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Abstract

The Indian Buffet Process is a stochastic process on equivalence classes of binary matrices having finite rows
and infinite columns. The Indian Buffet Process can be imposed as the prior distribution on the binary
matrix in an infinite feature model. We describe the derivation of the Indian buffet process from a finite
feature model, and briefly explain the relation between the Indian buffet process and the beta process. Using
a Gaussian linear model, we describe three algorithms: Gibbs sampling algorithm, Stick-breaking algorithm
and variational method, with application for finding features in image data. We also illustrate the use of
the Indian Buffet Process in various type of analysis such as dyadic data analysis, network data analysis and
independent component analysis.

Keywords: Indian buffet process, latent feature model, Gaussian linear model, Gibbs sampling, stick-

breaking sampling, variational method.

1. M2

2000dT] Z9HEE Ao AFE AT w4 wlel A BHe] 7145 (machine learn
ing)&ofol] AFRE £ Qo= AR FEEH A, tglad ZZA|2(Dirichlet process; Ferguson,
1973), 3|ER-8 Z 2 M| (Pitman-Yor process; Pitman¥} Yor, 1997), $F &% & (species sampling
model; Pitman, 1996) 5-& 0|48 3RS £A vlolEl vlo](text mining), o]u]A] Ho]E vo]
d (image mining) 52 FA] A&t o] A& 7AEE AFAET HIESF wWoA <t A+
AL AAAATE 9L S5t 5, "2 Wo|X ¢ BF o] ARG ATAENA ANE A,
71AEE ATAEC] 2 e 8 A A4 A5} o|v]A] A5 43 #-" FAE] W]
At AFAEANA 2708 = ERE 7 A H Ao

5L 71E0 EAskE AR Wo| X<t BYE AZL HoHAl d EASl A&ske Aol XA &
3, FAA 275 Aol wet theddt wlo] A Ry HES ettt xR A Byl viE
Oz B3| =7 A2 (Indian Buffet Process; Griffiths?} Gharahmani, 2006) o]t} Q=R T2 HAe=
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ta

2006d¢l Griffiths@} Ghahramaniol] 9J&] 22 A|dH SARFo|tt y|Ie Z2A2Y E325
ol 7]9ket FAH —‘?—ﬁéf_’_ st He] HEX| ) & JHY] EAX T th-gE vl W, =R Z2AAE
o]§3t BE-2 3t /o] AEA | Ho BT OS2 = vk SAS 7N Ak =R =&
A2z i35 FANEARFG it o]& ¢ $8& A7+ A wo|A ¢ AFAE Arelel 7 A2
FA| F shtelth
FAATE o] &3 B3, WOl At YA A 7 F shtelty. HE3y ZEAX &
f,ﬂ'_‘?_?fé (Dirichlet process mixture model)2 FA|Hs2] EXE t)g|3d Z2A2oA &8 Ad
SEEXE BYslels Wyolx, YAy Z2AA EFRFPAAN FFE 55 £ Z(species
sampling mixture model)2 IA|HF] BXE Z2ET oA £33 dd FEEEZ 233 A
oltt. HE|3d ZEAN. EHRRYT FF2E EFRFL FE FH3Y BHOoR AMgEHE, o
WRES TA A Aol AT BRI gonl AL AFAE Bl 2R AT A5
-%—7‘ QD}H Aol gl o] uf, Z}u--/] A= #5A T ) npt} she] A4 (latent vari-
T kel FYE ASAEL TS wHA &
L, TATHET ofu g}t thekst Rofol] A8
wo] 2|t BEe] thx A BP0 2] it
E4E 7H 5 I3 MR e 54 7H
1] 5 559 545
TEoE M Q& Aol H7& gt
3 (latent feature model) o], o]e} Zro] 3t 7] &
B0 359 389 540l 2 ¢ e BYE A
Qi Z2AAe ZAEA gt ojtt. Y3y ZEAA9 ut
M &2 QJIEHS ZZAAE 0§ = 549 M7t R3S Ashe Bl AAdAHA
FAHE Q=R Z2AN27F Fafe] EAS 7 4 Sitke Ad wiiel, AERHZEA A

ox ox M —(>’
O b o

o
N w
RN

o

AS9EY oL AU 9 U 539 4 dod 53] 2T 228 A1 A2 AT 2
B weEry 088 4 glrk A=) ZEALE 55 AA ARl 8 Uehbe 549 ARE A
Ao 24 4 ddrhe 2 _w 1% 188 290l BT ) ARE A1) ALk
£ AV e, ey 2 Ase B8 AT 20008 PR vl AAE] AT 24 5

