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ABSTRACT. The notion of int-soft implicative filters of a BFE-algebra is
introduced, and related properties are investigated. The problem of clas-
sifying int-soft positive implicative by their y-inclusive filter is solved. We
provide conditions for a soft set to be an int-soft filter. We make a new
int-soft implicative filter from old one.
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1. Introduction

In 1966, Imai and Iséki [3] and Iséki [4] introduced two classes of abstract
algebras: BCK-algebras and BCl-algebras. It is known that the class of BCK-
algebras is a proper subclass of the class of BCl-algebras. As a generalization
of a BCK-algebra, Kim and Kim [7] introduced the notion of a BE-algebra,
and investigated several properties. In [2], Ahn and So introduced the notion of
ideals in BFE-algebras. They gave several descriptions of ideals in B FE-algebras.

Various problems in system identification involve characteristics which are es-
sentially non-probabilistic in nature [14]. In response to this situation Zadeh [15]
introduced fuzzy set theory as an alternative to probability theory. Uncertainty
is an attribute of information. In order to suggest a more general framework,
the approach to uncertainty is outlined by Zadeh [16]. To solve complicated
problem in economics, engineering, and environment, we can’t successfully use
classical methods because of various uncertainties typical for those problems.
There are three theories: theory of probability, theory of fuzzy sets, and the
interval mathematics which we can consider as mathematical tools for dealing
with uncertainties. But all these theories have their own difficulties. Uncer-
tainties can’t be handled using traditional mathematical tools but may be dealt
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with using a wide range of existing theories such as probability theory, theory
of (intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathemat-
ics, and theory of rough sets. However, all of these theories have their own
difficulties which are pointed out in [11]. Maji et al. [10] and Molodtsov [11]
suggested that one reason for these difficulties may be due to the inadequacy of
the parametrization tool of the theory. To overcome these difficulties, Molodtsov
[11] introduced the concept of soft set as a new mathematical tool for dealing
with uncertainties that is free from the difficulties that have troubled the usual
theoretical approaches. Molodtsov pointed out several directions for the appli-
cations of soft sets. At present, works on the soft set theory are progressing
rapidly. Maji et al. [10] described the application of soft set theory to a decision
making problem. Maji et al. [9] also studied several operations on the theory of
soft sets.

Ahn et al. [1] introduced the notion of an implicative vague filter in BE-
algebras, and investigate some properties of it. Jun et al. [6] defined the notion
of an int-soft implicative filter and related properties are studied.

In this paper, we introduce the notion of int-soft positive implicative filter
of a BF-algebra, and investigate their properties. We solve the problem of
classifying int-soft subalgebras by their ~-inclusive positive implicative filters.
We provide conditions for a soft set to be an int-soft filter. We make a new
int-soft implicative filter from old one. We discuss characterizations of int-soft
positive implicative filters.

2. Preliminaries

An algebra (X;*,1) of type (2, 0) is called a BE-algebra [7] if
(BELl) zxx=1forall z € X;
(BE2) xx1=1for all z € X

(BE3) 1xx =« for all x € X;

(BE4) zx (y*x2) =y=*(xx*z2) for all x,y,z € X (exchange)
We introduce a relation “<” on a BE-algebra X by x < y if and only if x*xy = 1.
A non-empty subset S of a BFE-algebra X is said to be a subalgebra of X if it
is closed under the operation “*”. Noticing that z xz = 1 for all z € X, it
is clear that 1 € S. A BE-algebra (X;x,1) is said to be self distributive [7] if
xx(yxz)=(xxy)x(xx*2z2) foral z,y,z € X.

Definition 2.1. Let (X;*,1) be a BE-algebra and let F' be a non-empty subset
of X. F is called a filter [5] of X if

(F1) 1€ F;

(F2) x+y € Fand x € F imply y € F for all z,y € X.
F is called an implicative filter [12] of X if it satisfies (F1) and

(F3) zx(yxz) € Fand zxy € F imply % z € F for all z,y,z € X.

Definition 2.2. Let (X;*,1) be a BE-algebra and let F' be a non-empty subset
of X. Then F is called a positive implicative filter of X if it satisfies (F1) and
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(F4) z+ ((y*2)*y) € Fand z € F imply y € F for all z,y € X.

Proposition 2.3. Let (X;x,1) be a BE-algebra and let F be a filter of X. If
r<yandzx €F foranyy € X, theny € F.

