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A QUADRATIC INTEGRAL EQUATION IN THE SPACE OF
FUNCTIONS WITH TEMPERED MODULI OF CONTINUITY'
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ABSTRACT. In this paper, we investigate existence of solutions to a class
of quadratic integral equation of Fredholm type in the space of functions
with tempered moduli of continuity. Two numerical examples are given to
illustrate our results.
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1. Introduction

Fractional integral and differential equations play increasingly important roles
in the modeling of real world problems. Some problems in physics, mechanics
and other fields can be described with the help of all kinds of fractional differen-
tial and integral equations. For more recent development on Riemann-Liouville,
Caputo and Hadamard fractional calculus, the reader can refer to the mono-
graphs [1, 2, 3, 4, 5, 6].

Quadratic integral equations arise naturally in applications of real world prob-
lems. For example, problems in the theory of radiative transfer in the theory
of neutron transport and in the kinetic theory of gases lead to the quadratic
equation [7, 8, 9, 10]. There are many interesting existence results for all kinds
of quadratic integral equations, one can refer to [11, 12, 13, 14, 15, 16, 17]. Our
group extend to study the existence, local attractivity and stability of solutions
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to fractional version Urysohn type quadratic integral equations [18] and Erdélyi-
Kober type quadratic integral equations [19] and Hadamard types quadratic
integral equations [20] in the space of continuous functions.

Very recently, Banas and Nalepa [21] study the space of real functions defined
on a bounded metric space and having growths tempered by a modulus of con-
tinuity and derive the existence theorem for some quadratic integral equations
of Fredholm type in the space of functions satisfying the Holder condition. Fur-
ther, Caballero et al. [22] study the solvability of a quadratic integral equation
of Fredholm type in Holder spaces.

The aim of the paper is to investigate the existence of solutions of the following
integral equation of Fredholm type

x(t) = f(t,z(t)) —i—m(t)/ k(t,7)z(T)dT, t € [a,b], (1)

in C, 4[a,b] (see Section 2), where the functions f and k will be defined in the
later.

By using a sufficient condition for the relative compactness in the space of
functions with tempered moduli of continuity (see Theorem 2.5) and the classical
Schauder fixed point theorem, we derive new existence result (see Theorem 3.5).
Finally, two numerical examples are given to illustrate our results.

2. Preliminaries

Definition 2.1 (see Section 2 [21]). A function w : Ry — Ry is said to be a
modulus of continuity if w(0) = 0, w(e) > 0 for € > 0, and w is nondecreasing on
R.

Let Cla, b] be the space of continuous functions on [a, b] equipped with ||z]| e =
sup{|z(¢t)| : t € [a,b]} for x € C[a,b]. We denote C,, 4]a,b] be the set of all real
functions defined on [a, b] such that their growths are tempered by the modulus
of continuity w with respect to a function g. That is, there exists a constant
H%9 > 0 such that

2(t) = z(s)] < H9w(g(t) — g(s)) (2)
for all ¢, s € [a, b] where g : [a,b] — R is a monotonic function.

Without loss of generality, we suppose that the above g be a increasing func-
tion and g(t) — g(s) > 0 for t > s in the this paper. Obviously, C,, 4[a,b] is a
linear subspace of Cla, b].

For x € C, 4[a,b], we denote H*9 be the least possible constant for which
inequality (2) is satisfied. More precisely, we set

|z(t) — z(s)|
H9 = sup {
w(g(t) —g(s))
Next, the space C,, 4]a,b] can be equipped with the norm
|z(t) — x(s)|
w(g(t) —g(s))

1,8 € [a,b], t>s}.

el = |2(a) +sup{ tselab) t> } ,
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for z € C,, 4la,b]. Then (C, 4[a,b], || - ||lw,g) is & Banach space.
Inspired by the properties of the space of Holder functions in [21, see (41),
(45)], we give the following sharp results.

Lemma 2.2. For any x € C,, 4[a,b], the following inequality is satisfied
[#]|oc < max{1,w(g(b) — g(a))}||
Proof. For any x € C, 4[a,b] and t € [a, b] we obtain
()]
< lz(t) —z(a)] + [z(a)]
< sup{lz(t) — x(s)| : t, s € [a,b]} + |x(a)]

w,g-

= r\a su M w S S a S
— @] +sup { 0TI o0 g6 s € bl 1> 5
< J:(a)|+w(g(b)—g(a))sup{JZiEZ) xg(fs))) t,s € [a,b] t>s}
< max{l,w(g(b) — g(a))}
() —z() .
o { TG0 s e lath 1o |
< max{1l,w(g(b) — g(a))}|z|lw,g-