2 %2 g9 Aok

O,

AR Z2A|2xe) #st o]24Q A3 F sk Thibaux®}t Jordano] JAERH ZZ A2} wlet
ZEA 2] AF/GE 93l oz, AR Z2AAZ PYAE I3V EAY ¢ IUE S5 (de
Finetti measure)7} WE} ZZA|27} Htl= AR olt} (Thibaux®} Jordan, 2007). AZ=R 3] ZZ A~

£ o] 83 3ol 2L 95 ufE A9 EH|7}EZ (Markov chain Monte Carlo; MCMC) ¢32g]
F& o] & wl ALk Aol Dol AHAcr B AHo] o] Ae50] Y, Wz EAAS) <
SR Z2A|A0e] AAA ] HEAHA o]H3 BAIES ol AR AT & S AMEL vtE 2
d EHER OL—V—E]iEO] S ok AA7EA] AdE AR T2 tE A vt ZA|
o BHFER FuEe, AR Z2A 29 gt a2 7] (stick-breaking) 4 AE o] & f& daels
(Teh 5, 2007), :.L_O}—e,— Z Z A2~ (Poisson process)] AAE o]g3t d2]E (Paisley 5, 2012) 59]
ek,

Iy FEF Akl 7 wtE A 2HVER daElsEe ol T Adds EstaL, o143
WieE Fol Akgol A-8st7] ofHrke 2AI7F AR ol s dsty] Al viE2AQd ZEHER
da2Ee] oA Wl HE W (variational method) o] S8k Aot Akse] Ade] 2w, &
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K feature

Figure 2.1. An example of the binary feature matrix Z.

2o WS o8k Zlo] mE ARl EHER WHET
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By 229 e F vgko g 3T e, ARe AR Z2AAE F 7] o
FE A EE e 740] (Teh®} Gorur, 2009; Griffiths?} Gharahmani 2011) 8], =4
F Z 2|2~ (Chinese restaurant process)Q} B Wy ow  FwWIFle] FHAL KA ALY AS
A (hierachy) & ej3te] ojd S48 725 zhe ALF ZaA29 ﬁﬂsﬂi Fshe Aotk &
2ol $& §UD FHE ALY & ATk 3, T o) o9 BAE AW 54e PEE 25
S35 ZeAzol Ul TS A2 DALk Hed PRE 2 dnis zeAse dgen
Zgko] 2A% uf FHEF 71 FALS vk FTHoHA TtEE 5 Qe RE =
Z M2 (dependent IBP; dIBP; Williamson &, 2010), HEfZZ A0 A S vlgto g 3sto] AFZ
o2 FHF FEA 7R A = £ A5 dlEFZ 2 M 2 (hierarchical Beta process, dHBP; Zhou 5,
2011), Ad wWlel= 2 M 2 (kernel Beta process; Ren &, 2011) 5-¢] Itk
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S gk WA BEAA @ = (2a,...20) 2 Wy AR 5

p(X|F)Y B2 HEAE 5P T 5 9t A%, o8 FASYRFolehy B
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A=fs Z2AMAe o]HE o]AYPE Zof| 7HRET 5 Sl BT F shtolth AERI ZEAAE
43t ZE 233 gk 29 AL, #H 72E EPIF o ST ZEA 29 nRTIA R, A
ARl 549 eE Faet 2o R 7Pt wetA 549 AeE AREREH AALHA FEE A
the Aot
F3e] EAE VM 4 e EAEY S FIEAE Y (infinite feature model) o]t HET}E F3H5
AEPL FAEARYCRRE 28 5+ Utk FIASHAEF 7 2A4H KA EAE 717 o]
o] A3t By or, v} Zo] yepd o itk
i i‘ziBeta( ,1) (k=1,...,K),

