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Abstract

Science has developed with great achievements after Galileo’s discovery of the law depicting a relationship
between observable variables. However, many natural phenomena have been better explained by models
including unobservable random effects. A mixed effect model was the first statistical model that included
unobservable random effects. The importance of the mixed effect models is growing along with the advance-
ment of computational technologies to infer complicated phenomena; subsequently mixed effect models have
extended to various statistical models such as hierarchical generalized linear models. Hierarchical likeli-
hood has been suggested to estimate unobservable random effects. Our special issue about mixed effect
models shows how they can be used in statistical problems as well as discusses important needs for future
developments. Frequentist and Bayesian approaches are also investigated.

Keywords: Mixed effect models, hierarchical generalized linear models, hierarchical likelihood, random ef-

fects.

FAE AR B2l b BN yo AYNS 20 BAE v B4 08 BN B
t}. Bayes (1763)°A+= 6l thst AFA 14 3t3. E-E (probability) S ARE-3te] 6o ot
Z22o| 7153 Bgth 223 R. A. Fishers 5= o JE <l 755 (likelihood) &
28 AABYOH, ol BHA 9°ﬂ W3k A S8 BEd ek 714 Qolw maol o BAH 22
o] 752 B9t} Birnbaum (1962)E B W A5 22 go) T RE ARE Js50) 9tk
7Fs% 93 (likelihood principle) & ZH3lo], 71558 SAFE AHLEHE o|24 7vkL npgds)
t}.

1861'd F=o AEA Airy> 47 Ay 39| AF 5

71 flske] 71 d9mA 2o 54 ] tiriu 2de Frlekedl, ol ¥ E3(random
effect) = 2L MEe =T A2 TFaARYPS AT oz &3A I o 3R
FolAe mAe B 0F oz, A5 Qv MPFAT voll HiE FEo] 27FH e, 5 ke
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Al 7Fs %= (hierarchical likelihood; h-likelihood)E A|A8te] Eof tfst APAREEZ ] 714 Qlol=
2] e WEge] 22o] /58S B Bjornstad (1996)F Aol 9l mAQ] B 09 3
23 4 gl WBRI ool BjE ZE 7} el bssel Stk S8 1 83 (extended
likelihood principle) & Z£H3le], A 7P 55 5A R 220 AFRsh= o|27 ks ulgsigich
Pawitan (2001)2 ThghA 7l 57t B2 Bl WS 22317 93t 7|1& 71559 elgst 33o)et
2 sk, webA, oebl ks Eg Bol iAo 24 ool tigk 2 opeh 554 Qe W
% 07kA BE 22 4 QA F 9k

—

9 JIN'

ok CLoogh

o

) = [}

M8 FEYE] AUsol olo] thet Tido] mxH T Yk ol A%}
o $HEAAT 289 23 1 FLAL Aol TYEHFRYY SHE Fvlstach SAzol 4
9% 28 =25 JE EREARY, WolAt PHE, Te] JhsE MR 5o odt el w8
2 o), JAH AR, AFL AR, VA, k5, 71T, AV, F§, FA%, AT, 5% 5
CRFE Rofoll et ol £ S8, ALPe] e AT, T BN ARH o2 ALY WFEH
By 5ol tha B WA 470 S e,

ARE 2SI, AL, ALk A%l FLHAA e FT S Qb ARE WS AL, A
2 FHiSolold 875 B4 By w3 S B4, BT vk TFEAHRIL ol ¥

Held Aol Be AR5 & 4¥she wPolth 53t sbsEs 71E Weld
Fisher?] 7Hs =8 E2ohe M2 5A et oz Mol 339 RS A48T 5 9
oA, BRA of Holo] tiE A8 FAACE AEsn dh. EFEARY 5
o] HEANL AT TYEARFo) e 0|39} B2 WL, okeel Tkt RokEelA &
FastEyo] AgH L A77} 571 e,

o =RolMe #FHA e MF voll Uik 22 TS TR AAE ol (22), EFAHFRY
<= AT v dRis A9 29 v gd Y HEScl sl AsEa (37), o¢ B
g o] F23% A 2AES A AL ik (47). 8 TR v TheEe shue A=
< A Hevdeolnz ojd et 2l A A Fokoll AAA ok st AW AL FA AL
A Qe F8% Foked Hste] Ao gErh 7]Ee] WlolXt e & LA Jleng, o
o thafi A= wlo] At 2l == Lee 5 (2014)2 Farstr] wpetct.

