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Exponential deterioration

1. Introduction is depleted not only by customer’ s demand, but
also by deterioration.

In this paper, we extend the model presented by According to Shinn [11], it is very common to

Shinn [11] to the case of deteriorating products. We see that the distributors are allowed some grace

consider a two—stage supply chain which consists of period before they settle the account with their
the supplier, the distributor (wholesaler/retailer) and

his customer. The purpose of this paper is to

supplier. In this regard, there were a number of
research papers in the literature. Goyal [4] and
evaluate the distributor's inventory system in which Teng et al. [12] analyzed  the mathematical

his customer’ s demand rate of the product is a model for obtaining the EOQ (economic order

function of the distributor’ s on-hand inventory level quantity) model when the supplier permits a

(quantity onmhand) and the supplier offers a credit fixed delay in payments with single=credit

period to the distributor assuming that the period. Chang et al. [2], and Kreng and Tan

supplier’ s credit terms are already known and the [5] evaluated the inventory model under

length of delay in payments is a function of the two levels of trade credit policy depending

amount purchased. It is also assumed that inventory on the order quantity (multiple — credit periods).
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Ouyang et al. [9] analyzed the joint pricing and
ordering problems in a supply chain under
multiple—credit periods assuming that the demand
rate is a function of the retailer's selling price.
Shinn  [11]  has

distributor's inventory model under multiple—credit

Recently, evaluated the
periods in payments assuming that the customer's
demand rate is dependent on the distributor's
inventory level.

Some research papers evaluated an inventory
system where the demand rate has been assumed
to be dependent on the on—hand inventory. Among
the important research papers published so far
with stock dependent demand rate, mention should
be made of works by Baker and Urban[1], Mandal
and Phaujdar [7, 8], Padmanabhan and Vrat [10]
and Shinn[11]. Baker and Urban [1] evaluated an
inventory system assuming the demand rate to be
a polynomial functional form of the on—hand
inventory level at that time. Mandal and Phaujdar
[7] also discussed an inventory system assuming
the demand rate to be a linear function of the
on—hand inventory level at that time. Shinn [11]
also, has evaluated the distributor's inventory
model for a product assuming the demand rate to
be a linear function of the on—hand inventory
level under multiple—credit periods in payments.

All of the research mentioned above implicitly
assumes that inventory is depleted by customer’ s
demand alone. This assumption is quite valid for
non—perishable or non—deteriorating inventory
items. However, there are numerous types of
inventory whose utility does not remain constant
over time. In this case, inventory is depleted not
demand but also by

only by customer s

deterioration. In this regard, assuming the
exponential deterioration of the inventory in the
face of constant demand, Ghare and Schrader [3]
derived a revised form of the economic order
quantity. Also, Mandal and Phaujdar [8], and
Padmanabhan and Vrat [10] analyzed an inventory
model for deteriorating products where the
customer’ s demand rate has been assumed to be
dependent on the on—hand inventory. Recently
Mahata and Goswami [6], and Tsao and Sheen

[13] also extended the inventory model to the

case of deteriorating products under the condition
of permissible delay in payments.

In view of this, this paper deals with the
problem of determining the distributor's EOQ for
an inventory—level—dependent demand rate items
assuming that the supplier’ s credit terms are
already known and the length of delay in
payments 1s a function of the amount
purchased (multi—credit periods). For the analysis,
we also assume that inventory is depleted not
only by customer’ s demand, but also by
deterioration. In the next section, we formulate a
relevant mathematical model. The properties of
an optimal solution are discussed and a solution
algorithm is given in Section 3. A numerical
example and a sensitivity analysis are provided
in Section 4, which is followed by concluding

remarks in Section 5.
2. Model Development

This study examines the inventory model under
multi—credit periods assuming that the demand rate
1s a function of the on—hand inventory level. The
objective of this paper is to find the distributor’ s
EOQ which maximizes his annual net profit.

2.1. Assumptions and notations

The assumptions and notations of this paper are
essentially the same as the model stated by Shinn
[11] except for the condition of deterioration. The
mathematical model is developed on the basis of
the following assumptions :

(1) Replenishments are instantaneous with a known
and constant lead time.

(2) No shortages are allowed.

(3) The inventory system involves only one item.

(4) The demand rate is linearly dependent on the
level of inventory.