Zik | Wk i Bernoulli(ux) (i =1,...,n). (2.1)

9 B o2 HE ALE oAy Z9 FHEEL 3 2t

=

P(Z)

/( P(Zikuk)> () dp

k=1 i=

_ﬁB(mk—i—%,N—mk—i—l)

k=1 B(%71)
_ﬁ%l“(mk—i—%)l“(N—mk—i—l) 2)
Pt D(N+1+%)

K — oo we] 4 (2.1)9] ZeHEZE 37 Y3AL o)A ] S5 e~ (equivalence class) S A
A

4% Best k. FE2UAL ol ABL Bt lof(-) B4E oA AAY 5 gom, 99 of
AYPL o] F4E Fol AZH Y (left-ordered) ONFHR WL AZAY oAy Lo, o]
oo 2@ = oAt 270l et AFARH LEF R g LT PP KFth TS
=AY o] APPL 2 o]APPEo] FEFerd) Sk, o [Z]2 ®/FT) [Z]9) BEE o
&3 o] Lpehd 4 itk
P((2)= > P(2)
Ze|Z)]
_ KUy & (met F) TV —my + 1) 23)

ITolo " Kl i L(N+1+ %)
9 AN mps kAR SAS AT Yk BEA) LS guistn, K, @ FAT HAEE 2
Qo) N4E ERTh saEele NAREe oASEL 2, 5, Lol N9l o)A5de] A95e
ujgith. wEtA sk B9 $ BE o] 09 A5 A9, 2V — 1747 A 593

o)

BAEEE 7 E7)ElE AE VR SYE oY EE TS HEE
TE Alo] 954 ojP L FES Axtetolof il & K9 deo] 9
ke

o= UEhd 4 9tk o714 Kot A BEAT 2 F 549 A4E £
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U3 AXAY o|IPLE Zh= TEF U0l i FEQ A (24)% oW T FEAFoEZRH F 9
] 2 iy ZEAsackn Rerh R zeAse IR 8
s £ AEshs FAHog AYE 4 gtk ojxY
=3 ZF stk A WA Eol &g
2ol 228 AXRE AHE APttt (HA £dS FA Sde] A
Aot 8258 my /i BEE YA, obfE MEehA] oFe ﬁa]% Poisson(a/i) 9] 7}RHE A
al = % <ol Wbd 7Y EA4S 7t

A olAPL S AT 5 At} o] ZrAXE Fof AAHH °lﬂ“"’—ﬂ Z= v=e] &Ee A

=2 O O

m]n
A

9 AN K@ #7120z i AoA A e B4 A4E sach oAad 27} 919 2
© #8742 e v, Z ~ BP(a)= %78},
ARFA ZEASZHY P95 TN 2 2EE $UT 4RI 1YL 2 558

__a Y| K (V= ) (m — 1)!
P([2)]) = Wexp {az J} i

2t SlellA AojE FEdHozRY 44 olAYY
welA] Z ~ IBP(a)Z 7 > olREE
ol3ity. YZAY o|APHPL Yo s AV, ulebA nfEz ﬂfﬂ %Eﬂ?}— dneHS F3l
A B8R S kx| wpA e el e
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o
el
o
2
lo,
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o
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2.2. HIEIZZ2M|ALO| 2t M

D35S BEATE (21, ..., 20) 0] QB B8 2oty 73, o] FUEQ] A2l (de Finetti
theorem)e| w2}

Zy,....Zn | P %

£ WESE 25 P34 RS EAUG 2, O SME Jeld absd HENsee 2A8
Yoz Bet 2o 2440 B3t Aelolth. ol thal EAT

