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Advanced Time—Cost Trade—Off Model using Mixed Integer Programming

Kwon, Obin', Lee, Seunghyun', Son, Jaeho
"Department of Architectural Engineering, Hongik University

Abstract : Time—Cost Trade—Off (TCTO) model is an important model in the construction project planning and control
area, Two types of Existing TCTO model, continuous and discrete TCTO model, have been developed by researchers,
However, Using only one type of model has a limitation to represent a realistic crash scenario of activities in the project,
Thus, this paper presents a comprehensive TCTO model that combines a continuous and discrete model, Additional
advanced features for non—linear relationship, incentive, and liquidated damage are included in the TCTO model, These
features make the proposed model more applicable to the construction project. One CPM network with 6 activities is
used to explain the proposed model, The model found an optimal schedule for the example to satisfy all the constraints,

The results show that new model can represent more flexible crash scenario in TCTO model,
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TAEA o] ofe] AFUSE] AR o] Hia on] 4=
oo mulSo] k]t Liu et al, 1995, Li et al. 1997,
Leu et al, 2000, Hegazy 2001), ©|A7}A] 7iEke difie
TCTO 42 CPM HERAE o|F= 2YE9] A4 Al
Ul e JEE epto g AR FARIE Hadlels Ae =
2 o7 it}

A7) 7 mEEL2 27| F 714 S5 TCTO &
dlo] 9lr}: 0] Bdl(continuous model)ty} AT =
dl(discrete model). L-.Zﬂ?j 2dl(o]3} ddLmene i
E activity7} AAA 02 S35 QS o) Ha3t HAE)
(normal duration)2} ZVPH]%(normal cost)& 7HA)aL 9lo
), HA] sl S 2e7igtel =33 4= Q= vl
7)(crash duration)2}t “10]| ajs}= v]AH]-8(crash cost)S
AE & 42 Qlohar 7Pdslal A7) 9 vk, AAHEE
I} BlgHE Alolof] AEA%] TAIE 7HAAL okar 7t
thH(Stevens 1990, Perera 1980, Li and Love 1997, 1i et al,
1999, Leu and Yang 1999, Leu et al, 2001, Que 2002). |
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e AREE 4= QA 2 o) Bk 5719t Bl
71 4= okl 7Pggtek(Liu et al, 1995, Feng et al, 1997,
2000, Hegazy 1999). ©] HHojA= FAN|E |4slo}7]
A3l ZF #edsel 2 FHS AT 4= =S E g =
o}, SRA|YE A& do; B wd of- g mElnho 2= 3
RAEO] 2 AMES AEsP |0 SATE QlFollE Bkt
31 oo ZitE TCTO REEL & 5 shuhe] ZElvks 7]
2o7 40 HEg /st 12 EE o] =RoA=
<yl B nds Ak TCTO BEe: 7iilsh= Flo] &
AT9] 2F FAolr, 714 o2 TCTOR Ho] ARl it
do] & 4= QuF thZo] 94E0] 118 k53t S F 71K
A5 Aot A HA AgA A mg B o} o]
P AL HAE AHP)gt 4= QIS 3 Alow, & ¥ <l
E]H(incentive) F XA BAFFH(liquidated damage) & ]
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2.1 Zt&d], QIMEIE, XM EAMZ ME BH:
ICILD

gj2o] TCTO Tdlof|A] ZHgHj= TCTO Hdle e
o] 583t @ao|ct x| el TCTO 2 AlE]
Hol 24| BAF 845 23slal 917 oot TCTO BEke:
A0 F AA| FAfe] o] gak=t] ofelgo] slqlct Al
7F 85 AA| AAFALA QJAIE| Bl AR HARE =]
Alekxlo| Eotel= 97t Wolslt), TR E 2 =Rl
£ e B} A RAFS 8P 02 FAlEkste] TCTO
mdof| o851z} gick, o] 4=8h4 FAlSh= B3 g4 22
12" (mixed integer programming) 7|} 214 A1 9
“(piecewise linear function)& ©1-83t%Ir}. Lnka o= 3t
Z8|(Indirect Cost), 2IAIEJE (Incentive), L2l A XA}
o (Liquidated Damage)= FAP17H} vl gt #A 7}
Qlct, o] =FolA "ICILD"= Indirect Cost, Incentive, 12|
1! Liquidated DamageE ZFAJsk=d| o]-8-5|%lct, Fig, 13}
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Fig. 1. Example1 Network Diagram
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o] dAo A ARE-E 7] (Indirect Cost)= $1,000/
o QAJAIE]H (Incentive)= $1,000/Y T]3 A|A|EA
(Liquidated Damage)2 $2,000/42 AA =}, QlAlE
H uko] AlFA7E FARE 309 o)Al B &=
Ao AAG 7Pt AA| B W AlSA
7} SARE 40 o] Fof| mAH A ESfjof sh= AR 7HY
B}, HkoF Al EATE FARS 2794 nRchE WA= A
Aol 7] $3,000=(30—27) x $1,000& | E3|jof dh, qrel
ABAE SARE 44 4 A v A3 AR EEAA
$8,000=(44—40) x $2,000& A =30kt st}

