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Abstract As a reversible Jacket is having the compatibility of two sided wearing, the matrix that both the inside
and the outside are compatible is called Jacket matrix, and the matrix is having both inside and outside by the
processes of element-wise inverse and block-wise inverse. This concept had been completed by one of the authors
Moon Ho Lee in 1989, and finally that resultant matrix has been christened as Jacket matrix, in 2000. This is the
most generalized extension of the well known Hadamard matrices, which includes both orthogonal and
non-orthogonal matrices. This matrix addresses many problems in information and communication theories. we
investigate the properties of the Jacket matrix, i.e. determinants, eigenvalues, and kronecker product. These
computations are very useful for signal processing and orthogonal codes design. In our proposal, we provide some
results to calculate these values by using a very simple mathematical model with less complexity.
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| . Introduction Investigations of Hadamard matrices were connected

initially with linear algebra problems, such as finding

Hadamard matrices and Hadamard transforms have  maximum of determinant. It is well known that for an
been a great deal of interest and have been applied to  ,, « », Hadamard matrix H, |detH |= "2 Lee et dl.

communications signaling, image processing, signal

- proposed the idea of center weighted Hadamard

representation and error correction coding theory matrices and center weighted Hadamard transform.
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Properties and Characteristics of Jacket Matrices

Futhermore, Lee et al. proposed the following new
class of matrices: Jacket transforms that generalize real
Hadamard
transforms, Butson-type Hadamard transform, complex

transforms,  Turyn-type = Hadamard

Hadamard transforms and center weighted Hadamard

transforms'”.

Definition 1: Let A= (ajk) be an nXn matrix
whose elements are in a field F(including real fields,
complex fields, finite fields, etc.). Denote the transpose
matrix of the element-wise inverse of A by A*, that
is, A= (a};"). Then A is called a Jacket matrix if AA’
=A" A=nl,, where I, is the identity matrix over the field
F.

Motivation weighted Hadamard

transform. It was first discovered as a typical case of

is the center

Jacket matrices. Therefore, in this paper, we present
some of the basic properties of the center weighted
Hadamard transform, including the notation of matrix
Based on the
interesting invertible properties of the center weighted

factorization, and multiplication.
Hadamard transform, we define Jacket matrices and
some of the properties related to Hadamard matrices
and Kronecker product.

The remainder of this paper is organized as follows.
In Section II, we discuss determinants and eigenvalues
of Jacket matrix. Section I presents Kronecker
product of Jacket matrices. Conclusions are drawn in
IV Section.

[I. The Determinants and
Eigenvalues of Jacket Matrix

We presented some methods to obtain the different

Jacket matrices. Now, in this chapter, we will
investigate the properties of the Jacket matrix, ie.
determinants and eigenvalues. These computations are
very useful for signal processing and orthogonal codes
design. In our proposal, we provide some results to

calculate these values by using a very simple

mathematical model with less complexity.

Given a symmetric pattern of rank 2,
_Ja b
[5], = [b _C] ; (1)
the determinant is
det([S],) = (—ac—b*) =—(ac+b*) . (@

It is clear that the largest determinant can be
obtained only if ac >0, b* > 0"

Given a symmetric Jacket pattern of rank 2,

3

the determinant is
det([J]z) =(—ac—ac) =— (ac+ac) =—2ac . (4)
It is evident that maximizing the ac, means

maximizing the determinant. Otherwise we can prove
that

dct([J]ﬂ =—2ac < a®+c3. )

Proof:
a®+c =—2ac, (6)

since
a+2ac+E =(a+ec)?=0. 0

Thus the maximum determinant of [J], is o +¢”.
The Hadamard matrices are a special case of the Jacket
matrices introduced in this chapter. Therefore, the

2-by-2 Hadamard matrix is given by [H],= H 7”

The eigenvalue is obtained by
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A R R

and the eigenvector is given by

=2l e

All these values can be calculated with a =c=1.
The order of [H], is 2, and the eigenvalues of
Hadamard matrix is distributed as in (10) below