(5) The supplier allows a delay in payments for the
products supplied where the length of delay is a
function of the distributor’ s total amount of purchase.
(6) The purchasing cost of the products sold
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during the credit period is deposited in an
interest bearing account with rate 1. At the end
of the period, the credit is settled and the
retailer starts paying the capital opportunity cost
for the products in stock with rate R(z > 1)

(7) Inventory is depleted not only by demand but
also by deterioration. Deterioration follows an
exponential distribution with parameter .

The following parameter notations are used :

C  unit purchase cost.

P unit selling price.

St ordering cost.

H inventory carrying cost, excluding the
capital opportunity cost.

R capital opportunity cost (as a percentage).

I earned interest rate (as a percentage).

& : order size.

7 replenishment cycle time.

te, . credit period set by the supplier for the
amount purchased CQ, v = CQ<vy, where
tc]»,1 < tcj, 71=12,--,m and vy < vy <<,
vy =0, v, =00,

A Coa
inventory deteriorating rate

positive number representing the

g(® : inventory level at time ¢

D annual demand rate, as a linear function of the
on—hand inventory, D=oa+3¢(t) where o

and 8 are non—negative constants.

2.2. Proposed model development

For the model development, the analysis will
concentrate on the situation in which the
customer's demand rate is represented by a
linear function of the on—hand inventory. That

1s, the demand rate at time t, will take the form:
D=a+pq(t), o, =0. 1

For the case of exponential deterioration as
stated by Ghare and Schrader [3], the rate at
which inventory deteriorates will be propotional
to on hand inventory, g(9. Thus, the depletion
rate of inventory at any time ¢ is

dg(t) B

F Aq(t) — D, 2)
Equation (2) is a first order linear differential
equation and its solution is equation (3).

) = g0 O =S = ) (@)
Equation (3) gives an inventory level after time t
due to the combined effects of demand usage and
exponential deterioration. Note that due to the
inventory carrying costs, it is clearly optimal to let
the inventory level reach zero before reordering,
i.e., q(T = 0. So, given that q(T) = 0,

q(0) = %w(ewﬂ—l). (4)

Inventory
lewvel 4
G0
Dl \
0 a 2 tirne

[Figure 1] Inventory level(g(®)) vs. Time(d.
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And then,

q(t) & (M _1) g<t<T. (5)

T +5
Also, from the fact that q(0) = Q, the quantity
ordered per cycle is

__ @ A+3)T _
Q P B(e 1). (6)

Let D(t) be the customer's demand up to the
time t. Then,

D) = / (a+ fq(a))d. @)

Therefore, the total customer's demand per
cycle time is

nin)= [ OT(a+ﬁq(x))dz ®)

=aT+()\17%)2(e(“ﬁ)Tf(>\+ﬂ)T*1). ©))
Figure 1 illustrates the time behavior of the
inventory level.

The purpose of this paper is to find the
distributor's economic replenishment cycle time
which maximizes his annual net profit, II(7).
Also, an economic order quantity can be obtained
by equation (6). For the formulation of II(7), we
v, < OQ<w; for

consider the inequalities,

[nventory
level
A

)

7)) N\ \

0 te, T titre
[E=)] tc; = T

j=1,2, ---,m. Using equation (7), the inequalities
can be reduced to

oy = T<l, j=1,2,m

where ;= %ln(%vﬁrl). 10

Then the distributor's annual net profit consists
of the following five elements.

(1) Annual sales revenue A4,

_ Paﬁ(e(Aﬂ;)T—()\-&-ﬁ)T—l)
7 Po+ ()\+ﬁ)2T

(2) Annual purchasing cost A4,

CQ _ Ca(eM7T—1)
T

Ap = O+ T

(3) Annual ordering cost A4,
S
A() = ?

(4) Annual inventory carrying cost A,

H a
A, = 7/0 q(t)dt

Hoe(eu+ﬂ)T—()\+ﬁ)T—1)

A\+8)*T
Inventory
level
A
&
0 T te; titre
(=) te; = T

[Figure 2] Credit period(tc;) vs. Replenishment cycle time (7).
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(5) Annual capital opportunity cost A, for
I, < T<l;

(i) Case 1(tc; < 1): (see Figure 2. (a)) As
products are sold, the sales revenue is used to
earn interest with annual rate I during the credit
period tc;, And the average number of products

in stock earning interest during time (0, tcj) 1s
(/(]t(lj(/(j(a +pq(x))dz)dt)/te; and the interest
earned per order becomes
cr /[ )( /( :(a-i-ﬁq(x))dx)dt). When the credit is

settled, the products still in stock have to be
financed with annual rate R. Since the average
number of products during time (tc, 7) becomes

T
/ q(t)dt/(T—tc;) and the interest payable per
f,(:]

e
order can be expressed as CR / q(t)dt,
te;

OR/r dt—cz(f“f (a+ Bq(a) ) da)dt)
A, = o .