Table 1. Example 1 Network Information

- Normal Normal Crash Cras:h ol
Activity | Duration Cost($) Cost($) Duration | Cost Rate
(days) (days) ($/day)
A1 10 20,000 24,000 8 $2,000
Al A2 12 18,000 20,000 10 $1,000
A3 15 12,000 16,800 9 $800
B1" 7 10,000 N/A N/A N/A
g | B2 10 8,000 9,200 8 $600
B3 15 5,000 7,100 12 $700
B4 18 4,000 4,800 14 $200
C 10 8,000 12,000 5 $800
D1 6 5,000 6,000 5 $1,000
D | D2 8 3,000 5,700 5 $900
D3 10 1,000 4,600 4 Variable”
E 16 10,000 7,500 11 Variable”
F1 3 10,000 N/A N/A N/A
r_F2 6 8,000 N/A N/A N/A
F3 8 6,000 N/A N/A N/A
F4 10 5,000 N/A N/A N/A

o7]oll A 7], QIAIEE, B A EE2 Agtolet &
aof whe} I Avprh depx|une dukd o ® shue] Ay g
TE FAE 5 glt), 18R o] AN 22t Y o
Z(piecewise function)& ©o|-&35}o] ICILDE F&35Ft) o}
ol FAIE= 22 A3 F(piecewise function)= FAF |
7hol| whet Gl vl g3eE g

[CRxPD—-IRx(ID-FD) (0<PD<ID)
[CILD(PD) = ICRxPD (ID<PD<LDD) (1)
ICRxPD+LDRx(PD-LDD) (LD <PD<25xLDD)

5274 9,5% 27} 113 T2 AHupper bound}& X195}
L 08 o)A Zote] AR TPgEle] FAt A B
Ago] MBS 717e] 2,56 717k ol el 5] B A
ofek= 713 3l o} Solet. BIek F7)7t 7]
3540] 2l o] SAkE 27| Bt T AR £ 5+ 9

1) 2] Blak FI~FA= 57|05 27 2l o 71,

2) #¢1 D3 w018 ¢ A B4 F $1,000/9, A A d2
$800/, ThAlA oA e $500/ U 71,

3) A9 E T8 1 3 22 $500/Q, B AR Ee $1,500/,
A el e $2,000/ L 7M.
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1000 x PD —1000 x (30 — PD) (0< PD<30)
ICILD(PD) = 1000x PD (30 < PD < 40) 2)
1000 x 2D+ 2000 x (PD — 40) (40 < PD <100)
27} A9 B4 712717k Th2 olel o) A4 xzte.

2 o]FojRl A, 9 AAL oflA ARE = 7187
7HHE Al Aoz o]FofRl FpothFig, 2). W 3717}

30% olstolH F4] 24 A HA FAS ARESIaL o] &
A2 Fig. 2014 ¢l Zollx] A WA 2 2212 FFIIT, 9
E 49, 3APF 2894 £ ICILD = $1000 x 28 - $1000
X (30—28)=$26,000 o] Er}, Tk -FA} 308}t 40 Aol
of BuH = §A FA& AREstaL, 40Y o] 5ol Eubd Al
A FALS AR 249 712717 Blske S 2R
(Break Point) 2}l sk=t, 9] clAlollAl= 47]¢] E4x o]
it} 0, 30, 40, 100 ©] 9] 27F Ay Fh=2] 4ol it

ICILD($)
250,000 A
$220,000
200,000
160,000

100,000~

50,000~

Sl 22 AR ATl /1 ShAlT 43t Al

- L. T A
= oflt}, I8ER o] 27 AYdee Ay 22
J(linear programming)2] E2&k>(objective function)
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Time—Cost Trade—Off Model

