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ABSTRACT

In this study, we organize and explain various ways to construct 3D models in the 2D plane
using Geogebra, mathematical education software that enables us to visualize dynamically the
interaction between algebra and geometry. In these ways, we construct three unit vectors for 3
dimensions at a point on the Cartesian coordinates, on the basis of which we can build up the
3D models by putting together basic mathematical objects like points, lines or planes. We can
apply the ways of constructing the 3 dimensions on the Cartesian coordinates to modeling of
various structures in the real world, and have chances to translate, rotate, zoom, and even ani-
mate the structures by means of slider, one of the very important functions in Geogebra fea-
tures. This study suggests that the visualizing and dynamic features of Geogebra help for sure to
make understood and maximize learning effectiveness on mechanical modeling or the 3D CAD.
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Fig. 2 A rotation represented by Euler angles (¢, 6, y)
= (-60°, 30°, 45°), using Z-X-Z intrinsic rotations

Step 1 * Step 2 Step 3

Fig. 3 A rotation represented by Euler angles (¢, 6, v)
= (45°, 30°, —60°), using Z-X-Z extrinsic rotations
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Table 1 Geogebra construction protocol of 3D model

using Euler angles

No| Name Command
1 |Anglea
2 |Angle
3 |Angle ¥
4 |List E,
5 |List E,
6 |List E;
7 |List R, {{1,0,0},{0,cos(@),-sin()}, {0,sin(e),
cos(@)}}
8 |List R, {{cos(p),0, sin(H)}, {0,1,0}, {-sin(P),
0, cos(B)}}
9 |List R, {{cos(p), -sin(N,0}, {sin(p), cos(»,0},
{0,0,1}}
10 |List R R,R,R,
11 |List F, RE,
12 |List F, RE,
13 |List F, RE;
14 |Point G, |(Element[Element[F,, 2],1],
(Element[Element[F,, 3],1])
15 (Point G, |(Element[Element[F,, 2],1],
(Element[Element[F,, 3],1])
16 |Point G;  |(Element[Element[Fs, 2],1],
(Element[Element[F;, 3],1])
17 [Vector g, |Vector[G;]
18 |Vector g, |Vector[G,]
19 [Vector g; |Vector[Gs]
20 [Quadrilater | Polygon
al XY [G1+Gy,—G+G,, -G -G, G —G,]
20 |Segment a |Segment[G, +G,,—G,+G,,XY]
20 |Segment b |Segment[-G, +G,,—G|—G,,XY]
20 |Segment ¢ |Segment[-G,—-G,,G,—G,,XY]
20 |Segment d |Segment[G,—G,,G,+G,,XY]
21 |List P
22 |Number p, |Element[Element[P, 1], 1]
23 |Number p, |Element[Element[P, 2], 1]
24 |Number p. |Element[Element[P, 3], 1]
25 |Point V. |p,G,+p,G,+p,G;
26 [Vector v |Vector[V]
= TASHL o] 58 A E i 334 3K
25 gt o] AP EL x-y-z FA ] 9
s|doltt, [4 ZEEZ: 07~10]
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R x={{1, 0, 0}, {0, cos(a), -sin(e)}, {0, sin(c),
cos(a)}}

R _y={{cos(P), 0, sin(H)}, {0, 1, 0}, {-sin(H), 0,
cos(P)}}

R _z={{cos(p), -sin(}), 0}, {sin(p), cos(p), 0}, {0,
0, 1}}

R=R zR y R x

(4) 7129 E 9 3

(3)ellA 43 3219 BHPE L o834 (2)
oAl 3t 7|2 E ELE, Ey & XA
HE] F| F, Fy & 7330 [ Z2EF: 11~13]

F 1=RE 1

F 2=RE 2

F 3=R E 3

(5) 27490 714 E ] 74
224 Z1AE TS 13 G,,G,, G5 8 B4
FT}. Geogebra Y& Foll Th-2] WH ol A0y
2 A [ ZREZ: 14~16]
G_1=(Element[Element[F 1, 2], 1], Element
[Element[F 1, 3], 1])
G_2=(Element[Element[F 2, 2], 1], Element
[Element[F_2, 3], 1])
G_3=(Element[Element[F_3, 2], 1], Element
[Element[F_3, 3], 1])

T2 2 Geogebra 7| 53(Graphics View)oll 4]
BIS e S8l o Bl vel ¥EolE
TAUE gt [ Z2ES: 17~19]

g 1=Vector[G 1]

g 2=Vector[G 2]

g 3=Vector[G_3]

(6) XY HH o] 74
3|l A X-Y-ZolA XY BHS 745}
7] $131 Geogebra P& Fol th22] HHAE ¢
g3}, [ ZRES: 20]
XY=Polygon[G 1+ G 2,-G1+G2, -G 1-
G2 G1-G2]

(7) & Ao ARH AR =
Geogebra®] 2|2=E Z§A)|(List Object)E ©]-&-3
A1 & ¥ (column vector) P(1, 1, 1)E A3k

