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A UNIFORMLY CONVERGENT NUMERICAL METHOD FOR
A WEAKLY COUPLED SYSTEM OF SINGULARLY
PERTURBED CONVECTION-DIFFUSION PROBLEMS WITH
BOUNDARY AND WEAK INTERIOR LAYERS'

SHEETAL CHAWLA* AND S. CHANDRA SEKHARA RAO

ABSTRACT. We consider a weakly coupled system of singularly perturbed
convection-diffusion equations with discontinuous source term. The diffu-
sion term of each equation is associated with a small positive parameter
of different magnitude. Presence of discontinuity and different parameters
creates boundary and weak interior layers that overlap and interact. A
numerical method is constructed for this problem which involves an appro-
priate piecewise uniform Shishkin mesh. The numerical approximations
are proved to converge to the continuous solutions uniformly with respect
to the singular perturbation parameters. Numerical results are presented
which illustrates the theoretical results.

AMS Mathematics Subject Classification : 65L10, 65L11, 65L12.

Key words and phrases : Singular perturbation, Weakly coupled system,
Discontinuous source term, Uniformly convergent, Shishkin mesh, Interior
layers.

1. Introduction

An extensive research had been done on numerical methods for a single singu-
larly perturbed convection-diffusion differential equation [1]-[4], but for system
of equations very few works had been done. The classical numerical methods
fail to produce good approximations for singularly perturbed problems. Various
non-classical approaches produce better approximations and converge uniformly
with respect to the small perturbation parameter. In the literature [7]-[14] meth-
ods were available to obtain numerical approximation for system of singularly
perturbed convection- diffusion differential equations the source term are smooth
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on the whole domain. Farrell et.al [5]-[6] considered scalar singularly perturbed
convection-diffusion equation with discontinuous source term. The interior layers
in [6] were strong, in the sense that the solution was bounded but the magnitude
of the first derivative grew unboundedly as ¢ — 0, but in [5] they were weak,
in the sense that the solution and the first derivative were bounded but the
magnitude of the second derivative grows unboundedly as € — 0. In this work,
we present a uniformly convergent numerical method for a weakly coupled sys-
tem of singularly perturbed convection-diffusion equations having discontinuous
source term with different diffusion parameters. The solution to such equations
has overlapping and interacting boundary and interior layers which makes the
construction of numerical methods and analysis quite difficult. Tamilselvan and
Ramanujam [15] considered the same problem but with equal diffusion parame-
ters.

Consider a weakly coupled system of singularly perturbed convection-diffusion
equations with discontinuous source term on the unit interval Q = (0, 1), having
a single discontinuity in the source term at a point d € . Let ; = (0,d)
and Qo = (d,1). Let the jump in a function w at a point d €  given as
[w](d) = w(d+) — w(d—). The corresponding boundary value problem is to find
Uy, U2 € 00(5) N Cl(Q) N CQ(Ql U QQ), such that

Lu:=—Fu —Au +Bu=Ff, 2 €Q,UQ,. (1)

u(0) = ug, u(l) =y, (2)
where F = diag(e1, €2), the coupling matrix A = diag(ai, a2) and B = (b;;)ax2
with0 < ey <eo <1, f = (f1, f2)7, and w = (uy,us)”. Assume for each i = 1,2
and x € , the matrices A and B satisfy

ai(z) = o; >0, 3)
bij(x) <0, i # j, bi(x) 4+ bra(z) > 0,ba1(2) + baa() > 0. (4)

Let « = min{ay, as}. Further assume that the source terms fi, fo are sufficiently
smooth on € \ {d}, and their derivatives have jump discontinuity at the same
point.