= A, thad AR 25 AR,

PD = 071 + 3072 + 4073 + 10074 (5)

71 <Y1 (6)

72 < Y1+ Y2 (7)

73 < Y2 + Y3 8)

74 < Y3 )

1+ 72+ 73+ 74 =1 (10)

Y1+ Y2+ Y3 =1 (11)

Yi=0orl1(=1 2 3) (12)
7)oM) ANEE 71, 72, 73, 74, Y1, Y2, Y3& =7+ Al
FerE AR T2y o uy] Qfs) ARE &
H Hepoltt, Zi W] sexbs ANE 27 ARl &
AR AR dARI, o] AAleflA 0, 30, 40, 100> =H
o] 27t AFekre] £dxes, 49 2ol glens

47W9) 7i grol AMgE|lom whl 27 Aggkart o W
FAxo] Qlohd 11 B slaenkEe] Zi ghol HE-Hch
Yi 4=0] 2= AR 27 AEgro] Agxzte] S2ab

SYsl}, o] dAlofA= 37 AFxzto] gloma 3
N9 Yi gho] ARSEIS o A o] Agzzt 227t Eold
TE Vi ek Boldtt, 54 (4)-(12)7F o8 A 285t
EA] 2] AwEs|R shR), Fig, 2014 Tk ¥7] (PD)
oA o R A TS f i HA| AARZt| Zow Yi
o] gke- 10] Fr}, o2 Sof, PD=350]H PD: & HH 2]
Kxzbol| gomg Yo=10] =il 34 (1ol what A4
© 2 Y1=Y3=00] "t 34 (6)~(10)°] whef 7heF Y2=10]
i 729} 732 07 AU 18 2k 47} HEE uhE
™, 11 9|9] 7 3t & 713} Z4+= HE=EA] 0o Hok, 34 5
2] (5)%= 35=30 72+40 737} Hc} E3t 79+73=10|22
T 5Ae &9 72=0.5 12|31 73=0.57} "ok, a1#ER
PD=35% | 72=0.5, 73=0.57} St} 182 g 54 (4)]
o] ZHES thdshH ICILD(35)=$30,000 % 0,5+$40,000 x
0.5=$35,0000] ICILD %2 5-4] (2)°14] PD gko] 35%
o x| [CILD Zat 2o, PDgko] 02} 100 Afolof ofw
o] AeEltlehs 27y Agers 54 9)-(12)F %
alo] Ay =2y Z9S o]§sto] ICILD gh 3 =
At
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Fig. 4. Convex Relationship

Table 1o] J5hl 15 A5olA] 219 B2 457] 915l
A 16209] 3719} $10, ooo4 H1§S a3l XS RS
SZ3H P $500/200], B 3k A 2 U sk
$1500/2do], At chA S Bk di $2000/
Qo] 20 ¥j9ic} e ] H41x7to] o] convex T
EAj

hé s=zimmeiss =27 M6 AeS 20164 112

PO ThRGIE 22 ARHSE A9A Z2adyn
B 02 KR WS o] 3l AMGE 4 glont o] Q1
At % o ZRRE 02 o] BAIS shastirh

..]

2k E FENS Agd z2 ey 525 (objective
function) FefS} Ag+=27 (constraints)S 7FA 1L EHSHH

cRe g,

EAE

Min 10,000 + 500CREV1 + 1,500CREV2 + 2,000CREV3 (13)
AgtzA:

CREV! < 1 (14)
CREV2 < 2 (15)
CREVS < 2 (16)
SC > SE + 16 — CREV1 — CREV2 — CREV3 17)

Al _L/\]oﬂ/q $10 000> 7_\'1-6‘)3 E4 x%ﬂu]ﬁ_o]cq CREV1,
CREV2, CREV3:= 2] EQ] A, &4, A convex =&
2ol crash & 32 51 UE, SBE 2] B ARARL