2} 2ol & 4= Q. 9714 PE Sld A Y4 (random element)2] SEE VERATH

FHHEET ZEAM 2 A 4] (2.5)F WSS U IV E SE71 U3y ZEA20 dEA 3
th ARy Z2AAE mEE A5 Y o|JPLE2 wEHeE| Wl o SV E S27t A3t
T A2 Be] "k g 2 ZEgE B2 G AR stk g2 W oAt AFAE F%Eﬂ
2B ZEAN 29} AER Z2 A9 o]2H Q] S A7 wiel AR ZE2A2ME
(2.5)9 G 25 2= Flo] 2 FAAA I, o]E A2 813l A2 Thibaux$} Jordano] Tt
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52 WelZ= 2 M2 (Beta process) 2} Wl 20| Z 2 M2 (Bernoulli process) o] ##HAJS o] 8310 WE}
ZENAT7 JAERS Z2NAZRE AA4E FEHSI st ¢ svE S&7t drkes 2& Bk
=, B7FHElZ 2 A28 a1 7y,...,Z, | B7F A2 5YolWA BE 7]A& % (base measure) 2 7}
At Mool Tz AAg GEGL B W, Zi,..., 2,8 FUEES} AR T2AL Aok AL
B8t} (Thibaux®} Jordan, 2007).

=iy Z2ZANAE 7S By 228 93 & gEL, B39 7o wgt 1 o] ¢
it B =RolAe 7F-AIQH A8 2 ¥ (Gaussian linear model)of] t)3t 2 I g5 A7)t}

N ZEAAE o AW e RE2 AYYS whe] ZHPAI AP RS e 2k

l

=

m¢|zi,A,0X~ND (ATZZ',(J%(I) (i:].,...,N)

ailoa ~ Np (0,65I) (k=1,...,K)

Z|o ~ IBP(a)
S mRHNA ZE 7 BEAIE AL THHEA ool B o) AALoln, 2k olAW L WA Y
2 ZAY a5 40 ofE & U, A = (a1 ax]TolT ol SAFLolen FET
ze DAAS M2 (WA BEAE EH, X = [z za)Tolth ok2 Xl e o) 271,
ohe A0 tIF 29] 718 Eohu, ot AR ZzAe] Bsolnh
2 =eolAe 7FRAIG AR FES AT QuBFoE, AFEERTE BE4E 250 38
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aEFoletal Byt

2 sk}
S Y7k FolAE W FBAS X 2% BEE 2 [X|Y]Z BH
=498 A% oYY 22 FE

IS 53 023 F (collapsed Gibbs sampler) o]2tal H2T), Fa| 89 H-2 oS0 Agsict.
3.1.1. HISRYAEE  duEEL 7E et
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Anh} 2A8AE AAsHe HHol DLtk (AA BEAT} 712 EAFE 5
i

p(zik = 1|z—in, A, X) ]’;’;—““1 (X|2, A),

p(zik = 0|z—sk, A, X ) x (1 — ]7\71”61> p(X|Z, A) (3.1)

g 7Pes Ao o AN mogt, olAWPe kA LolA ¥R B4E AT UiA A2 F
19] g 2 629 A5E Fo
o

P (knew|X) o< Poisson (k P (X|Znew, Anew) (3.2)

«
new,ﬁ)
of o] 2Ast] BHBTE o] AN Znew, Anewt MZE 54 ATTZ A2 AALEZTE
AARE oA ENHBL =atr),

AE 3R] e Hdol py, B4kl 49 Y JFEEZE o]83tt} (Doshi-Velez2} Ghahra-
mani, 2009):