Notations. Throughout the paper, C denotes a generic positive constant and
C = (C,C)T denotes a generic positive constant vector, both are independent
of perturbation parameters 1,5 and the discretization parameter N, but may
not be same at each occurrence. Define v < w if v; < w;, i = 1,2, and |v| =
(Jv1], |v2])T. We consider the maximum norm and denote it by || . ||s, where S is
a closed and bounded subset in Q. For a real valued function v € C(S) and for
a vector valued function v = (vi,v2)? € C(S)?, we define || v ||s= Ineaé(\v(xﬂ
x

and || v ||s= max{|| v ||s, || v2 ||s}. Now let a mesh QV = {x;,}¥ ; be a set of
points satisfying o < #1 < -+ < oy = 1. A mesh function V' = {V(z;)}¥,
is a real-valued function defined on Q¥. Define the discrete maximum norm
for such functions by || V' [qv= ,_nax N{V(ml)} and for vector mesh functions

=0,1,...,
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V = (W, Va)T = {(Vi(x:), Va(w;)}Y, are used and define | V |ov= max{||
Vi flav, || Va [l }.

2. The continuous problem

Theorem 2.1 (Continuous maximum principle). Suppose ui,uz € C°(2) N

CL(2) NC?(2 U Q). Further suppose that w = (u1,u2)? satisfies w(0) > 0,

u(1) > 0, Lu(z) > 0 in Q1 UQs and [v](d) < 0. Then u(x) > 0, for all z € Q
—a(d—q)

4e (—) Q
Proof. Let u ::{ e,a(id) o TER,

e 22 @7 z € Q.
Now let p and ¢ be the points at which 6(p) := mln{91( )} and 63(q) =
z€Q

min{f;(z)}. Assume without loss of generality 0 (p) < 62(q). If 61(p) > 0, then
zeQ
there is nothing to prove. Suppose that 6;(p) < 0, then proof is completed by

showing that this leads to a contradiction. Note that p # {0,1}. So either
peEN Uy or p=d.
In the first case for x € Qo,

(Lu)i(p) = e %5 (210} (p) + (22 — a1< )65 (p) + 22 (a1(p) — 21)61 (p)
)

(
+ (b1 (p) + br2(p) 01 (p) + br2(p) (02(p) — 61(p)) < 0.
In the second case, that is, p = d, we have [u'|(d) = [0'](d) — ;2.©(d), and at a
negative minimum [©’](d) > 0, which gives a contradiction. O

Lemma 2.2 (Stability Result). Let u = (u1,u2)? be the solution of (1) — (2),
then,

[ullg < Cmax{|[u(0)[, [[w(L)]], | Lullo,ue, }-

Proof. Define the function U*(z) := max {||u(0)|, | w(1)|,||Lula,ua,} (2

2,2 — x)" + w(z). Then U*(0) > 0, U*(1) > 0, L¥*(x) > 0 for each
r € Q1 UQy, and [UF ' |(d) = £[u'](d) = 0, since u € C*(Q)%. It follows
from the maximum principle that W*(x) > 0 for all 2 € Q, which leads to the
required bound on w. Consequently, the problem (1) — (2) has a unique and
stable solution. O

To derive sharper bounds on the derivatives of solution, the solution is decom-
posed into a sum, composed of a regular component v and a singular component
w. That is, u = v + w. The regular component v, can be written in the form
v—v0+<€1€2 0 )v1+(€%€§ 0 >'v where vy = (vo1,v02)7

0 €169 0 6%63 2, 0 01, v02) »
v1 = (v11,v12)7 and vy = (v21, v22)T are defined respectively to be the solutions
of the problems

_A,UE) + BUO = f) 'U()(l) = u(1)7 x e Q]_ UQQ,
1

_Avll_i_B'Ul:(Elz >’U/Ol7 1)1(1):0, Z‘GQIUQ27

€1
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and

1
Lvy, = ( ¢ )1}’1’7 x # d v2(0) = va(d) = v2(1) =0, z € QL UQ,.

€1

Thus the regular component v is the solution of
Lv=f, 2 € Q1UQ,v(0) = v0(0)+e1£2v1(0), v(d) = vo(d) +e1e2v1(d), v(1) = u(1).
Further we decompose w as w = w; + wy where w; = (w1, wis)?, wy =
(wa1,wa2)T. Thus wy = w1 +wa; and wy = w1 +waz, where wy is the solution
of
Lw; =0, z €Q, wi(0) =u(0) —v(0), wi(1l) =0,
and w, is the solution of
Lws; =0, x € Q1 UQy, wa(0) =0, wa(l) =0, [wh](d) = —[v'](d).