(i) Case 2(tc;>17): (see Figure 2. (b)) For
the case of t¢;> 7, all the sales revenue is used
to earn interest with annual rate I during the
credit period tc;. The average number of products

in stock earning interest during time (0, tcj) s
A t

(J S (o patw))dw )i+ DT (e, ~ 7)) e,
0 0

Therefore,

701(/ f o+ Ba(x))dz )dt+ D(T) (te;— 7))
T

Ae =

Then, the annual net profit II(7) can be
expressed as

Depending on the relative size of tc; to 7, (7

has two different expressions as follows:

1. Case 1 (t¢; = 7)

_ Pap(e T — (N +8)T—1)
B (A+B)*T
C’a(e(A+6)T—1) S
A\+3)T T
Ho (e T — (A 4+8)T—1)
(A+B)*T

CRO( (e()\ +ﬂ)(T*f,(tj)

—(A+8)(T—te,)—1)
A+B)*T

CI, atc® 6

FEEa- )

o1 aﬁe(”’gw —(A+PB)tc

T (A+p)?

_|_

/+()\+B)tc -1))

, j=1,2, - m, 11)

2. Case 2 (tc;> 1)
Paﬁ(e()‘+ﬁ)T—(/\+ﬂ)T—l)
\+8)*T

Ca(euﬂ?)T*l) _ S
A+p)T T
Ho (M T—(\+8)T—1)

m, (1) =Pa+

—(A\+p)7T-1))

—(A\+p)T-1))

, j=1,2, - m. 12)

3. Determination of Optimal Policy

In this model, we want to find an optimal
replenishment cycle time 7° which maximizes
(7). Recognizing that the model has a very
complicated structure, the model can be solved
approximately by using a truncated Taylor series
expansion for the exponential function, i.e.,

(A+7)T~1+()\+5)T+ ()\—l—ﬁ) 7°, (13)

which is a wvalid approximation for smaller
values of (A\+3)7. Thus, using the Taylor series
approximation the annual net profit function can
be rewritten as:
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S+al(R—1)tc/2
T
_ aT(H—P3+ O+ )+ CR— CIB(A+ B)tc/2)
2
’ .7:17 27 Ty, (14)

(D) = alP- C(l*(R-‘r[ﬁtcj/Q)tcj)) -

1,5

- s
(D = a(P-i-¢) — -
_ aZ(H— P8+ C\+B) + CI— CIpte;)

2

L, G=1,2, - m. (15)

Note that for the case with A =0, equation
(14) and (15) are the same results as those by
Shinn [11] for non—deteriorating product.

Now, we can consider the necessary and sufficient
conditions for maximizing I7(7) with respect to T.
The first order condition with respect to T is:

ait, (1) _ olH=P3+ O+ 8)+ CR— CIB\+p)té /2)
ar 2
S+a6‘(R*I)tc]2/2
— g (16)
dit, (7) _ alH—PB+ C\+B)+ CI— CIptc;) 4+ S
ar 2 Vel

17

Then, the second order condition with respect to
T is:

I (1) 208+ a0R-Did/2)
o o , (18
dsz.](ﬂ _ 25
For the normal condition(®> 17 stated by
2
Goyal [4], ¢ Z}ET) <0 for i=1,2 and

j=1,2,---,m. Therefore, II

irj
function of T and so, there exists a unique value
T

ij

(7) is a concave
which maximizes HM(T) and they are:

25,
T, =

d oH,
where §, = §+aC(R-1Dtc/2 and

H, = H—(P—C)p+ C(A+R) — CB(A+B)tc/2,(20)

_ [25
Tos =\ ok

where H, = H—(P—C)3+ C(A+1)— Clpte;.  (21)

Developing a solution algorithm, we investigate
I (T), i=1,2 and
j=1,2, ---,m. From equations (14) and (15), the
annual net profit at 7 =tc; has the following

the characteristics of

relation:
11, j(te;) > IO, (tc;), j=1,2, -, m. (22)

And we can make the following properties
about 7;

]

our search

and II, (7). These properties simplify
process to find an optimal
replenishment cycle time 7 which maximizes the

annual net profit function, I7(7).