Proposition 2.4. Let (X;*,1) be a self distributive BE-algebra. Then following
hold: for any x,y,z € X,
(1) ife <y, then zxx < zxy andy*xz < T * 2.
(ii) yxz < (zxx) * (y * 2).
(iil) yxz < (z*xy) * (z*2).
A BE-algebra (X;*,1) is said to be transitive if it satisfies Proposition 2.4(iii).
A soft set theory is introduced by Molodtsov [11]. In what follows, let U be

an initial universe set and X be a set of parameters. Let & (U) denotes the
power set of U and A, B,C,--- C X.

Definition 2.5. A soft set (f, A) of X over U is defined to be the set of ordered
pairs
(f, 4) ={(=z, f(z)) :z € X, f(z) e Z(U)},

where f: X — Z(U) such that f(z) =0 if x ¢ A.

For a soft set (f, A) of X and a subset v of U, the vy-inclusive set of (f, A),
denoted by i (f;7), is defined to be the set

ia(fin) ={zeAlyC flx)}.

For any soft sets (f, X) and (g, X) of X, we call (f, X) a soft subset of (g, X),

denoted by (f, X) C (g, X), if f(x) C g(z) for all z € X. The soft union of (f,

X)
and (g, X), denoted by (f, X) U (g,X), is defined to be the soft set (fUg, X)
of X over U in which fUg is defined by

(fUg) (z) = f(z) Ug(x) for all z € M.

The soft intersection of (f, X) and (g, X), denoted by (f, X) N (g, X), is defined
to be the soft set (f Mg, M) of X over U in which f g is defined by

(fNg)(xz)= f(z)Ng(x) for all z € S.

3. Int-soft positive implicative filters

In what follows, we take a BFE-algebra X, as a set of parameters unless
specified.

Definition 3.1 ([1]). A soft set (f, X) of X over U is called an intersection-soft
filter (briefly, int-soft filter) over U if it satisfies:

(IS1) (v € X) (f(1) 2 f(x)),

(I52) (Vz,y € X) (f(z+y) N f(z) € f(y))-

Proposition 3.2 ([1]). Ewvery int-soft filter (f,X) of X over U satisfies the
following properties:
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(i) (Vo,ye X)(z<y= f(z) S f(y))
(ii) (Vo,y,2 € X) (f(z*2) 2 f(z* (y*2)) N fy))

Proposition 3.3 ([6]). Let (f, X) be a soft set of X over U. Then (f, X) is an
int-soft filter of X over U if and only if it satisfies

(Va,y,z € X)(z <z xy = f(y) 2 f(z) N f(2))

Definition 3.4. A soft set (f,X) of X over U is called an intersection-soft
implicative filter (briefly, int-soft implicative filter) [6] over U if it satisfies (IS1)
and

(IS3) (Va,y, 2 € X) (fz* (y*2)) N flzxy) C fz*2)).

A soft set (f, X) of X over U is called an intersection-soft positive implicative
filter (briefly, int-soft positive implicative filter) over U if it satisfies (IS1) and

(IS4) (Vz,y,z € X) (f(z* ((y *2) xy)) N fz) € f(y)).
Example 3.5. Let E = X be the set of parameters and U = X be the initial

universe set where X := {1,a,b,¢,d,0} is a BE-algebra [5] with the following
Cayley table:

QU O Q¥
e e e
— Q = Qe
= o o o
— 0o 0 oo
SO QX

1 1 11
Let (f,X) be a soft set of X over U defined as follows:

. Y2 if x € {Lavb}
fX%@(U)axH{f}/l ifﬂfE{cvd}?

where v; and 7, are subsets of U with v; C 7. It is easy to check that (f, X) is
both an int-soft implicative filter of X over U and an int-soft positive implicative
filter of X. Let (g, X) be a soft set of X over U defined as follows:

. vo ifx e {1,b}
g: X = 2U), x+— { v itz e {a,ed),
where y; and 75 are subsets of U with v; C 9. It is easy to check that (g, X) is an
int-soft implicative filter of X over U. But it is not an int-soft positive implicative
filter of X over U since g(b* ((a*d) xa)) = g(1) N g(b) =72 € v1 = g(a).

Proposition 3.6. Every int-soft positive implicative filter over U is an int-soft
filter over U.

Proof. Let (f, X) be an int-soft positive implicative filter over U. Putting z := y
in (IS4), we have f(z*y)N f(z) C f(y). Hence (IS2) holds. Therefore (f, X) is
an int-soft filter over U. ]
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The converse of Proposition 3.6 is not true in general as seen in the following
example.