2 —1
o= (sz T %I) zZTXx,
A

2 -1
Sa =0k (ZTZ+L§I> :
0a

AENT ZEALE A (21) TS AFENRFNN K - 00 3P PHEARYOR ALY
% gtk 22 oju wiEth AW 549 A% K7t FROR H9HE 4G 1 & AFRERS
FELE

i ES EG5) Aste] the o] AL 83Tk yun,...,ux Y Beta(a/K, 1)olek & wf, oS¢

=73 i =

g sk o] AHA B7Fs3H] wiEell, Teh 5 (2007)2 o]23 24l s 2stn #3345
o

SMBAFA pay > - > pad X

v & Beta(a,1) (k=1,...,K),
k

ey = v ey = [ [m (3.3)
=1

o}
eEr] BANNE AFRE FES ASAE 49 A4S RN ABoF v, o1 2L 9

oz AR AL AT ZHSHE 2AE ASS Akt ou)7 Ak Ea Ane] AE} Ada
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JA AR = Ao] ope}t ARG AEE sl of s17] ufj&oll, RP A A7 DA "t ol
B2 s& T Y3hs &8fo)2 AE (slice sampler) & AME3Fo 24 S| 2%t} (Teh 5, 2007)
HEWSE AZE ), oA 49 AEst 24o] HEAE ARUA. VA WENS 5F ol 2ol
T3

5| Z, i(1.00) ~ Uniform[0, "], " := min {1, N El?lzl}; 1,u(k>} (3.4)

AN ppy < s BHET w] 742 DA H, °o] T pew > s WS SH4=S 843 F 54
o] F7kste] Ky 2 AAE o wl, MEA 243 F SAEN e 2.4 = (z1ky - -+ 20k) = 028,
ar = (a1, ..., aca)" & APREZIA Bols=th 4] (3.5)2 27} log pua °l Eﬂﬁ}‘ﬂ 23 25 (log
concave) A Z& 7IX B2 A3 7]|Zt% 7] (adaptive rejection sampling; ARS)S ARS-SHo}.
o)WY Zo| et FES T o= Y AEEE

plaie =1 z_in, A, X) %p (i | Zi—k, 2k = 1, A),

p(Zik =0 ‘ zﬂvk,A,X) X (1 — %) p(il:i ‘ Zi,—k, Rik = 07A)
ANA k < K1 SAZEE AL ] AolA z; v o]AEY AR QoA kAR d4AE ALl
AL St
=AE W7 549 2 BB ppy, k=1,... Kt — 19 AFZEZ=

P () | k-1 B(rr1), Z) o MZZ')“AO — )" (i) < prgey < Be-1)) (3.6)

5)7F Bk A my = YO zolth 4 (3.5)9

43
(3.6)2 27 log % eyl el 27 9.2 JAL BEHER A374EY PEE 0§ B
M@t SHYY AL 42Bd QuAE} FUS P JFRIRNY B9

AFEEZE AR A olelR A9, o] AR 2EXEY AR 9F Ak, I oA Bx
She AFEEZ el E9l-glol B8] Ak Kullback-Leibler divergence)©] 71g 22 BX & g2 o2 AL
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FREo) sl FEAT WY Q7F BE BRI AFo] BrbY, AFRE 1 A7 A4z 9o}
ol Whate] 002 4 A7) o] A AFRES 7T 5 o AAZ o] T AL B

VAR AUREE ASH ATAL UYRYAH FFARIE B
%252 (hyperparameter)E& 0 = (ox,04,a)8t2l YERI
(B(1o0y: Z, A) 2 UERd o, A3 2320 237k =38 gelshd v

/—\

logp(W|X, 6) = logp(W, X|6) — log p(X|6). (3.7)

Z3 p(W|X,0)2 202

AL, D(g(W)|lp(W X, 6))5
0 # ALE R0 EHEP N )\]»-9-‘6 r/} T Z9-glo] By wake AR
o183 7] w2, p(X|6)2] S ¢= F3 BT 1AL Al Yo 2
43} 3= ¢ & 2A "ok o] A2 ol Aol o) I3} At

p(X10) = Eqlog(p(X, W|0)] + H(q) + D(gllp) = Eqllog(p(X, W10)] + H(q). (38)

9, QAR pXI0) YIS &) A T, W PAE 3
= = 19N

i)
S
e
T
e
oy
o
B

A 3 olsh 22
rdoz A7 o9 2

3T
= =
Qltt. O]E ZyZ} f3bAE 1 (finite variational

Beta(ﬂﬂ, Tkz),

)
doy, ak) = ND(¢k7 ¢16)7
)