, +2M2 0
Ezg([H]?):[ 0 2/«/2]7 (10)

The eigenvalues of [H] 4 1 also given as below

20 0 0
02 0 0
00-2 0| an
00 0-2

Eig(lH,)=

The eigenvectors of [H]N can be easily calculated by

using a function
EV([H )= H\+ Bg([Hy) . (12
Proof- The eigenvectors have

(A EV([Hy) = (EV([H5) Big([H] ) -

[H) \([H] \+ Eig([H] y))
= (([H]A—’—ELQ([H]A))-E’Z.Q([H]V))
=N+ [H yEig([H] y)

= (A yEig([H) )+ Eig([H) ) Big([H] y))-
:>Nm‘v+ [HLVEEg ( [HLV)

= [H] yFig([H] )+ N1,
The (12) is proved. |

Example:
= [} 3] matte)=[ 2O,

then we have

mvia,) <[} 1]+ [?_Oﬁ]: [1+1\/§ij ﬂ}

(13)

Let A= Eig([H],), which denotes the eigenvalue of
Hadamard matix, and 4= (], =} _}]. we have

—(1=-XN)1+X)—1=0
—AT=2, ) (14)

—A=% V2

So the eigenvalues are obtained.

For eigenvectors we have
(A=X\ Dz, =0, 15)
(A= XDz, =0. (16)

Let A, = v/2 , A\, =— /2, then we have

1-v2 1 Tyy|_
| S
1++/2 1 Tyo|
[ 1 _1+\/§} 1722707 (1s)
from (17) and (18), we can have
(1= V2)ay, +ay =0, (19)
(14 V2)xy, +ay =0, (20)

Let's my, =1,y =1, wWe get
2, =1+ V2), andz,, =(—1—+/2) . (@1
They shows that
1-v2)1++vV2)+1=1-2+1=0, (2

(1+vV2)x1+(—1—+v2)=0. (23)

Then the eigenvectors can be written as
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11 Z19 1+v2 1
X= = ) 24
[%1 Lo [ 1 —1-v2 @9
Next, we calculate the eigenvectors by
(A= M) X=0, (25)

where X gives eigenvectors of A. Thus we have

AX—(\IX)=0

=> AX=X). 26)

For example,

AX:{I 1”1+\/§ 1

1-1 1 _1_\/5}, where X is
from (24),

=l

o[l e A

Thus we have AX—X\=(4— D)X

Given a symmetrical Jacket pattern of rank 4 Case,

a b b a
_|b—c¢c c—b
[J]4_ b C*(,’fb, (27)
a—b—b a
the determinant can be calculated as
det([J],) =det(C)det(C—BTA'B), (28)

where

A=

I

a b N I
b—c}’B_[c—b]’O_[—b a

A B
and[ﬂ4:[BTC.

It is easily proved that

V2 2442

I —A7'B|\_
det([o , ])—1, 29)

by

A0

det BTC

): det( {61 g] ): det(A)det(C), (30)

therefore, by det(AB) =det(A)det(B) .

A BJ\_ A B|[I-A'B
det BTC)fdet {BTC [O 7
A 0
_det( BT C—BTA*B]
=det(A)det(C—BTA™'B). @31
The numerical result is
det([J1,)= 16ab’c. (32)
Given a symmetric pattern [S], = Z _i] . its
eigenvalues 1
Eig([S],)
:l[*c-%-a-%- & +2ac+a® +40 0
2 0 —cta— Ve +2acta +412 ]
(33)
and the eigenvector is
EV[S],)
]%H%(H% @ +2act+a® +4P  —c+a— E +2ac+a® +4D
= 5 .
b
1 1
(34)
. a YV ac
Simply, th ket patt =
imply, the Jacket pattern [J], L/E .
has
Lig([J,)
L1 1 5
_ *5(t+5(1+5 & +a? +6ac 0 ‘
0 *%c+%a*%\/cz+a2+6ac '
(3%5)
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and the eigenvector is