SO A1) Co] AR Slulgic, ol714] 9] O
% Be] 7 Helet. 4 Ao 54 162 49 T
AdE710IM SES P AE A B 3= E
Er}. 29 34 19-17)°] o8 HEEA] AnfrEs

o X o

rin

3R}, 34 (13)2 CREV1O] CREV2Y CREV3 Ht} HHA,
CREV27} CREV3 Ht} WA A= s {egit), vhef 2t
2 B2} 220 Talo} SckaL 7l o] ¢ CREVI=1
CREV2=10] Ag2 o & HeEr} ojufstH CREVIS] A
Z>(coefficient)”} CREV2Q] Als=HEt}, CREV22] A47}
CREV39] Ak} 27] wjzolct, vk U= s 7|
Gt ek e B ghol MobAlrhe 22 Sjojaha
27t tFRaA} ol AR 2|Aas) EA0|BHE 919
AE 2 gt o] Hok, Tejug F HA 27bo] & |
A Al WA 22bET WA, T A 22bo] Al WA 220E
t} WA crash HEE ol Al 242 w2 & Q71 9l
SE=g

22225 7 2

oA 194 2] D3E 2% A|(Concave Relationship)
£ 2t B ARl &Y D3 ukR|7] flsiAl= 10°I
o] F719} $1,0009] HI-8-& Q3tth AR G} A4 &
Z5l= "z $1,000/4o], A Jak diA g E}fa‘o}“—‘:ﬂ
$300/ Lo, A E3t A EE TEshe the $500/2
o] 29 E|}lt}, IE=E A| A xzto
Ay,

| concaveGgo =z =
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Crash |
Cost

Normal |
Cost

T
Crash Duration

SR o2 A = A, Ml A 22 ©EShe A2 7155t
o} I8P &E % |(concave relationship)of A= HA]
gZEglof k= 27k £AE Akl AAFE A5 2A0)
HIEA] Fasiet, o] ZAIE sidsh] flsl SFgollAl 085t
AT 27F HEels Mg g Tajn) Tojo s nl

< o3l AMgE7|2 Bk, 249] D39] £h58) §(Crashing
Cost) o] 22t A AE FAsh tha A
1000 x CR,; (0<CRy; <2)
CC(CRp;) =1 800 % CR,; + 400 (2<CRy; <4) (18)
500x CRy, +1600 (4<CR,; <6)

o]7]0) 4] CC% Crashing Coste]i CRD3S 2+3] D3
= G532 dopoln, o] 27 APl 2EHEE 0, 2,
4, 602 th= v]go] Q80| vl A4E ouldich ¢
CCx TCTO mdo] BATk0] oJHa x3slo] Fc}t ub
o] 2k D3 3 ok AL 9] FA1S o]83shd $800 %
3+$400=2800L2 Table 19| et AHE 7}A] 11 Axlsk
crashing cost(2 x $1000+1x $800=$2800)2} L=x[gtct, 51A]
vk o] 27k MYRRE AY TR 1)y Eoho % 482
o omz oo ARGRIE QUAIE|H} 2| A 1A
2317] Y8 A W a} =3 HS o]%g}_JF

2] (18) e 2lo 2 x|},

o ﬂl

b
.—QJN

]

(C (CRD3) = CO(0)ZDACI + CC(2)ZD3C2 + CO4)ZD3C3
+ CC(6)ZD3C4 (19)
CC(CRD3) =0 ZDAC1 + 2000 ZD3C2 + 3600 ZD3C3 + 4600 ZD3C4 (20)

-2 Algh 270 Zgsich:
CRD3 = 0 ZD3C1 + 2 ZD3C2 + 4 ZD3C3 + 6 ZD3C4 21)

S T2aY 7|HE 0|88 TIEE Time—Cost Trade—Off Model

7D3C1 < YD3C1 (22)
7D3C2 < YD3CL + YD3C2 23)
7D3C3 < YD3C2 + YD3C3 (24)
7D3C4 < YD3C3 (25)
7D3C1 + 7D3C2 + ZD3C3 + ZD3C4 =1 (26)
YD3CL + YD3C2 + YD3C3 =1 @27

o47|of| X %= ICILDE AT w AREEH S8 3421 7
¥ 7} o8008, o] Sl o} % HAje] eluk= the
3} e}, 7 "ol A D3CLI activity D3] Concave 22t 41
FEY A WA Z g Sfulst Y Hgeof A DICI 2
D39 concavez2Z} A2 A WA Y gk Sfvlgich,

o] 450] ofwi7| 2Hgel=rlz ol Ho) A At
22 HEz o] Aok thAl AdrgskA] ¢b71= T ot
of7 41 1] D3e] T3 Akl TS el Algkz
Zﬂol AR QL= of ARty HRlE $4e 2EEd
AL mdlo] Aghe RElS thE the AollA Arstarat

rﬂ:i

u}.