Lemma 2.3. For each integer k, satisfying 0 < k < 3, the reqular component v
and its derivatives satisfy the bounds given by

HU( )||91UQ2 <C.

Proof. The proof follows from [7] and [2]. O

Lemma 2.4. For each integer k, satisfying 0 < k < 3, the singular component
wy and its derivatives satisfy the bounds given by

axr

|wi1(z)| < Cexp ( — T), lwia(z)| < Cexp (— ),
2

lwiy ()] < C(Efl exp (—%) +e5 ' exp (—%>> [wia(x 0(52 exp ( >>’
€1 £2

|wii(z)] < 0(5;2 exp (‘?) +e5° exp (—¥>)a lwis(z)] < C’<62 exp ( )>,
1 2

lwi1 (z)] < C(z—:f3exp ( - %) +e5° exp (* 7))7
€1 D)
i)l < 0 (e (- 2F) 4 ote (- 7).
€1 £2

Proof. The proof follows from [7] and [2]. O

Lemma 2.5. For each integer k, satisfying 0 < k < 3, the singular component
wy and its derivatives satisfy the bounds given by

Cegexp(—22), €
@) <{ 2R
99} exp(f = ), x € QQ,
Ceg exp(—22), T €
was ()] < .
|waz ()] < { ngexp(—%), z e,

Clexp(—<F) + exp(—27)), re
C(exp(— 2= d))—i—exp( O‘("L d))), x € o,
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Cexp(—2%), r €
! <
lwye(z)| < { C exp(— oig; d)), 2 e
Cle7 exp(—22) 4 &5 exp(——)), x €
w” €T < a(r— a(r—
[z ”—{ C(e7" exp(— ol D) ey texp(— D)), e O
C(ey  exp(—2 ) r €
|’LU,2/2 (SC)| < 2 a%a: d)
C(ey  exp(— ), x€ Qo
1" 0(61 eXp( ) + 62 eXp( ))7 MRS Ql
|w21(3c)| < a T— d) a(z—d)
(El exp( ) + E exp( ca ))7 YIS 927
Ceyt (et exp(——) + eyt exp(—22)) r e
" < 2 1 2 o /0
|w22(x)| { 0651<E;1 exp( 04(96 d)) +e; exp(_oc(ﬂgz—d)))7 z € Q.
Proof. Consider the barrier function ¢(1,1)7 4+ w,, where
exA
i N r e
¢(x) N { % exp( 7a(5127d))a HAS QQa

to bound wsy. To bound derivatives of ws, use the technique used in [7] and
bound on ws on the domain €27 and 5. [l
3. Discretization of the Problem

We use piecewise uniform Shishkin mesh which uses these transition param-

eters:
d 1-d
Ocy, = min{Q,ZlnN}, Oe,, = min{%),ijlnN},

. O¢, €1 . O¢,, €1
O, = min 2 —~InN,, 0. :=min 2 —~InN;.
1 1
2« «

The interior points of the mesh are denoted by

OV ={z;:1<i<f -1} U {z: §+1<i< N-1} =0 uQl.

hithit1
2

Let h; = 2; — ¢;_1 be the i*" mesh step and h; =
N o fw;:i=0,1,...,N}. Let N = 2!, 1 >5 be any positive integer.

=N
We divide §2; into three sub-intervals [0, 0, ], [0¢, ,0¢,,] and [0, , d] for some

, clearly x N = d and

0 <o <og < 4. The sub-intervals [0,0¢,, ] and [0, ,0c,] are divided

into N/8 equidistant elements and the sub-interval [0, ,d] is divided into N/4
equidistant elements. Similarly, in ﬁév the sub-intervals [d,d + o, | and [d +
e, ,d + o, ] are divided into N/8 equidistant elements and the sub-interval

[d+oe,,,1] is divided into N/4 equidistant elements, for some 0 < 0., <o, <
1—d

7o
Define the discrete finite difference operator LY as follows

LNU = f for all z; € QY (5)
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with boundary conditions
U(zo) = uo, U(zn) = u, (6)

where

LN = _-Es* - ADt + B

and at zy/p = d the scheme is given by

DYU(xznx)=D U(zn) (7)

vz
v|Z

where
§2Z(xi) = (DT Z(z:) — D~ Z(1:)) 7, D*Z(xi) = %:zm D~ Z(x;)
Z(xi)—Z(xi—1)

i

Lemma 3.1. Suppose that a mesh function Z(x;) satisfies Z(xg) > 0,Z(xN)
0, LY Z(x;) > 0 for all z; € OV and D*Z(x%)fD7Z(x%) < 0, then Z(x;) >

for all z; € a.