V()
1,1 1 - s 1 1 1 5 5
—ct—at=VE+bacta® ct+=at=VE +6ac+
_ 2(’ 2(1 ) & +6acta 2(’ 2a B ¢ +6acta
vac vac

1 1
(36)

Furthermore, the symmetrical Jacket pattern has

a b b a
_|b—c c¢c—b
[, = b oc—c—bl (37)
a—b—b a
and
—200 0 O
. 10 20 0 O
Bg(l)=| o o —2c 0 @8
0 0 0 2a
its eigenvector is
-1 1 01
1 1 =10
EV)=11 1 1 ol (39
1 —1 0 1

and it can be easily proved by using the eigen

decomposition as

. -1
E‘V([ﬂﬂE@([J]J(EV([J]D)

-11 0 1][-260 0 O[-1 1 0 1]°"
|1 1 —-10 0 20 0 0 1 1 —-10
“l1 1 10/ 0 0-20(]1 1 10

1 —-101 0 0 0 2a 1 —-101
—11 0 1][-2b0 0 0][—1/4 1/4 1/4 1/4
_ 1 —-10[| 0 20 0 0| 1/4 1/4 1/4—1/4
- 1 0| 0 0—=2c0 0 —1/21/2 0

-101/[0 0 0 2a/[1/2 0 0 1/2

(40)

lll. The Kronecker Product of Jacket
Matrices

A classical center weighted Jacket pattern is derived
from the center weighted Hadamard matrix [4],

1 1 1 1
l=w w-1
[, 1 w—w-—1] (41)
1-1-1 1
and its inverse is
1 1 1 1
,1_l 1—w71 w71—1
=711 ot —t 1| (42)
1 -1 —1 1

where [J], is size of 4 X4 square matrix, and w

denotes the weighted factors, which can be arbitrary
numbers.

Theorem 1 : the higher order Jacket matrices can
be obtained by using the Kronecker product [Appendix]

as
y= 1, [Hy, (43)

where [H]y is a NX N Hadamard matrix, and
N=2" with n=2,3,4,....

Theorem 2 : If a symmetric Jacket matrix of rank

2 exists, the higher order symmetric Jacket matrices

can be represented by
[Jy= [H]N/2® [, (44)

For example, by considering N=4, a symmetric

Jacket matrix can be written by

[ﬂ4 = [J}2® [H]Qv (45)
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where [J], is

[, J(ZTE] (46)
and
=11 (47)
thus we have
a +acl_[1 1
e L/E —c ®[1—1]
a Vac Vac
| a  —a Vac—+ac “8)
Vac Vac —c¢  —c
Vac —vVac —c ¢
From (48) we have
[ a Va1t
VL= e T ®[171]
:l{ 1/a 1/+ac ®l[1 1]
211/ Vac —1/e |~ 2101 -1
1/a 1/a 1/vac 1/Vac
_1| YVa_  —1/a 1/vac —1/Vac 49)
41/vac 1/vac —1/c —1/c |

1/vac —1/vac —1/c  1/ec

Consequently, the pattern of the Theorem 2 is
different from the center weighted Jacket pattern.

In general, using the Kronecker product, we can
easily identify the different patterns of Jacket matrices,
such that

[J]N1 N [J]V] X® L]]Nz®"" . (50)
Progf-  Similar to (43), the inverse of the
multiplications of their elements are the same as the
multiplications of their inverse elements. Thus the (50)

is proved.
For example, Let us write

Ny o0, = y® [y,

Jui® [‘]]Nl Jie* sz jl,M . [J]Vz
Joi* m\g Joz* [J]Nz jzjvl : [J]AQ

Jva® [J]vz T [‘]]Nz j/\;./\; . MVZ
(51)
its inverse has
[ﬂ;v}-;. N, [J]j_\ll(g) [‘]]j_\le
[ 1 _ 1 _ 1 Y
Loy R e e
Jia Mg, e Jiw, e
1 1 B 1 o
— [y — Ay
— j2,1 N, jg,z N, ]2,/\'1 N, .
1 A 1 A 1 ’ _
— [ Uy Y
| Tv1 . In,1 e In.w, e |
(52)

Since [J]y' is an element inverse Jacket matrix,

1 71 . . .
— - [J], is the element inverse of j,,, [/,

Jm.n

with m,n€1,2,...,N,. As a result, (52) is the element

inverse matrix of (51).