Example 3.7. Let £ = X be the set of parameters and U = X be the initial
universe set where X := {1,a,b,¢,d,0} is a BE-algebra [5] with the following
Cayley table:

*|1 a b ¢ d 0
11 a b ¢ d 0
all 1 a ¢ ¢ d
b1 1 1 ¢ ¢ c
c|l a b 1 a b
dil 1 a 1 1 a
01 1.1 1 1 1

Let (f, X) be a soft set of X over U defined as follows:

vy ifx=1
v if z € {a,b,c,d, 0},

where v; and 7y, are subsets of U with v; C 7. It is easy to check that (f, X) is
an int-soft filter of X. But it is not an int-soft positive implicative filter over U,

since f(1x ((ax0)*a))Nf(1) =72 €mn = f(a)

We provide conditions for an int-soft filter to be an int-soft positive implicative
filter.

Theorem 3.8. Let X be a BE-algebra. Then an int-soft filter (f,X) is an
int-soft positive implicative filter of X if and only if

(Va,y € X)(f(z) 2 f((x*y) *x)). (3.1)

Proof. Assume that (f, X) is an int-soft positive implicative filter of X and let
x,y € X. Using (IS4) and (IS1), we have f(z) O f(1* ((z*xy)*xx)) N f(1) =
f((z *y) *x). Hence (3.1) holds.

Conversely, suppose that (f, X) is an int-soft filter of X satisfying (3.1). It
follows from (3.1) and (IS2) that f(y) 2 f((yx2z)*y) 2 f(z*((y*2)*y))N f(z)
for any z,y,2 € X. Hence (IS4) holds. Thus (f,X) is an int-soft positive
implicative filter of X. O

f:X—%@(U),CL‘»—}{

Definition 3.9. Let X be a BFE-algebra. X is said to be commutative if the
following identity holds:
(C) (zxy)xy= (y*xx)*z, ie, cVy=yVe, where zVy = (y*xx) *x
Vz,y € X.

Theorem 3.10. Let X be a commutative self distributive BE-algebra. FEvery
int-soft positive implicative filter over U is an int-soft implicative filter over X.

Proof. Let (f, X) be an int-soft positive implicative filter over U. By Proposition
3.6, it is an int-soft filter over U. Using (BE4) and Proposition 2.4(iii), we obtain
(xx(y*2)x[(x*xy)*(z=*(r=x2))] =1forany z,y,z € X. It follows from
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Proposition 3.3 that f(zx (x*2)) D f(z*(y*2))N f(x*y). On the other hand,
using (BE4) and (C) we have

=z (1 (z*2))

=z * (x * 2)
By Theorem 3.8, we get f(xxz) D f(((xx2)x2)* (xx2)) = fzx(z*x2)) D
flz*(y*2))N f(xxy). This completes the proof. O

Theorem 3.11. A soft set (f,X) of X over U is an int-soft positive implica-
tive filter of X over U if and only if the v-inclusive set ix(f;7) is a positive
implicative filter of X over U for all v € 2 (U) with ix(f;v) # 0.

The filter ix (f;v) in Theorem 3.11 is called the inclusive filter of X over U.

Proof. Assume that (f, X) is an int-soft positive implicative filter over U. Let
x,y,z € X andy € Z(U) be such that zx((y*z)*y) € ix(f;v) and z € ix(f;7).
Then v C f(z* ((y* 2) xy)) and v C f(z). It follows from (IS1) and (IS4) that
v C f(1) and v C f(zx ((y*2) xy) N f(x) C f(y) for z,y,2 € X. Hence
1eix(f;y)and y € ix(f;7). Thus ix(f;~) is a positive implicative filter of X
over U.

Conversely, suppose that ix(f;v) is a positive implicative filter of X over U
for all y € 2(U) with ix(f;7) # 0. For any z € X, let f(z) = . Since ix(f;~)
is a positive implicative filter of X, we have 1 € ix(f;~) and so f(z) =~ C f(1).
For any z,y € X, let f(z * ((y * 2) ¥ ¥)) = Yau((ysz)xy) and f(x) = v,. Take
Y = Var((yez)y) N Ve Then xx ((y * 2) xy) € ix(f;y) and @ € ix(f;) which
imply that y € ix(f;~y). Hence

) 27 = Yas((emyy) Nz = flz* ((yx2) xy)) N f(a).
Thus (f, X) is a int-soft positive implicative filter of X over U. O

We make a new int-soft positive implicative filter from one.