Property 1. For i =1,2 and j=1,2, ---,m,
T, <T, . (23)

ij—

Proof. From equations (20) and (21), we can
dT,,

show that dtc”>0, i=1,2 and j=1,2, ---,m, and

J

so 7,; is an increasing function of tc;. Therefore
T QE.D.

ijo1 < T, holds since te;_y <tc;.
Property 2. There exists at least one 7 €[, 1))
fori =1,2 and j=1,2, -, m.

Proof From equation (23), if there were no
Tiﬁje[lj,l,lj) for i=1,2 and j=1,2, ---,m, either
T,;=1; or T,;<l;, for every i and j. Hence,

either 7o >1

im — "m

the feasibility of T, i.e., 0< 7T< co.

or T,, <l, holds, which contradicts
QED.

Property 3.
i=1,2 and j=1,2, -, m.

For any T, II..

i (1) <10, ,(T), for
Proof. From equations (14) and (15), we can show
1. .(7)

that AT
d dtcj

>0,i=1,2 and j=1,2, ---,m, and so
the annual net profit function is an Increasing
(1) <11, (T) holds

QED.

function of tc;. Therefore IT;

since te; y <tc;
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Now, we can know that the characteristics of
the annual net profit are essentially the same as
non—deteriorating case stated by Shinn [11]
except for the structure of equations, 7;; and
Hi_,j(T). Based on the above results, we can
apply the same solution procedure to determine
an optimal replenishment cycle time 77,

Solution algorithm

Step 1.Compute 7); by equation (20) and find
the largest index a such that 7 ;& [lj,l, lj)
for j=1,2, ---,m.

Step 2. (for the indices j>a)

In case

2.1 te; <1
profit with equation (14) for 7=1
2.2 1,

Jj—1

j—1» then compute the annual net

j-1
< te; <l then compute the annual
net profit with equation (14) for T'=tc;.
2.3 1; < tc;, then there exists no candidate
value of the maximum annual net profit
for 7€l;_,, 1;).
Step 3. (for the index j=a)
In case
3.1 te; < T, ;, then compute the annual net
profit with equation (14) for 7=17;; and
go to Step 5.
3.2 T,; <tc;<l;, then compute the annual
net profit with equation (14) for 7=t
and go to Step 4.
3.3 I; < te;, go to Step 4.
Step 4. (for the indices j < a)
In case
4.1 tc;<l; and I; < T, ;, then compute the
annual net profit with equation (14) for
T=1,—e¢ and go to Step .
4.2 te;<1; and rnax[tcj7 lj—1] < T,,<l; then
compute the annual net profit with
equation (14) for 7'=7), and go to Step
5.
4.3 te;<l; and T);<maxltc,l; ,], then
profit  with

compute the annual net

equation (14) for T=maxltc, I, ,].

4.4 1; < tc;, then there exists no candidate

value of the maximum annual net profit
forrell; 1) .

Step 5.Compute 7, by equation (21) and find
the largest index b such that 7, €[, ,,1,)
for j=1,2, ---,m.

Step 6.If tc¢,> T,,, then compute the annual net
profit with equation (15) for 7=7),, and
go to Step 7. Otherwise, go to Step 7.

Step 7. (for the indices j>b)

If te;>1,_,, then compute the annual net
profit with equation (15) for 7'=1,_,.
Otherwise, there exists no candidate value
of the maximum annual net profit for
TE; 1),

Step 8.Select the replenishment cycle time(7™)
with the maximum annual net profit value
evaluated in previous steps.

4. Numerical Example and Sensitivity
Analysis

Comparing the model with the case of
non—deterioration as stated by Shinn [11], the
same example problem is solved except for the

deteriorating rate .

(1) C=$20, P=$23, = $100, H = $5, R =
0.15¢( 15%), I = 0.1( = 10%), o= 3,200,
8=0.3 and A=0.2.