O

Lemma 2.3. Suppose that wa(g(t) — g(s)) < Guwi(g(t) — g(s)) for t,s € [a,b]
where G > 0. Then we have

Cus, gla,b] C Cy, gla,b] C Cla,bl.
Moreover, for any x € C., 4[a,b] the following inequality holds
[2]lw1.g < max{1, G}H|zlw,.g-
Proof. For any z € C,, 4la,b], we obtain
[2(t) — x(s)| < Hy>%wa(g(t) — g(s)) < GHZ*9wi(g(t) — g(s)).
This shows that = € C,,, 4[a,b] and hence we infer that inclusions hold. Further,

lZllwr,g = |x(a)|+sup{m t,s € la,b], t>s}
o) =)
< |()|+Gsup{2(g(t)_g(8)).t, € la,b], t > }
< max{l, G}|2]lw,,g-

O

E ; = 0 then the above imbedding rela-

tions also hold and for any x € C’wm[a b] we have ||z]|w, ¢ < max{l, M}|2||w,,q =
|]|w,,q, Where M is a arbitrarily small positive number.
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Theorem 2.4 (see Theorem 5 [21]). Assume that wy,ws are moduli of continuity
being continuous at zero and such that lim._,o 5?—8 = 0. Further, assume that
(X,d) is a compact metric space. Then, if A is a bounded subset of the space

Cluy,g(X) then A is relatively compact in the space Cyy, 4(X).

Theorem 2.5. Suppose that lim_,o “29 = 0. Denote B¥29 = {x € Cus,gla,b] :

w1 (€)
|]lws,g < T} Then BY29 is compact in the space Cy, 4la,b].

Proof. By Theorem 2.4, since B¥29 is a bounded subset in C,,, ([a,b], it is a
relatively compact subset of C,,, ¢[a,b]. Suppose that (z,) C B¥>9 and

xn — « (according to || - ||w,,qg)
with z € C,, 4[a,b]. This means that for € > 0 we can find ng € N such that
[z = w9 <€,
for any n > ng, or, equivalently
|zn(a) — 2(a)|

ont) = 2(0) = Gal9) =D,
*S‘“‘p{ w1 (9(0) — 9(3)) he € ot o> }<E’ ®)

for any n > ny.
This implies that z,(a) — z(a).
Moreover, if in (3) we put s = a, then we get
s {220 =210 eale)=o(a)
wi(g(t) — g(s))

:t,s € [a,b], t>s} <e,

for any n > nyg.

The last inequality implies that

|2n () — 2(t) — (zn(a) — z(a))| <ewi(g(t) —g(s)) < ewr(g(b) —g(a)),  (4)
for any n > ng and for any t € [a, b].

Therefore, for any n > ng and any ¢ € [a,b] and taking into account (3) and
(4), we have

[z (t) —2(@)] < [(2n(t) —2(t) = (2n(a) — z(a))| + |2n(a) — z(a)|
< ewi(g(d) —g(a)) +e.
Consequently,
|zn — 2|lcoc — 0. (5)

Next, we will prove that © € B9,
In fact, since (x,) C B¥*9 C C,, 4[a,b], we have that

|20 (t) — 2n(s)]
wa(g(t) —g(s)) —
for any ¢, s € [a,b] with t > s, and, accordingly,
|20 (t) — ()] < Twa2(g(t) — g(s)),
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for any ¢, s € [a, b].
Letting in the above inequality with n — oo and taking into account (5), we
deduce that

() — x(s)| < rwa(g(t) = 9(s)),
for any t, s € [a, b].
Hence we get
|z(t) — z(s)|
wa(g(t) —g(s)) ~
for any ¢, s € [a,b], and this means that © € B¥29. This proves that B¥2Y is a

closed subset of C., 4[a,b]. Thus, z € B¥>9 is a compact subset of C,,, 4[a,b].
This finishes the proof. U

3. Main results

In this section, we will study the solvability of the equation (1) in C,, 4[a, b].
We will use the following assumptions:

(Hy) f :]a,b] x R = R is a continuous function and there exists a positive
number k7 such that

[f(t,2) = [t y)| < Rale —yl,

and set k = |f(a,a)|. Meanwhile, for any t,s € [a,b] and ¢t > s, there exists a
positive constant ko such that the inequality

|f(t,x(s)) = f(s,2(s))|
wa(g(t) — g(s))

(Hz) k : [a,b] x [a,b] — R is a continuous function satisfies the tempered by
the modulus of continuity with respect to the first variable, that is, there exists
a constant K, such that

k(. 7) — k(s,7)| < Ku,w2(g(t) — g(s)),

for any ¢, s,7 € [a,b].
(H3) The following inequality is satisfied

(2K + Ko, (b — a))max®{1,wz(g(b) — g(a))}r?