Based on some basic Jacket matrices, a variety of
different patterns can be approached easily using
Kronecker product.

We compared conventional DFT, DCT, Hadamard
and Jacket matrix based on Kronecker as shown table
1.

Then

(D DFT case : DFT ® DFT is not DFT, and matrix

size is 2P (p=prime).

@ DCT case : DCT ® DCT is not DCT, and matrix

size is 2".
@ Hadamard case : Hadamard ® Hadamard is

Hadamard, and matrix size is 2", 4n
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SH
S

¥ 1. DFT, DCT Y Hadamard Jacket

#Ho| Kronecker product Hlx

Table 1. The comparison of DFT, DCT and Hadamard Jacket matrix with Kronecker product.

DFT (1822) DCT(1974) Hadamard {1883) Jacket(1989)
1. Fourier N. Ahmed, K.R. Rao,et, J. Hadamard Moon Ho Lee
1 1 1 1 1
v lT,{» m(n—;)zr 1 . L o
X =T x(kyw™ (el =y o (H], = w,=. 7 7
Formua par 2 1 —1 1 j —-j 1
=01 . N-Lw=g"¥ mnun=01..N-1 S
! e [H], =[H],, ©[H], 1 -1 -1
V1, =V, ®#H], nx4
i -l
V=3 N=4 (—1)‘%,“* (_1);31“* “.("u-zef'x-l L) Y
101 1 1 11 11
111 2222 Lo
) [cl.=|c¢ ¢ ¢ < 1 -1 1 -1 [J]; 1 -wow -1
F,=|1 w w ¢l cf ¢f P [HL: 11 ro—w -1
Forward 3 q s ] g : 1 1 -1 -1 " W
I w w . c, ¢ _Cg L o1 o1 1 -1 -1 1
= e 273 ci= cos X w=l: Hadamard
8 w=2: Center Weighted Hadamard
Element-WWise Inverse Non-Elemeni-Wise Inverse Element-Wise Inverse Element-Wisa Invarse
or
) . ) 31’2- ¢, ¢ ¢ 11 1 1 Block-Wise Inverse
1 B R <L = 1 1 1 1
Inverse Fg_l =={1 wt w? i_ v;3_ [HL—l =l -1 1 -1 bl 11 —Vw Vw1
w2 w 41 1 -1 -1 T4l vw w1
1 -1 -1 1 1 -1 -1 1
et [Im [Im ]
rﬁ/ \Gm 1 / +1 1 +1
Circle t . , Ro _._ = -
—iE:?\ ‘/ \— / No Limited by
€ Circle
Kronecker | DFT® DFT+ DFT DCT & DCT # DCT H @ H = Hadamard J @ J = Jacket
Size 2".p = prime " 2" 4n Arbitrary

@ Jacket matrix case : Jacket ® Jacket is Jacket

matrix, and matrix size is arbitrary.

IV. Conclusion

Computations of the eigenvalues, determinants, and
Kronecker product of the Jacket matrices are being
investigated in this paper. Their calculations will be
directly related to the kronecker product and symmetric
properties.

As shown the table, they have good performances of
result, especially using kronecker product. In Hadamard
case, Its size is proved arbitrary. The matrix

decomposition takes the form of the Kronecker
products of fundamental Hadamard matrices and
successively lower order weighted Hadamard matrices.