>
0

Lemma 3.2. If Z(x;) is any mesh function, then,
|2l < max {1 ZO). | ZO]. 12 Zlogny -

The discrete solution U can be decomposed into the sum U = V+ W. The
function V| is defined as the solution of the following problem:

LYV (z;) = f(x;), for all z; € QN \ {d}, (8)
V(0) = v(0), V(d)=v(d), V(1) =w(l). (9)
The function W, is defined as the solution of the following problem:
LN W (z;) = 0, for all z; € QN \ {d}, (10)
W(0) = w(0), W(1) =w(l), [DW](d) =—-[DV](d), (11)

where the jump in the discrete derivative of a mesh function Z at the point
x; = d is given by:

[DZ](d) = DT Z(d) — D~ Z(d).
Further decompose W as W = W 4+ W, where the function W is defined
as the solution of the following problem:

LYW (z;) = 0, for all z; € QY U {d}, (12)
Wl(O) = w(O), W1<1) = 0, (13)

and the function W is defined as the solution of the following problem:
LY Wy(x;) = 0, for all z; € QN \ {d}, (14)

W2(0) = 0, Wa(1) = 0, [DW,)(d) = —[DV](d) — [DW ).  (15)
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4. Convergence analysis
By Taylor’s expansion and bounds on regular components defined in lemma,

2.3 gives

(LY = Dyv(ai)| < L (wivr — zim) [0 || + 25 (@ — i) o] |
T\ 2 (@i — ) o)+ 28 (@ — 2|0

N—l

Define the mesh function ¥*(x;) as

™

&l

-1 .
CN~Hd —a) ) | (V —)(x;) for z; € QY
U () = on 1(d_xi)
i) . CN™(1 —u;
CNﬂEl _zy ) EV o)) for z; € QF

Using discrete maximum principle, the error of the regular component satisfies
the estimate

( ) N

for z; € Q

CN—Yd — z; ' 1
(V —u)(a)] < L (16)

ON— (1) for z; € QY

CN—(1—ux) ¢ 2

As in [7], the error of the singular component satisfies the estimate
N-'InN

(w1—we)l < ( Yy )- (17)

Lemma 4.1. The following €1,e2— uniform bound

[DW>)(d)] < ( ggi%lx_i; )

where Wy is the solution of (14) — (15).
Proof. At the point x = d we know that

[DW2)(d) = ~[DV](d) — [DW:](d).
First consider

D=V (d)=D~(V —v)(d) + D~ v(d).

C
ol < (€ )

From lemma 2.3 we have

D-o(d)| < (
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~1
Therefore, |D~V (d)| < ( CL+N") )

C(1+ N1
Similarly, consider

DTV (d)=D"(V —wv)(d) + DT v(d).

Again from lemma 2.3 we have
, C |€1D+(V1 —Ul)(d)| CN—1
i, < (& ) mma (et Tl ) < (6 )-
1 —&—Ele_l) >

c

Therefore, |[DT V (d)| < < gg
C . .
c implies that | D~ W(d)| < ( c ) On o,

On Qy, |[Wi(z;)| < <

DjL Wl(d) = D+(W1 — wl)(d)

Dt wi(d). From lemma 2.4 ||w}] < < g >

N
and |DH(W1 — wy)(z:)] < < < )

Therefore,

owalal< (oI )-

(1+e'N7T)
O
Lemma 4.2. The following €1,e2— uniform bound
Ceq1|[DWa](d
wiel < ( ool )
is valid, where Wy is the solution of (14) — (15).
Proof. Consider the following function ¢jt, j =1,2 where
Gy = Cotmm [ L 52 gy )
where W = (11, 12)7 is the solution of
—£;6%;(x;) — aD i (x;) =0, 2, € QN NQY,
Yi(d) =1, ¢;(1) =0 and DT ep;(z;) <0, x; > d.
Using the discrete maximum principle we get the required result. O

Lemma 4.3. The error of the singular component satisfies the estimate
CN~'InN
|(W2 - wQ)(ajZ” < ( CN-'InN ) :
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Proof.
[D(W 3 — ws)|(d) = [DW2](d) — [Dw>](d)
= [v'[(d) — [DV](d) + [wh](d) — [Dw2](d) — [D W1](d).