< kala(s)].

+ {kl + (k1 + ko) max{1,ws(g(b) — g(a))} — 1} r+k+lalk; <0, (6)

where K = sup {f: |k(t,T)|dr : t € [a,b]} .
Consider the operator / defined on C,, 4[a,b] by
b

(Fa)(t) = f(t (1)) + (1) / k(t, 7)z(r)dr, t € [a,b].

a

Lemma 3.1. The operator F maps Cy, 4a,b] into itself.
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Proof. In fact, we take x € C,, ¢4la,b] and ¢,s € [a,b] with ¢ > s. Then, by
assumptions (Hy)-(Hs), we obtain

w2(g(t) — 9(5))
o e@) = s a(s)] | |2 ) [kt T)a(n)dr —als) [, bt )a(r)dr]
= (g6 —g(s) w2(g(t) — 9(5))
. jx(s) [ k(t, T)a(T)dr — x(s) [ k(s,T)z(T)dr]
wa(g(t) —g(s))
_ ) = f(t ()| + f(ta(s) = f(s,2(s)
- wa(g(t) — g(s)
e (t) —a(s)|  [* j(s)] [2 |k(t,7) — k(s,7)||z(r)|dr
T oa(g(® —g(s)) / IRl dr -+ w2(g(0) — ()
o ke —w()] |, f(ta() = fs.2(s)
T walg(t) —g(s)) wa(g(t) —g(s))
ja(t) — a(s)] b |zl ool [ 1K (t,7) — K(s, 7)|dT
orlo oty el [ Wl w2 (9(0) — 9(9))
. j(t) — a(s)]

B 2+ Role (o)) + Kllelloo 20 o — 005

b
213 [y Kusw2(g(t) — g(s))dr
wa(g(t) — g(s))
< R HE A Kol|z]leo + Kllolloo H? + Kuy (b= a)|2]1%-

By Lemma 2.2, since ||z]|c < max{l,ws(g(b) — g(a))}|%|lw,,¢ and, as H¥>9 <
|]|ws,q, We infer that

|(Fz)(t) — (F z)(s)|
wa(g(t) — g(s))
< (k1 + ke max{1,wa(g(b) — g(a)}) [#/lws g
H(K + Koy (b — a))max?{1,wa(g(b) — g(a) M2, ,-
This proves that the operator F maps C,,, ¢[a,b] into itself. O

Lemma 3.2. Let B9 = {x € C,,, gla,b] : [|2]lw,,g < 10} where ro > 0 satisfy-
ing the inequality (6). Then [ : By>9 — B9,

Proof. For any x € B9, one has
b
1F2llng < [f(a,2(a))] + \fv(a)l/ |k(a, 7)||z(7)[dT

+ (k1 + k2 max{1, wa(g(b) — g(a))}) [[%[ls g
(K + Koy (b — a))max®{1,w2(g(b) — g(a))}l|z[I2, 4
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< fla,2(a)) = fla,a)| +[f(a,a)| + K|lz|%
+ (k1 + k2 max{1,w2(g(b) — g(a))}) |7/, ,g
+H(K + Ko, (b — a))max?{1,wy(g(b) — g(a) }[I2,
< kalz(a) —al +k + (k1 + k2 max{1, wa(g(b) — g(a))}) [2[lws,g
+(2K + Ko, (b — a))max®{1,wy (f(b) — f(a)} ]2, ,
< lalki + k1 ||2|loo + & + (k1 + k2 max{1,w2(g(b) — g(a))}) [|Z]|ws g

+(2K + Koy (b — a))max®{1,wa(g(b) — g(a)Hzl2, 4
= kA lalky+ [k + (k1 + ko) max{1,wa(g(b) — g(a))}|[[]lws.g

+(2K + sz(b — a))maXQ{l,wz(g(b) - g(a))}HxHiz,g-

Consequently, from above it follows that / transforms the ball By>9 = {z €
Cuon,gla, b] : [|2]|wy,g < 7o} into itself, for any ro € [r1,72]; i.e., [ By29 — B9,
where r; < rg < ro. [l

Lemma 3.3. B2 is a compact subset in C,, 4la,b].