Pl x,y, z 38 FE3NN 242 pp.p. ol A
73t} Geogebra Y 4ol The<] HHE A& A
& gtk [ ZEES: 21-24]
P= {1}, {1}, {1}}
P_x=Element[Element[P, 1], 1]
P_y=Element[Element[P, 2], 1]
P_z=Element[Element[P, 3], 1]

(8) 22kl ¥E 4

(1O T3t A= 2] (4)ell thdaiA 22
WE vE 7143} Geogebra Yo HHAS
TAHR dE it [ 22 EF: 25~26]

V=pxGl+pyG2+pzG3

v = Vector[V]

G

o
Initial position

Gy

G

Step 1: Rotation about Z axis

Step 3: Rotation about X axis

Fig. 5 A rotation represented by Euler angles (¢, 6,
w) = (15° 30°, 45°), using Z-Y-X intrinsic rotations
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Fig. 6 Spherical coordinates (r, 6, ¢)
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coordinate system
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cos(—(90°+ @)) —sin(—(90°+¢)) 0
sin(—(90°+ @))  cos(—(90°+p)) 0
0 0 1

—sin(@) —cos(@) 0
“lcos(p) —sin(g) 0 )
0 0 1

o 7)o W17t 0] AFS A QoA
sjgEe] y AR 22 el sin(6)= FalETt =0°
owt y B2 00] HiL 7} SUF8HEA] yAE
Z7FH o] =901+ Fig. 73 & &
¢°l o =3 sl de] 72 4% (3E)el cos(h)
FellFH 0= 0914= z 482 10] H3L oF
7VslAA 7z S 7S Ho] 9= 901A
= 0°] "k 8oF F2letd 22Hd xy WA 3
LS 7R 913 371 €] 234 71 AW E = ok
7ol L

[
(]

-

o 2% rr ofy mlm
o

g1 = (=sin(p),—cos(p) - sin(6))
8> = (cos(9),—sin(p)-sin(6))
g3 =(0,cos(0)) @®)

2.2.3 Geogebra®ll 4| 712 ¥ ¥ F4

b A Y82 EUlE 3310l A YFA
2+S Geogebra 4.2 Bl A 7IAWEE A3
HEE 3t} Geogebradl A= R4 9] 7} v
£ Table 29| 74 X Z EZ(construction protocol)
oA g1 4 AUt

(1) Bz w9172 AA

Hzbz} w9l zh Vel = F 719 SEtoly AA)
0, p= et Egtoly 9] 7zt Mel= A
k00, Fgk 90°%, 742 1°2 A3l Sefol
O o] Z+e] Wele A% 00, Adlgk 360°=, 7
7L 1°2 A3t}

[T ZEEZ: 01~02]

(2) 22+ A 7IAHE 9] 7+

Al 7He] 22k 324 7141 W ] (fixed basis vector)
g1, &, 855 TH T} Geogebra 1l th3-¢]
FEolE AU R it

[T4 ZEEF: 03~05]

3k 33} B0 RulE

NS 3§ 99

g_1= Vector[(-sin(¢), -cos(¢) sin(H))]
g 2= Vector[(cos(¢), -sin(¢) sin(H))]
g 3= Vector[(0, cos(6))]

(3) 71 x%_,,]. :QLI;H A A
% (origin point) O£} &) Al (magnification
factor) M= AJ/d st} E8fold] Me] Hel= A&
&L R 52, 32 012 AR [ =
ZES: 06-07]

(4) 23+ o] &7 A B S| A4

A 719 22 o] & 7] A ¥ Ef (movable basis
vector) u, v, ws T3} Geogebra Y&l tf
29] BYol 2 AT Y,

[+ Z2EZF: 08~13]

U=Translate[O, Vector[M g_1]]

V=Translate[O, Vector[M g_2]]

W=Translate[O, Vector[M g_3]]

u=Vector[O, U]

v=Vector[O, V]

w=Vector[O, W]

(5) Al 7He] A YA
XY H¥, YZ B4, zX FHE A4 213l
Geogebra Yol th39] HHAE AR ¢
H3}
[ Z2EZF: 14~16]
XY=Polygon[O + 5u+ 5v, O — Su+ 5v, O — Su
- 5v, O + 5u - 5v]
YZ=Polygon[O + 5v + 5w, O — 5v + 5w, O —
S5v = 5w, O + 5v — 5w]
ZX=Polygon[O + 5w + 5u, O — 5w + 5u, O —
5w — 5u, O + 5w — 5u]

(6) o] A 2214 WY 74

PEe] gk A PE EAE S8l 4 RS
il = Al 7] EEtolel & vHEol A PE A6t
A A28 22k WS g Al AR
| Egtoltl o] Hele Ak -5, HAwk 5=, ¢
AL 12 2 3T} Geogebra Y& ol th=2]
FolE AU E it

[T Z2EE: 17-21]

P=O+pxu+pyv+tpzw

z=Vector[O, P]

o i
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Table 2 Geogebra Construction Protocol of 3D model
using polar and azimuthal angle