=

3. ZIEE TCTO 22 |t

3.1 2 pdlnl oi=pdio] A5 Ml

AEoA AFFRe] 7H FAA TCTO Bl Fan
A} ALHES AR Feje] E3HHybrid) TCTO Hgo]
o}, o|FoflN = F B Agsr] Hof Zkzke] mee tia)
A 7P| A & g | HdkS Avfsl| 2 gt

3.1.1 2E R4 (Discrete Case)

2H Fi= th3#2Q1 w4 f3dolnh, AiAleflA &Y Fe= 4
7HA19] tiQt S 7HR|AL glow, ZF FiHof whet AR
+ H-&} ATto] T2, YubAo® TR E o] FAS A
Sll= iﬁﬁrﬁwﬁ AAA] Z2AE 24 oA 2t 7
HE AEgls off JA] 3400 of" J3kS vA= 7F 1
TA] asfjof sh, ofd FHS Aeisk= Zlo] 7MY 24
o] ZRAE FAS Whso] Y= 7k 5 243 ndl s

A}EBHA) SR 18] Aol Zhket FA7} oheh

Tejsled g B melo] o] gk, B4 wmEle] 1
F29l B0} AR AS A9 P /A1 Elshd o
St

a3k

minimize 10000XF1 + 8000XF2 + 6000XF3 + 5000XF4 (28)
A

SC > SF + 3XF1 + 6XF2 + 8XF3 +10XF4 (29)

sizziMpa|sts| =25 HiieA K63 20154 1Y 5/



r
fo
=
=}
o>
rot
e
=
foi

XF1 + XF2+ XF3 + XF4 =1 (30)
XFi(i=1234=0orl (31

o710 A SF= 2 FOl A1&f AlTtoln SC= 2HY Fol &
s Zkejo] Co] AJZF AJ7tolt} XF1, XF2, XF3, XF4= 2%]

W (binary variable) 2 0 = 10]th XFi=1 -2 i¥#] ojjot
o] AeE|Qlrh= olnjolrt, wiel 28 Frio] AEE]3
O XF2 Fholli= 10] =|ar U 2] XF1, XF3, XF4 gl
+ 00] =) 5, wef 3R 9] FHHo] e = Sickd U
mz] THES Hejg 2 gle S olulsh} XFor} 10]B®
541 (28)°] J3f] $3,0000]2k= 2HA] TS AeFe o =
+ Hl-go] ATt E3F 34 (29)0] oJal} 6Uolek= 281A
e AUES ) A% 7|71 activity FOJ 3712 A
gt & ofi Fo] Aol whet s 4ol
7} AREE onfgitt, 4] (29 3+ A4l C=
2 FE URR| AL LA olaE AJRFSE 4= Q135 vEbdlit, 34
(30) 24 3t 712 FHjuto] Aeld 4= 9158 viehdict,

3.1.2 9% 23 (Continuous Case)

ZFe] C= g2 2l A A2l 53 (continuous case) ©]t},
ZofA $8,0009] H]-Eo 7 10Y Hlof|
B 4= 9l Adoltt, SHANF HAA|ol =9, 8, 7, 6, -2 5
Aol = £ o= Sl Aol | i}, o sFEE %01—‘:

AT T

8- $8000]tt, o] ek Mg =<l

N

A
Minimize 8,000 (normal cost of Activity C) + 800CRC (32)
Algkz
PD > SC+10-CRC (33)
CRC <5 (34)
oJ7]o]l A CRC = activity C2] 5 4 4= Se= 2] C
O] Al AIZE 524t 102 2919 A4 57] PDE AA| 37
(project duration); <A} 5= ZH] C oA Hthgh v= & 4=
S W elelaic), F4 (R A Bl Gt
o] mfd TS g o vt $3000] SRRtk Ae HERd
o}, 34 (33} 2] 7} Project Networkol A mpxa} 2k¢]

ol A2 $715 ANz, v watel 2 Ceol
A 37 109 9% AT WEA T A 9]
RIS BVt AR, S 0o A Al A2 4
25 3718 o3l 1A 3712 A, o2 S 3ae