Proof. According to Theorem 2.5, we can know B329 is a compact subset in
Cu, gla, b]. O

Lemma 3.4. The operator F is continuous on B9, where we consider the
norm || - |lu, g 0 B9,

Proof. To do this, we fix x € By>9 and ¢ > 0. Suppose that y € B3>9 and
|# = yllw,.g < 0, where § is a positive number such that § < 7 where p =
max{p1, p2}, p1,p2 is defined below. Then, for any ¢,s € [a,b] with ¢ > s, we
have

[(Fz)(t) = (Fy)®)] = [(Fz)(s) — (Fy)(s)]l
wi(g(t) —g(s))
kil (t) — y(t)] — k1lz(s) — y(s)]
wi(g(t) —g(s))
fkt,Tx(T)dT—y fktT x(7)dT]
wi(g(t) — g(s))
t) fa k(t, m)x(r)dr — y(t f k(t, m)y(r)dr]

IN

wi(g(t) — 9(s))

~z(s) f; k(s,7)z(T)dr — y(s f 7)dT]
wi(g(t) — ( )

s) ff k(s,m)z(r)dr — f T)dT]

wi(g(t) - ( )
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(t) —y()| — |z(s) — y(s)
wi(g(t) —g(s))

k1

() — y(0) — (x(s) — y(s))]
Fallz = yllor g + T o) / Ik(t, ) dr

wi(g(t) —g(s
+(z(s) = y(s)) — (z(a) — y(a)| + [(z(a) — y(a)[ll|z[ s
P k(t,T) — k(s, )l
5))

a wl(g(t) —g(
(2(

N w1 (9() — 9(s))

ke = yllwr,g + Kllz = yllo, gll] oo

+sup{|<m<t>—y<t>> (o }||x|oo / Rl =05,
H(@(@) - y(@) ol / ety r
w'fé;t /|ktr|\x (r)ldr

\k(tr) Kl
Hy)| | )~y

kil = yllog + Kllz = yllw gllz]loo

+M (b~ a) ]| oo Koy suP { ) —;ﬁt;gﬂ— _(z((i)»_ vl
M (b = a) Ko []oc (2(a) - y< >>|+KH;1’9||x—y||oo

Kw w2 )
Hinlloollz = plloo / : ir

Eillz = yllw, g T K|z — wa1 ngnoo
+M (b — a)||z| oo Kuw,wi(9(b) — g(a)) ||z = Yllw,,g
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+M(b— a)Ku, [|z]lsoll = ylloo + K[yllwr,gllz = Ylloo

+M (b — a)Ku, [yl |z — ylloo

killz = yllw g + K max{1l,w2(g(b) — g(a)) Hz — yllw.gll#]lws,g

+M(b— a)Ku,wi(g(b) — g(a)) max{1,wz(g(b) — g(a)) }Hlz = yllw,.gllwz.g
+M (b — a)K,, max{1l,w2(g(b) — g(a))}

x max{1,wi(g(b) = g(a)) |z = yllw.gll#llws.g

+K max{1,w1(g(b) — g(a))}Hz = Yllw,g1¥llw g

+M(b—a)K,, max{1l,ws(g(b) — g(a))}

x max{1,w1(g(b) = g(a))}Hlz = yllw,gllYllws.g-

Define

P1

Since

= ki + Kmax{1,wa(g(b) — g(a))}ro
+M (b — a) Ku,w1(9(b) — g(a)) max{1,wa(g(b) — g(a))}ro
+2M(b — a) Ky, max{1,ws(g(b) — g(a))} max{1,wi(g(b) - g(a))}ro
+K max{1,wi(g(b) — g(a))}ro.

19lwig < NlYllws,g (see Remark 2.1) and z,y € Bg>9, from the above

inequality we infer that

[(F2)(®) = (Fy)®)] = [(Fz)(s) = (Fy) ()]l
wi(g(t) —g(s))

Sm6<; (7)

On the other hand,

IN

IN

IA A

where

(Fz)(a) = (Fy)(a)l
|f(a,z(a)) -

/k:aT T)dr — z(a /kaT

b
+x(a)/ k(a,7)y(r)dr —y(a )/ k(a,7)y(T)dr

(@/kmﬂ@m—mmm

b
+@mwwm»/k@ﬂMﬂm

a

kylxz(a) —

killz = ylloo + Kzl lz = ylloo + Kllyllocllz — ylloo

k1 max{1, wi(g(b) — g(a)) H|z — Yllw g

+K max{1,w2(g(b) — g(a))} max{1,w1(g9(b) — g(a)) H2|lws,gllz = Yllwr g
+K max{1,w2(g(b) — g(a))} max{1,w1(g(b) — g(a)) HYllws,gll* — Yllws,g
p29,

p2 = kimax{l,wi(g(b) —g(a))}
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2K max{1,ws (g(b) — g(a))} max{L,wi(g(b) - g(a))}ro.
which yields that
[(F2)(@) = (Fy)(@)| < p2d < 5. (8)
By (7) and (8), we have
HFJ: - Fy”UJlag
= |(Fa)(@) — ( y)()

1(F2)(t) — (Fy) ()] = [(F2)(s) — (F)(3)]
eup { w1 (g() — g(5))

1,8 € [a,bl, t>s}

< C4i=
B 2—8.