Now
[v'](d) — [DV](d) = v'(d") — DT v(d) — v'(d~) + D™ v(d) + [D(v — V)](d).
From lemma 4.1 we have

(v -l < (G )
and
@) - (Dl < (G- )
Hence
Wi -ovial< (G )
Likewise,

|[w5)(d) — [Dwo](d)| < [DTwa(d) — w)(d+)| + |D™wa(d) — wh(d—)|
o Chey, lws (d+)] + CHijwiy (d-)|
= 2 2 .
Che,, lw3 (d+)| + CHilwg3) (d-)
Using the bounds on derivatives of wq given in lemma 2.5, we have

sl - Dwslia)] < ((E iy )-

C(he,, + H)|w'P (d - Hy)| )

D] < ( C(he,, + H1)|w3 (d - Hy)|

€rq
Using the bounds on derivatives of w; given in lemma 2.4, we have

(wi@i< ( Gy )-

Also,

[D(W, — w)](@)] < ( o )

€2

Collecting all the previous inequalities we get that

(D(W2 ~ wa)l(d)] < ( o )

€2
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By the Taylor’s expansion and bounds on the derivatives of ws, given in lemma
2.5 we have

Case (i) For z; € [d + o, ,1].

|LN (W5 — ws) ()]

( 051||w;2:1”(zi_1,r7:+1) + C||w:21H[zi7mi+l] >
052||w22||(zi—17$7’,+1) + C||w22H[fEi,ri+1]

CN—!

CN—! )~
Similar arguments prove a similar result for the sub-interval [o, ,d).
Case (ii) For z; € (0,0, ).

(LN (W — w2))1 ()]
Tit1 t t
SC/ al_lexp<—a—) +a152_2exp(—a—)dt
T 1 €1 €2
SC(exp (— Lﬁi_l) — exp ( — Lzi-H) + 51551 (exp (— 704581—1) — exp ( _ Al )))
€1 £1 €2 g2
) ah, ) ah,
SC(exp (— ozzz) sinh ( h ) +€1€2_1 exp (— a:cz> sinh ( L ))
€1 €1 €2 €2

<CN7'InN, since sinht < Ct for 0 <t < 1.

IN

(LN (W2 — w2))a(x;)]
Tit+1 t t
SC/ Eflexp(—i)+eglexp(—a—)dt
Ti—1 €1 2
sofew (=22 —ow (=552 ) wow (557 e (- 52))
€1 €1 g9 €9
; ah ) ah
SC(GXP(*axl)Sinh( Ell)+exp<*axl)sinh( E“))
€1 €1 £2 €9

<CN~ 'InN.

Similar arguments prove a similar result for the sub-interval (d,d + o, ).
Case (iii) [0¢,, ,0¢,)-

Zits ¢ t
(LN (W — w2))1 (2:)] < C/ g7 exp ( — j) + e165 2 exp ( — a)dt.

1 €2
Using the inequality

at at 2e
eitexp( —— ) <eglexp| — — ) for t> —1,
! €1 2 g2 [e%

(LY (W5 — ws))1(2)] < Cerey’! <exp ( Om*) —exp ( O‘x“rl))

€2
L . ah
< Ceieytexp | — —2 ) sinh [ —2
2 ISP €9

§C’N*11nN, since sinht < Ct for 0 <t < 1.
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Likewise, |(LY (W3 — ws))a(z;)] < CN~'In N.
Similar arguments prove a similar result for the sub-interval [d + o¢, ,d + o0, ).
Combining all these gives,

27 W~ wa) e < (N )

CN~'InN
cN 'InN
HD( W, — wQ)](d” < CN*ﬂnN .
€2

Consider the following function qﬁji, j =1,2 where

€T, S d
T;Z)j (xz) Z; 2 d
where W = (11, 12)7 is the solution of

7€j52¢j(£t1') — OZD+1/)]'(£C1') = 0, x; € QN n Qév
Yi(d) =1, ¥;(1) =0 and DT o;(x;) <0, z; > d.