Theorem 3.12. Let (f,X) € S(U) and define a soft set (f*,X) of X over U

by
* flx) ifxeix(f;v),
ffiX = 2U), o { ) otherwise
where 7 is any subset of U and § is a subset of U satisfying § C . ﬂ(f )f(x)
x&rx (Y

If (f,X) is an int-soft positive implicative filter of X, then so is (f*, X).

Proof. Assume that (f, X) is an int-soft positive implicative filter of X. Then
ix (f;7)(# 0) is a positive implicative filter of X over U for all v C U by Theorem
3.11. Hence 1 € ix(f;7), and so f*(1) = f(1) D f(x) 2 f*(x) for all z € X.
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Let x,y,z € X. ffxx((y*2)*xy) €ix(f;v) and x € ix(f;7), then y € ix(f;~).
Hence

[ ) =fly) 2f(@*((y*2)xy) N fz
=f"(x* ((y*2) xy) N f*(z).

If @+ (( ) & ix(f;y) or x ¢ ix(f;7), then f*(z x ((y * 2) xy)) = d or

xx((y*2)*y
f*(xz) = 6. Thus
[rw) 26 =f (@ ((yx2)xy) N f*(x).
Therefore (f*, X) is an int-soft positive implicative filter of X. O

Theorem 3.13. FEwvery filter of a BE-algebra can be represented as a y-inclusive
set of an int-soft positive implicative filter.

Proof. Let F be a filter of a BFE-algebra X. For a subset v of U, define a soft
set (f, X) over U by

) v iftzxekF,
f.X%gZ(U),xH{(D ifodF,

Obviously, F' = ix(f;7). We now prove that (f, X) is an int-soft positive im-
plicative filter of X. Since 1 € F = ix(f;~), we have f(1) =+, f(1) 2 f(z) for
allz € X. Let z,y,z2 € X. If e« ((y*x 2) xy),z € F, then y € F because F is
a positive implicative filter of X. Hence f(x * ((y x 2) xy)) = f(z) = f(y) = 7,
and so f(z* ((y*x2)xy))Nf(z) C fly). Uz*x((yx2)*y) € F and x ¢ F, then
fx*((y=*2)*y)) =7 and f(z) =0 which imply that
flax((yx2)xy) N flz) =yN0=0C f(y)

Similarly, if z % ((y*2)*y) ¢ F and « € F, then f(x*((y*2)*y))Nf(x) C f(y).
Obviously, if xx ((yx2z)*xy) ¢ F and x ¢ F, then f(xx((yx2)*y))Nf(z) C f(y).
Therefore (f, X) is an int-soft positive implicative filter of X. O

Theorem 3.14. If (f,X) and (g, X) are int-soft positive implicative filters of
X, then the soft intersection (f, X) N (g, X) of (f,X) and (g, X) is an int-soft
positive implicative filter of X.

Proof. For any x € X, we have
(fhg) (1) = f(1)ng(1) 2 f(z) Ng(x) = (fNg)(=).
Let z,y,z € X. Then
(fNg) (W) =fy)Ngy)

2 (f(@x ((y+2) xy) N fx) N (g(z * ((y * 2) xy)) Ng(x))

= (f(@ = ((y*2) xy)) Nglz = ((y x2) xy))) N (f(z) N g(z))
=(fNg)(zx((y=z)*y) N(fNg) ().
Hence (f, X) N (g, X) is an int-soft positive implicative filter of X. O
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The following example shows that the soft union of int-soft positive implicative
filters of X may not be an int-soft positive implicative filter of X.

Example 3.15. Let E = X be the set of parameters and U = X be the initial
universe set, where X = {1,qa,b,c,d} is a BFE-algebra as in Example 3.5. Let
(f,X) and (g, X) be soft sets of X over U defined, respectively, as follows:

) v ifze{l,c}
f: X —2(), x»—>{ v ifz € {a.b,d}

and

) va fxze{l}
9: X = PU), v { Yo if z €{a,b,c d}
where v1, 72, v3, and 74 are subsets of U with v1 C v2 € 3 € 4. It is easy to
check that (f, X) and (g, X) are int-soft positive implicative filters of X over U.
But (f,X) U (9,X) = (fUg, X) is not an int-soft positive implicative filter of
X over U, since

(fUg)(cx ((axb)xa))N(fUg)(c) = (fUg)(1)N(fUg)(c)
= (f(H)Ug1)) N (f(c)Ugl(c))
=Ny =% =7Um
= fla)Ug(a).
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