This proves the operator f is continuous at the point z € B;729 for the norm
|+ e g- O

Theorem 3.5. Under assumptions (Hi)-(Hs), the equation (1) has at least one
solution in the space Cy, 4[a,b].

Proof. According to Lemma 3.1, Lemma 3.2, Lemma 3.3 and Lemma 3.4, the
operator f is continuous at the point 2 € B;29 for the norm |- ||, 4. Since B9
is compact in C., 4[a,b], applying the classical Schauder fixed point theorem we
obtain the desired result. (]

4. Examples
Now we make two examples illustrating the main results in the above section.

Example 4.1. Let us consider the quadratic integral equation

! Vintarctan z(t) 4 z(t) /G Vint + ln7'i7-)d7'7 tell,el. (9)

*(®) = 150 .

Set f(t,(t)) = 105 VIntarctanz(t) and k(t,7) = 7”’”;“” for t,7 € [1,e]. Tt is
easy to see that
k(t,7) — k(s,7)] < |Int —Ins|?,
which implies K, =1 and
g(t) =Int, w(g(t) = g(s)) = [Int —Ins|2, wa(g(e) = g(1)) = 1.

So we can choose
1
wi(g(t) —g(s)) =|Int—Ins|* 0<a< 3

Moreover, K = sup{ [; [T dr ¢ € [Le]} = 2(2V2 — 1).
On the other hand,

F(t.2(®) = F(t.y()] = —Vint|arctan a(t) — arctan y(t)] < —e(t) — y(0)],

~ 100 100



A quadratic integral equation in the space of functions 361

so we can get ki = 75,k = |f(1,1)] = 0 and

L /Intarctan z(s) — —+-+/In s arctan (s 1 1
|100 (5) 100 2 () < —|arctanz(s)| < —|z(s)],
[Int —Ins|2 100 100

s0 ky = 145
In what follows, the condition (H3) reduce to the inequality

8vV2 -7 , 97 1
Sve— it X <o
< 3 +€>r 100" T 100 ©

Obviously, there exist a positive number satisfying these conditions. For exam-
ple, one can choose r = 0.1.

Finally, applying Theorem 3.5, we conclude that the quadratic integral equa-
tion has at least one solution in the space C|.ja 1n.[1, €] and displayed in Fig.1.

x107

L L L L L L L L
1 1.2 1.4 1.6 1.8 2 2.2 24 2.6 2.8
t

Fig.1 The solution of the equation (9).
Example 4.2. Consider another quadratic integral equation

L

z(t) = 10 t+ 1sinz(t) + z(¢) /01 V/3t2 + Tx(T)dT, t € [0,1]. (10)

Set f(t,z(t)) = 15Vt + Lsinz(t) and k(t,7) = V/3t> + 7, t € [0,1]. Obviously,
|k(t,7) — k(s, )| < |32 — 3s%|5 < V6|t — 5|3,
which gives Ko, = V/6, g(t) = t, wa(g(t) = g(s)) = |t = 5|5, wa(g(1) — g(0)) = 1.
Then we choose
1

wi(g(t) —g(s)) =t —s|*, 0 <a< 5
Moreover, K = sup{fo1 |32 7ldr : t € [0,1]} = sup{2(32 + )3} : t €
0,1]} = 2(4¥A - 373).
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On the other hand,

£ 2(0) ~ £t 9000 = 15 VT T sina(t) —siny(t)] < 21 (t) - 1),

we can get ky = \i—?,k =1£(0,0)| = 0 and

|55Vt + Tsinz(s) — 15V/s + Lsinz(s)]

t— sl

sinz(s)| < i|9C(5)|,

<
- 10

ol
10
so derive kg = %.
In what follows, the condition (H3) reduce to the inequality
(200V/4 — 150V/3 + 30V/6)r* + (6v2 — 27)r < 0.
The condition reduce to r < 0.1676. Obviously, there exist a positive number
satisfying these conditions. For example, one can choose r = 0.16.

Finally, applying Theorem 3.5, we conclude that the quadratic integral equa-
tion has at least one solution in the space C|.|«.[0,1] and displayed in Fig.2.

t

Fig.2 The solution of the equation (10).
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