Using the discrete maximum principle we get the required result. O

¢F(x;) == CN~ 11nN{ +CN~'InN(1 — z;)

J

Theorem 4.4. Let u be the solution of given problem (1) — (2) and U is the
solution of discrete problem on the Shishkin mesh defined in section 3, then

|U—-ulgv <CN“'InN.

Proof. Using the equation (16), (17) and lemma 4.3 we get the required result.
O

5. Numerical Results

To illustrate the theoretical results the scheme in Section 3 is implemented
on these test examples.
Example 5.1 Consider the following singularly perturbed convection-diffusion
problem with discontinuous source term:
—eyuf (x) — 0.8u) (z) 4+ 3ui(x) — uz(x) = fl( ), T €0 UQ,
—eouh () — uh(z) — i () + 3ua(z) = fo(x), xz € Ql U Qs

u1(0) =0, u1(1) =2, uz(0) =0, uz(1) =
where 2 for0< 0.5 1.8  for0< 0.5

or x < 0. . or x < 0.
Sl )_{ 1 for05<z<1 04 fQ(x):{ —0.8 for05<z <L
For the construction of piecewise-uniform Shishkin mesh Qp, we take a = 0.8.
The Exact solution of the examples are not known. Therefore we estimate the
error for U by comparing it to the numerical solution U obtained on the mesh
Z; that contains the mesh points of the original mesh and their midpoints, that
is, Zo; =, j=0,...,N, Tojy1 = (& + x;41)/2, j=0,...,N-L.
For different values of N and €1, €9, we compute

DY ., = (U = U)(z))lg~

€1,€2
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TABLE 1. Maximum point-wise errors Dé\i, DN and

€1, €o—uniform rate of convergence pN for Example 5.1.

e =107 N=32 N=64 N=128 N=256 N=512 N=1024 N=2048
j=0 9.51E-04 4.84E-04 2.44E-04 1.22E-04 6.16E-05 3.08E-05 1.54E-05
j=1 3.03E-02 1.56E-02 7.95E-03 4.01E-03 2.01E-03 1.00E-03 5.04E-04
j=2 4.08E-02 2.82E-02 1.76E-02 1.06E-02 6.17E-03 3.49E-03 1.94E-03
j=3 4.99E-02 3.33E-02 2.11E-02 1.25E-02 7.16E-03 3.99E-03 2.20E-03
j=4 5.12E-02 3.35E-02 2.12E-02 1.25E-02 7.20E-03 4.08E-03 2.29E-03
j=5 5.14E-02 3.35E-02 2.12E-02 1.25E-02 7.34E-03 4.21E-03 2.36E-03
j=6 5.156E-02 3.35E-02 2.12E-02 1.26E-02 7.44E-03 4.27E-03 2.39E-03
i=7 5.15E-02 3.35E-02 2.12E-02 1.26E-02 7.45E-03 4.28E-03 2.40E-03
j=38 5.156E-02 3.35E-02 2.12E-02 1.26E-02 7.46E-03 4.28E-03 2.40E-03

DN 5.16E-02 3.35E-02 2.12E-02 1.26E-02 7.46E-03 4.28E-03 2.40E-03
pv 8.38E-01 8.52E-01 9.22E-01 9.17E-01 9.44E-01 9.68E-01

If £, = 1077 for some non-negative integer j , set
N ._ N N N N
D = max{D;, 1, D 10-1: D2 19-20- - 7Dalylo,j}.
Then the parameter-uniform error is computed as DV := max{D¥, DN 1 ....DY s}

. . In DN —1n D2V
and the order of convergence is calculated using the formula p~ .= — =2 z