In general, using Kronecker product, we can easily
identify different patterns of Jacket matrices, which are
not only based on Hadamard. It is easy to prove that
The Kronecker product of the two three-dimensional

Jacket matrices is also a three dimensional Jacket

matrix. Thus the three Jacket matrix of order 4" can
be constructed by n successive direct multiplication
among three—Jacket matrices of order 4. Meanwhile, It
is obvious that the Kronecker product of two
four-dimensional Jacket matrices is also a four

dimensional Jacket matrix.
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(3]
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(5]
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(7]

References

G. Strang, Linear Algebra and Its Applications,
Third Edition, BROOKS/COLE, THOMSON
LEARNING, 1988.

R. K. Yarlagadda, and John E. Hershey, Hadamard
Matrix Analysis and Synthesis with Applications
to Communications and Signal /Image
Processing, Kluwer Academic Publishers, U.S,,
1997.

R. A. Horm and C. R. Johnson, Topics in Matrix

Analysis. Cambridge, MA: Cambridge Univ. Press,

UK, 1991.

Moon Ho Lee, Jacket Matrices: Construction and
Its Application for Fast Cooperative Wireless
Signal Processing, Germany LAMBERT, 2012.
Y. SS Im E Y. Kang, "MPEG-2 Video
Watermarking in Quantized DCT Domain,” The
Journal of The Institute of Internet, Broadcasting
and Communication(JIIBC), Vol. 11, No. 1, pp.
81-86, 2011.

I Jeon, S. Kang, H. Yang, “Development of Security
Quality Evaluate Basis and Measurement of
Intrusion Prevention System,” Journal of the
Korea Academia-Industrial cooperation
Society(JKAIS), Vol. 11, No. 1, pp. 81-86, 2010.

Y. M. Kwon, K H Kim, H J. Kwon, “Digital
Halftoning using DCT,” The Journal of The
Institute  of Internet, Broadcasting  and
Communication(JIIBC), Vol. 13, No. 6, pp. 79-85,
2013.

Appendix

Al. Kronecker Product
Let matrix [A] be of size m X n and matrix [B] of

size k< 1. The Kronecker product of matrices [A] and
[B] is a amtrix of size mkxnl and is denoted as
[BI®[A] It is defined as

Abyy  Abyy -
Aby gy Abyy -

Abo,z—1

Abl,l*l

[Bl®[A] = . (A-D

Abk—l,o Aby_y - Abk—l,l—l

where b; ; denotes the 4, jth element of matrix B. The

following are key properties of the Kronecker matrix

product:
Nol:(ARB)® C= AR (BR C). (A-2)
No2: (AR B)(C®D)=(AC)®(BD), (A-3)

where C'is of dimension n X ¢ and D is of dimension
[Xs.

No.3: A®D=(AL)® (D) =(A®1)(1,® D),

(A-4)
where /; denotes a j>j identity matrix.

Nod: (ARB)T=AT® BT, (A-5)
where 7" is the transpose.

No5: A® (aB) =(ad)®B=a(ARQ B), (A-6)

where « is a constant.

No6 (AR B)? =A% B", (A-7)
No.7 (A+B)®C=(ARC)+(BRC). (A-8)
No8 AR (B+C)=(AQB)+(A®C). (A-9)

where H denotes the Hermitian of this matrix.

No9: AR (BRC)=(A®RB)RQC. (A-10)

No.l0: (A®B) '=A4"'@B™ . (A-11)

No.11: If AI,AQ,...,AP are MX M and
By, By,...B, are NX N, then

(4,2 B)(4,8 B,y)...(4,8 B,) = (4,4,...4,)® (B, B,... B,).
(A-12)
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Nol2: If Ais MxX M and B is NX N, then

det(A® B) = (detA)(detB)”,  (A-13)
where det(A) denotes the determinant of A.
Nol3: If A is MXM and B is NX N,
tr(AQ B) = (trA) (trB). (A-14)

No.l4: If A is MX M and B is NX< N,
rank(A® B) = (rankA) (rankB). (A-15)

AR Bl=|Al" - |BF. (A-16)
where A and B are square matrices of size r X< r and

§Xs.
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