(2) Supplier's credit schedule:

Total amount of purchase (order size) Credit period

0 < CR<$1,00000 < Q<50) tep =0.05
$1,000 < CQ < $3,000(50 < Q< 150) te, =0.1
$3,000 < CQ<$10,000(150 < Q< 500) te, =0.2

$10,000 < CQ< o0(500 < Q< o) te, =0.3

In order to solve the problem, a computer
program written in QBASIC was developed to
find an optimal solution for the approximate
model.

As a result, the solution procedure generates
an optimal solution, 7" for the approximate
model and an optimal lot size, Q" can be

obtained by equation (6) as follows;
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Replenishment cycle time (77) = 0.1527 year;
Economic order quantity (Q")=508 units;
Maximum annual net profit (I7(7)°)=$8441.46 .

An interesting question to ask is how much effect
the size of the deteriorating rate (\) has on the
distributor's decision. Also, we want to know the
effect of 8 on the distributor's decision. Since the
structure of equations (14) and (15) does not
permit sensitivity analysis, the same example
problem is solved to answer the above question.
Five levels of p are adopted, 3 = 0.1, 0.2, 0.3,
0.4 and 0.5. For each level of g, six levels of A,
ranging from 0.0 to 0.5 with an increment of 0.1,
are tested. The results are shown in Table 1 and
the following observations can be made, which
are consistent with our expectations:

() With g fixed, as A increases, 7 does not
increase and IT(7)" decreases.

(i) With X fixed, as 8 increases, 7" does not
decrease and II(7)" increases.

(i) With X fixed, as g increases, Q" and II(7)"
increases.

Note that for the case with A=0 and B =0.3,
the algorithm generates the same results as
those by Shinn [11].

<Table 1> Sensitivity analysis with various
values of A and 3

0.0 0.2 0.3 0.4 0.5

i)

*

e 01527 01527 01527 01527 01627
A=00 @ 492 496 500 504 508
I(Q) 924283 933079 941874 950670 959465
7 01527 01527 01527 01527 01527
A=01 @ 496 500 504 508 512
I(Q) 875419 8215 893010 901806 910601
7 00766 01527 01527 01527 01527
A=02 @ A48 502 508 512 516
I1(Q) 86803 836351 84146 8652042  8617.37
7 00703 00712 00722 00733 00744
A=03 @ 228 232 236 241 245
I(Q) 803353 807201 811103 815060  8190.76
7 00653 00661 00669 00677 00636
A=04 @ 212 216 219 223 226
I(Q) 781693 785266 738881 79541 796247
T 00612 00619 00625 00632 00639
A=05 @ 199 202 26 208 211
I(Q) 761467 764816 768200 771620 775078

5. Conclusions

This paper dealt with the problem of determining
the distributor’ s EOQ for an
deteriorating product when the supplier offers a

exponentially

delay in payments and the length of delay in
payments is a function of the distributor’ s total
amount of purchase. Recognizing that the
presence of inventory has a motivational effect on
the people around it, we expressed the
customer’ s demand rate of the product with a
linear function of the on—hand inventory. For the
sake of better production and inventory control,
some manufacturers prefer less frequent orders
with larger order sizes to frequent orders with
smaller order sizes, if the annual ordering
quantities are equal. Thus they offer a longer
credit period for larger amount of purchase instead
of giving some discount on unit selling price. Their
policies tend to make the distributor's order size
larger by inducing him to qualify for a longer
credit period in his payment.

For the system presented, a mathematical model
was developed under the exponential deterioration.
Recognizing that the model had a very complicated
structure, a truncated Taylor series expansion is
utilized to find a solution procedure which leads to
a distributor’ s EOQ for the model presented. To
llustrate the validity of the solution procedure, an
example problem was chosen and solved. We
confirm that the work of Shinn [11] can be
recognized as a special case of this study with
A=0. To evaluate the effect of the deteriorating
rate (\) on the

executed the sensitivity analysis. We can know that

distributor’ s decision, we
the results of the sensitivity analysis are consistent
with our expectations.

There are several interesting opportunities for
future research in this subject. The model can be
easily extended to the case of another type of the
inventory-level—dependent demand rate. While this
paper focuses on a single item, the case of joint
ordering of multiple items with different credit
terms could be investigated. From the supplier’ s
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point of view, he might be interested in finding an

equivalent delay—in—payments plan for a given

cost discount schedule.
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