SHEFL 7Pgek, AR 214 0o ARe F71k 70](10
21-39)) o] FIrh o] A2 F7] TUL AR ARl Tt

|

)11

Ax-

h8 s=ziumaelss =27 M6 A6S 20151 112

4 B7171 A, 54 G 54
$540] ARGH olf Al o] Sifolel B9
el A0 o] ootz 541 Aol Pelc), 24

(349 219l CF et T B 4 ol A4S Uehich =
2025 opke

o] AMgEIA] g

3.1.3 Combination Case

UubE o2 TCTOR o)A £ T A4md vk AMg
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SF > SD+ 6XD1 + 8 XD2 + 10XD3 — CRDI - CRD2 — CRD3 ~ (36)

CRD1 {1 (37
CRD2 ¢ 3 (38)
CRD3 ¢ 6 (39)
CRD2 + CRD3 10000YD1 < 0 (40)
CRD1 + CRD3 10000YD2 ¢ 0 (41)
CRD1 + CRD2 10000YD3 < 0 (42)
XD1 + 10000YD1 < 10000 (43)
XD2 + 10000YD2 < 10000 (44)
XD3 + 10000YD3 ¢ 10000 (45)
XD1 + XD2 + XD3 = 1 (46)
CRD3 = 0 ZD3C1 + 2 ZD3C2 + 4 ZD3C3 + 6 ZD3C4 47)
7D3C1 = YD3C1 (48)
7D3C2 = YD3CL + YD3C2 (49)
7D3C3 = YD3C2 + YD3C3 (50)
7D3C4 = YD3C3 (51)
7D3C1 + 7ZD3C2 + 7D3C3 + 7D3C4 =1 (52)
YD3C1 + YD3C2 + YD3C3 =1 (53)
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Normal Cost + 20000X,, + 2000CR,, + 18000X,, + 1000CR,, + 12000X,, +
800CR,,, + 10000Xg, + 8000Xy, + 600CR,, + 5000Xs, + 700CRy, + 4000X,,
+ 200CRg, + 8000X, + 800CR, + 5000X,, + 1000CRy, + 3000, +
900CRy+ 1000Xp, + 2000700y + 3600715 + 460071, + 10,000X, +
500CRgy, + 1500CRy, + 2000CRy,
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+ 10000X;, + 8000X;, + 6000Xs; + 5000X, —
400007, + 2200007,

Az
Normal Cost = 18000

PD = 07, + 30Z, + 407, + 1007,

7 <Y,

7o <Y, +Y,

Ty <Y, + Y,

7y <Y,

Y, +Y,+Y, =1

It Zg+7s+7,=1

Yi=0orl(i=1,2 3

CRps = OZpscr + 27nsco T 47pacs + 67304

Ziser < Ypsar

Ziser < Yoger T Yogew

Ziscs < Ypses T Ypses

Znsos < Ypses

Znsar T Zipsce t Zpscs + Zipsey = 1

Yoser t Yosee + Yiges = 1

Yo = 0or 1i=1, 2, 3)

Xyt X t+tXyy=1

Ky + Xy + Xy + X, =1

Xpy + Xpg + Xpy = 1

Ky + Xy + Ky + Xy = 1

all X values =0 or 1

Sp = S, + 10X, + 12X, + 15X,; — CR,; — CRy, — CRy,
Sp = S, + 10X, + 12X,y + 15X,53 — CR,; — CRy, — CRyg
Sg = S, + 10X, + 12X, + 15X,; — CR,; — CR,, — CRy,
Sy = Sp + 6Xp; + 8Xpy + 10X, — CRy; — CRp, — CRyg
Se = Sy + TXy, + 10X, + 16X;; + 18X, — CRy, — CRyy — CRy,
Se 2 Sy + 3Ky + 6Xpy + 6Xpg + 10Xy

Se = Sy + 16 — CREV1 — CREV2 — CREV3

PD > S, + 10 — CR,

CRy, + CRys — 10000Y,,; <O

CRy; + CR,; — 10000Y,, <0

CRy; + CRy, — 10000, <0

X, +10000Y,,; < 10000

X, +10000Y,, < 10000

Y,3 + 10000Y,; < 10000

YAi=0orli=1,2 3

CRy =0

CRgy + CRgs + CRg, — 10000Yy, € 0

10000Yg, < 0

10000Yg; € 0

CReyy + CRy + CRy, —
CRy, + CRyy + CRy, —
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CRy, + CRyy + CRyy — 10000Y,, € 0
X, + 10000Y,, ¢ 10000

Xy, + 10000Y,, < 10000
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