No.| Name Command

1 [Angle

2 |Angle ¢

3 |Vector g, | Vector[(-sin(¢), -cos(@)sin(O))]
4 |Vector g, | Vector[(cos(¢), -sin(¢p)sin(6))]
5 |Vector g;  |Vector[(0, cos(¢))]

6 |Point O

7 [Number M

8 [Point U Translate[O, Vector[Mg,]

9 |Point V Translate[O, Vector[Mg,]

10 (Point W Translate[O, Vector[Mg;]

11 [Vector u Vector[O, U]

12 | Vector v Vector[O, V]

13 [Vector w | Vector[O, W]

14 |Quadrilatera | Polygon[O+5u+5v, O-5u+5v, O-5u-

1 XY
14 |Segment a
14 |Segment b

5v, O+5u-5v]

Segment[O+5u+5v, O-5ut5v, XY]
Segment[O-5u+5v, O-5u-5v, XY]
14 |Segment ¢ |Segment[O-5u-5v, O+5u-5v, XY]
14 |Segment d |Segment[O+5u-5v, O+5ut5v, XY]

15 |Quadrilatera | Polygon[O+5v+5w,0-5v+5w,0-5v-
1YZ Sw, O+5v-5w]

15 [Segment e  |Segment[O+5v+5w, O-5v+5w, YZ]
Segment[O-5v+5w, O-5v-5w, YZ]
Segment[O-5v-5w, O+5v-5w, YZ]
15 [Segment h  |Segment[O+5v-5w, O+5v+5w, YZ]
16 |Quadrilatera | Polygon[O+5w+5u,0-5w+5u,0-5w-

15 |Segment f

15 [Segment g

1 ZX Su, O+5w-5u]
16 |Segment i  [Segment[O+5w+5u, O-5w+5u, ZX]
16 [Segment j |Segment[O-5w+5u, O-5w-5u, ZX]
16 |Segment k  [Segment[O-5w-5u, O+5w-5u, ZX]
17 |[Segment 1  |Segment[O+5w-5u, O+5w+5u, ZX]
18 (Number p,
19 [Number p,
20 (Number p.
21 | Vector z Vector[O, P]

Az B972hS Egfolt] QA2 2838HA] &
A% A (Viewpoint object)S THEo] A1 74
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B @& e EMIEMIENE
No.‘Name ‘Too...lcummand ‘Value No,\Name ‘Too .v\Command \Value
o 7737150
3150 A nolvaal
2 208 segment SegmentiA__/a, ., =26
a= 77315
2151 A nalvagl
3/Number...| a=2 w=0 209 Quadil 'B- Polygon[Ag, [POIy40 = 1.
A A1
4/Angle 8 |a=2 6 =45° 209/segment Segmemh° a,5,=042
—— as 152
- 3152 A nolva0l
Spngely ase v=45° 209|Segment SegmentiA,,(a, .. =6.5
8152 A__nalva0l
SR .A 0=41.79, 509 Segment SegmentiA_,(a, , = 3.67
a A
7 Number...| a=2 m=3 154 A nolvanl
—— 209 segment SegmentiA, 3, =26
8 vectorx, m (-sin(g), - x;= (212, 3155 A nalvan]
sin@)cos |4 5, 210 Quadril '3' Polygon[A, , [Poly41=1.
9\Vectory, m (cos(g),- Y= (212, A A A1
sin(8) sin(e)) _4 5, 210/segment SegmentiA, (a, . =0.42
10\vectorz, m (0, cos(8)) z, = (0,2.12) 3158 A nolva1l
210/Segment SegmentiA,_(a, .= 6.5

11 Number... a=2 M=10
12 PomtX2 #° Translate[O, )(2 =(20.57,
Vector[M an] nan
13 PointY, »* Translate[O, Y, = (63,
o
Vector[M Vn]] nan
14 Point zZ, »* Translate[O, Z,=(4179,

wr VectorMz ] 27 09y

15 F'DintX‘ ..0 Reﬂect[xz. 0] XY =(63,
3081
16/ PointY, ..o Reflect[Y,, O] Y, =(20.57,
3081
17 PointZ, »® Translate[0, Z, =(4179,
v
Vector[-05M 59)
21ButtonB... '~ Btn0
OK

2 nolv41l

Segment/A__a, o

157 A
210/Segment
a

=367
158 A
210 segment

a

nolvd 1l
SegmentA_ja, . =26

159 A nolvd1l
211 PointB A B=(151,7
°
212 PointC A C=(1.48,-
°
213PointA A A=(059,7..
°
214 PointD A D=(052,-..
°
215 Quadril... | ! Polygon[s,  poly42=11...
B,.C.DI
215 segment SegmentfA, a, =093
310 B, poly42)
215 segment Segment(B, b,=1205
b, C, poly42]
215 segment Segment(C, c,=0.96
c, D, poly42]
215 segment SegmentlD, d,=11.99
d, A, polyd2]

] | ] ] 2157215 (sl i

Fig. 17 Construction protocol from step 1 to step 215
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