8) T T (t — 8)(Gnay)(s)ds, te[0,7).

Applying the projection on above equation, then Faedo-Galerkin approximation
is given by v, (t) = P"x,(t) satisfying

Pz, (t) = wv,(t)
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P'k(t), tel-r0],
S()P” +f0t—sq17'(t—s)

= (79)
XP" (s, (xn)s, Tn(a(zn(s), s)))ds
+ [t = 8)I7 Ty (t — $)P™ (G (s)ds, te[0,T].
or
P"k(t), te[-r0],
va(t) = 4 So(t)P"R(0) + f (t = )17 Tyt = $)P" f (5, (vn)s, va(a(vn(s), s)))ds (80
+f0 (t—s)?" 17;(75 - s)P”(G’vn)(s)ds, t €10,T].
Let solution z(-) of (77) and v,(-) of (79), have the following representation
z(t) = Zai(t)xz-, a;(t) = (x(t),x:), 1=0,1,2---, (81)
un(t) = Za Wi ai'(t) = (va(t), xi), @=0,1,2---, (82)

Using (82) in (79), we obtain a system of fractional order integro-differential
equation of the form

dq

T al(t)+Naj(t) = FEM(tog(t),al(t)..., an(t))

—|—/ b(t, s)G7 (t, af(s), @l (s)...,an(s))ds, (83)
0

a;(0) = k(t), on [-r0], (84)
where

Fr o= (f(t,) (af thaZT Xi)s Xi), (85)

T = a?(a(zzg‘,a?,-wamt)), (86)

Gy o= (9(t. > afxi > (@), xi) (87)

i = (k(t)jz-)), f0r120—172,---7 n. (88)

For the convergence of o] to «;, we have the following convergence theorem.

Corollary 5.1. Assume that (A1)-(A5) are satisfied. If k(t) € D(A) for each
€ [-7,0], then

sup || vn(t) —vp(t)|la — 0, as p,n — oc. (89)
te[—r,T]

Proof. Forn > pand 0 < a < v, we get
[on(t) —vp(B)lla = || P"2n(t) — PPap(t)]|a;
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< [ PMan(t) —2p@)llla + | (P = PP)ap(t)|las
1
< lzn() —zp@)lla + oo | A%z, (2)]]. (90)
p
Since =, — x, and A\, — oo as p — oo, thus, for ¢ € [—r,0] and k(t) € D(A),
the result follows from Theorem 4.1. O

Theorem 5.2. Let us assume that (Al)-(A5) are satisfied and k(t) € D(A) for
all t € [—r,0]. Then there exist a unique function v, € Br given as

un(t) = Sq(t)P"E(O)ﬂL/O(t—S)q_lﬁ(t—S)P"f(s,(Un)s,vn(a(vn(S),S)))dS

t — )1 — 5)P"(Gv,)(s)ds
+/O<t YTt — 5)P™ (G ) (s)ds,

(91)
for allt € [0,T] and x € Br satisfying
w(t) = Sy()k(0)+ /0 (t = )T Tq(t — 5)f (5, w5, x(a(z(s), 5)))ds
+/ (t — 8)T M, (t — 5)(Gz)(s)ds, (92)
0

fort € [0,T), such that v, — x as n — oo in Br and x satisfies the equation
(23) on [0,T].

Proof. By the Theorem 4.2, we have that
lim  sup [z (t) — z(t)[[o = 0. (93)

—r,T)
Thus, we conclude that
[on(t) = 2(®)lla = [P en(t) = P x(t) + P 2(t) = 2(t)]a;
< [P (@) —z(@O)la + 1(P" = Dz@)]a-  (94)
Since x,, — x as n — 00, then, for t € [—r,0] and k(t) € D(A), the result follows
from Theorem 4.2. O

The system (83)-(84) determines the af’s. Thus, we have following theorem.

Theorem 5.3. Let us assume that (Al)-(A5) are satisfied. If k(t) € D(A) for
each t € [—r,0], then

lim sup [ A2 (as(t) — al(£)?] = 0. (95)

O te[—rT] i,

Proof. Tt can easily be determined that

n oo

Aa(t) —oa(t)] = A (u(t) —af(t)xi] + A% Y ailt)xi

=0 i=n+1
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= D AMailt) —alxi+ Y Atailt)x. (96)
=0

i=n—+1

Thus, we conclude that

| A%(t) = va(D]> = D AP (i(t) — af (1)) (97)
i=0
From the Theorem 4.2, we have v,, — x as n — oo. Thus, we conclude that
o' — a; as m — oo. This gives the proof of the theorem. O
6. Example

Let us consider the following integro-differential equation with deviated ar-
gument of the form

Qw(t,x)  w(t,x)
Tom W+H(5L‘7w(taz))+G(t7z7w(t+97‘r))

t 0
’71(9)
- 1
+/0 b(t,7)[r1+w(T+0,x)d9dT, £>0, z € (0,1, (98)
w(t,0) = w(t,1)=0, t>0, (99)
1 lw (0, )]

— I << 1
2 Tr @) =P (100)

where ¢t € [0,1], z € [0,1], ¢ € (0,1), p € N, r > 0, b is real valued, v : [-7,0] —
R are continuous functions with fi)r |v1(0)|dO < 1, H is given by

w(f, )

H(e, w(t,z)) = / " K, yywlg(®)lwt, 9)],y)dy, (101)

and the function G : RT x [0,1] x C([-r,0],R) — R is measurable in z, locally
Lipschitz continuous in w, uniformly in x and locally Holder continuous in ¢.
Here, we assume that g : Rt — RT is locally Hélder continuous in ¢ such that
g(0) =0 and K € C1([0,1] x [0,1], R).

Let H = L?((0,1),R). Now, we define operator by Aw = —d?w/dx? with domain
D(A) = H?(0,1) N H3(0,1). We also have X, = D((A)'/2) = H}(0,1), and
X_1/2 = (H§(0,1))* = H*(0,1) = H'(0,1). For each w € D(A) and XA € R
with —Aw = \w, we get

< —Aw,w > = < w,w >,
w2 = Allw| g2, for some A > 0. (102)
The w(zx) = Csin(v/Az)+ D cos(v/Az) is the solution of the problem Aw = —\w.
By utilizing the boundary conditions, we get D = 0 and \,, = n?s? for n € N.
Thus, w,(z) = Csin(v/Az) is the eigenvector corresponding to eigenvalue A,,.

We also have < wy,w,, >= 0 for n # m and < wy,,w, >= 1. Thus, we
have that for w € D(A), there exists a sequence 3, of real numbers such that
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w(x) = 3, ey Brnwn(z) with ZneN(ﬁn)Q, and EneN(BH)Q(/\n)Q < o0o. The, we
have following representation of the semigroup

T(w = Z exp(—n2t) < w, W, > W, (103)
neN

Now, for x € (0, 1), we define f : [0,1] x C([—r,0], H} (0,1)) x H*(0,1) — L?(0,1)
by

[t ¢,9) = H(z,¢) + G(t, 2, 9), (104)

where
H(x, ¢ (z, 1)) = / K () (. t)dy. (105)

Thus, it can be verified that f satisfies the hypotheses (A3).
Similarly, for z € (0,1), we define g : [0,1] x H}(0,1) x C([-r,0], H}(0,1)) —
L?(0,1) by

0
o(t, 0, 8) (@) = / 1O o geiro) (106)

—r 1+ [¢(0)(z)|
Then, it can be seen that g fulfills hypotheses (A5). Thus, we can apply the
results of previous sections to study the existence and convergence of the mild
solution to system (98)-(100).
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