= Bernoulli(vnk).

et (W) = ¢-(1)as(A)an(Z) 2 £ 5 Ytk prE AERT] Z2ALE FASHR
7AI AP R Folgjal a1, 98} 2 X 71 oA D(qllpx)E HAAZ 3 1,90, P, 2l
Ao] Fge) 2Ho] Ak o]E AsME logpk (X(0)9 3432 Arhslets RES Rolof A} aa
2 AU Sl BEL 224 AARPRE Bl 7, ¢, @, 0 E AASE PO FAY. ANL
212 olef 2} 2t} (Doshi-Velez %5, 2008).
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N -1

1 Z Unk
‘i’k - 5 + % I,

04 0x

—1
[ 1 N 1 Z Unk
n=1

d)k = Z Unk ne — l% an¢l O'T + 0_72 s
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1
14+e N’

N
[0}
Tkl = ? E Unk,
n=1

N
TkQIN—‘rl—ZVnk.
n=1

Unk =

9 Ao NS (m) = b(mha) — 1/(20%) (tr(8x) + dpdh) + 1/(0%) by (XL = (S vl ) &
SENEN

3.3.2. PaMARUY  TadBuoldL Auys meAac Hridzs) BHL ol§d Ryl
4 (3.3)2 AgTT. TadERolehs 082 Bol7lt AT, A4 o] WAL Fale
Wl Azt 9a fES) K7k A9 g ol §3tel 2AR Y-S olg3 Atk

o) A3 Or FAURRYo| N9 FASA BB prE A=) meAAS Arkd Hrha
27 £802 el 7h9AIe AgEdolela shu, 280 BAL ol ARstel A 2u-zho] Sel
WA D(gllpr) & HLE e 7,6, 8,08 2 o] Dtk o|F AL FAARE YA} Zo]
logpre(X|0)9] 382 H42 S 7,0, 8,08 Folok 5rl, 94 HA3 Py Fof BEHow 7
Al B WS ol 88Tk AL 98 Al olelel A
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kol
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|~
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N——
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o Ox
N N -1
1 1 n= Unk
¢k: sznk Xn_ Zynl¢l 72"_2721 )
X =1 Lk TA Ix
L1
nk — 1+€7N7
K N K N m
Tk1:a+zzl/nm+ Z (N_Zl/nm><zqmz>7
m=kn=1 m=k+1 n=1 i=k+1
K N
Tk2:1+z (Nzl/nm> dmk-
m=k n=1

9 Ao N = Zle(d)(ﬂl)—?b(nl +7'z‘2))—Ev [log(l - Hﬁqzl Um)] - (1/(20§())(tr(¢k)+¢k¢g)+
(1/0%) (X . = (X vl ) 01Tk 91 ARAE A5ME Eyflog(l — [1,_, vm)] S AR oF 3
=, o] At AA] FFgto R ZALEe] ALbsitt &

E, |log(1l — H vm)] > (Z qkmw(rm2)> + (Z < Z qkn> ¢(Tm1)>
" o k k " BN k
- (Z <Z an> Y(Tm1 + Tm2)> — Z Qkm 10g Qem

olm, 9714 gri o< exp(¥(Tiz) + Loty ¥(Tm1) = oy ¥ (Tt + Tmz)) Ol
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Figure 4.1. The four true latent features (top of the left column). Estimated latent features using the algorithm
1-3 (from the second to fourth row of the left column). Four sample images from the data set and the corresponding
binary vectors (top of the right column). Reconstructed four sample images using the algorithm 1-3 (from the
second to fourth row of the right column).
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Figure 4.2. Time series plot of latent features at 1~10, 20, 100, 1000th iteration using the algorithm 1.
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Figure 4.3. The four true latent features (top of the left column). Estimated latent features using the algorithm 1—
3 (from the second to fourth row of the left column). Four principal components (bottom of the left column). Four
sample images from the data set and the corresponding binary vectors (top of the right column). Reconstructed
four sample images using the algorithm 1-3 and PCA(from the second to fifth row of the right column).
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