N In(2ln N) — In(In(2N))
Finally, we want to show that similar results can be obtained for coupled system

of M (> 2) singularly perturbed convection diffusion problem with discontinuous
source term. Letting N = 2M x 7, where 7 is some positive power of 2, the mesh
is defined using the following transition points

d 1-d
Oy, = min{Q,ngnN}, Oc,,, = min{(Q),EMlnN},
@ @
o
ey, = min{al;“,iflnN},

O¢,
0. ;:min{%“,g’“m\r}, k=M-—1,...,1.
2 o

Tk

Then we divide the interval [0, d] into M+1 subintervals [0, o¢, |, [0, ,0¢,];-- -,
[0c,,, +0e,,,],[0c,,, > d]. On the subinterval [0, 0., ] a uniform mesh of N/2M+1
mesh intervals, on [O’elk , 05lk+1], 1 <k < M — 1, a uniform mesh of N/2M—k+2
mesh intervals, and on [O'ELM ,d] a uniform mesh of N /4 mesh intervals are placed.
Similarly, we divide the interval [d, 1] into subintervals [d,d + o, |,[d+o0., ,d+
Ocpylyeeosldtoe,  dtoe, ] [d+oc, ,1]. Onthe subinterval [d, d+o., | a uni-
form mesh of N/2M+1 mesh intervals, on [d + e, d+ UE"'kJrl]’ 1<k<M-1,
a uniform mesh of N/2M~k+2 mesh intervals, and on [d + 0e,,, 1] a uniform
mesh of N/4 mesh intervals are placed. Let he, and h., be the mesh lengths
on [0,0¢, ] and on [d,d + o, ] respectively. Let Hy and Hs be the mesh lengths
on [0, ,d| andon [d+ o, 1] respectively; he, and he, be the mesh lengths
on [051k7051k+1] and on [d 4+ e, ,d+ angH], k=2,..., M respectively.
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In this case also, we obtain the scheme similar to (3.1), with w = (u1,uz, ..., un)? €
CO@M Nt (M N (1 UQ2)M and also expect the error bound || U — uljgy <
C(N~'InN) to hold, although attempts of the authors have failed so far to
provide a proof. To illustrate the order of uniform convergence of this method
we consider the following test example.

Example 5.2 Consider the following singularly perturbed convection-diffusion
problem with discontinuous source term:

—euf (x) — (22 + 1)uf (z) + 3zu; — zus(x) — zus(z) = f1(z), x € QU
—equly (x) — 3ubh(x) — uy(z) + dus(z) — us(x) = fo(x), €U
—egul(2) — (2 - D) (x) — 2ur (@) + (L + DJus(a) = folw),  w e DU

u(0) =0, u(1l) =0,
where f1(z) = { exp(z) for0<z<0.5 folz) = { cos(z) for0<ax<05

1 for 0.5 < x <1, 4 for0.5 <z <1
and
_f sinh(z) for0<z<0.5
fS(x)_{ 2 for 0.5 < 2 < 1.
TABLE 2. Maximum point-wise errors Dé\i,sz,sy DV with g5 =
1074, g3 = 107! and e;,¢eq,e3—uniform rate of convergence

pVfor Example 5.2.

g1 =107 N=64 N=128 N=256 N=512 N=1024 N=2048
3.95E-02 2.67E-02 1.86E-02 1.17E-02 6.97E-03 3.99E-03
4.29E-02 2.93E-02 1.81E-02 1.08E-02 6.27E-03 3.53E-03
4.52E-02 3.89E-02 2.83E-02 1.92E-02 1.21E-02 7.21E-03
4.76E-02 4.11E-02 2.92E-02 2.02E-02 1.26E-02 7.52E-03
4.79E-02 4.14E-02 2.93E-02 2.03E-02 1.26E-02 7.55E-03
4.79E-02 4.14E-02 2.93E-02 2.03E-02 1.26E-02 7.55E-03
4.79E-02 4.14E-02 2.93E-02 2.03E-02 1.26E-02 7.58E-03
4.79E-02 4.14E-02 2.93E-02 2.03E-02 1.26E-02 7.58E-03
p 2.70E-01 6.18E-01 6.38E-01 8.11E-01 8.50E-01

] P
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