2.1. Ol2f &5X12 oI5 2H|

ofml g ko) A 537 AN W) A5E y = (3,2,5,0,4)27 3k o] Barel B2 A4

=71
AE SYoln B B4 02 7MAE Eold REE BEThL 313, o] B9 TeF BH A4 0o

2
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38 PEZ PHEA Fisherd] 7FsEE theat 2o tehd 4 glo,

exp(—50)g3 250+

A

Fo(3,2,5,0,4) = ===
o]Z 0] &3l 0] HhrlsE A7
g 3+2+5+0+4
5
€ P, Toky Rxe] Y7 B4 00 O thAISHE AHH (plug-in technique) S o] 3ko] ve] %
Bxs

fo(w = ly) = fy(o = i) = SRE2H2E
Z 78 4 Aok AT, Pearson (1920)2 o|Z A £3l+= Fisherd] 7ls=of 2%t v o&9] sHAZ,
& FAHT oA Ak BEAANE v FEEX T3 3HA] Kake A& AHIA o] ulE
o Pearson ve] d&85S 78 w 09 A & &2 7(0)E 7HEt 08 A2 F3 aAt
B2 09 A uE B34S uiske WX S AMSSlioF 2 5T Pearson2
Jeffrey 2] ALAZHE 7(0) x 07125 o] g3l Fo17 A5l HF 09 o]F FELS ATFER 751

. i=0,1,...

(i+3+2+5+0+4+0.5)!
’L' 6i+3+2+5+0+4+0‘5

P(v=ily) o

g, o] ZAA oA 7=
exp(_60)03+2+5+0+4+v
3121510141 0!
oF Zo] yepd = Qltk. o] tdA 7HsEE ol8ste] vo A Ao oA Ths ke A
i 3+2+5+0+4+v

fo(3,2,5,0,4,v) =

Fo)(3,2,5,0,4,v)

£ 5o voll @ ol % B8 BE B4E 78 4 ATk Pearsonol 248 Wo) 2|3k 2L 9]
% £ 7Pgsioksi, A @ e} 2ol T SRS o] 8%

=
o 714 flel= 09 Ao wh EdA4S s voll e o5 &8 —1‘%2% T dee g

_4

2.2. S N JH2Hd 2H0IM, 252 + gle HEsS

t}5 72 A (multiple testing) FA°llA] Benjmini®} Hochberg (1995)%= Y& (false discovery rate;
FDR)olehe Z58 AT ol Sol, & NA 24 B4 Zol, old $AF PULE 5
3 RN 7HEES 71743tk §hd, o Table 2.1 78 4 t}. o]7]A Benjmini®} Hochberg
(1995)= 29 d4S FDR = E(vm/R)E AolstAdet. o] uf, Table 2.194 R} N of| vgo,vo1, V10,
me BF A5 $ gle HFELS ¢ 7 Atk A, o 43 EAAE 2vtEA L8 dES
A% BAE 7] AN BEE 5 gl Weol ToE BARYD 220 A2TL & - Aok

gl
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Figure 2.1. Predictive density of the number of seizure counts: Plug-in method (A), Bayesian method (O) and
h-likelihood method (4).

Table 2.1. Unobservables of interest in testing N hypotheses

Declared as null Declared as alternative Total
Null V00 V01 No
Alternative V10 V11 N1
Total N—-R R N

3.1. Sy

WS} o7k TRE 4P 00 RPos T AERES E 4 Utk yi Nle wgusw o2

o1Q MEE, X9 7 22} wAe) Aedd DAED o VoA R W} 0] Y LA

N xp, N x g8l A9€ AR 317 o] ul, 714 E5 FEAL T} o] ek 4 st
y=XpB+Zv+te. (3.1)

ol W, M ve} 2} eQ] EX 71H2 e~ MVN(0,X), v » MVN(0, D)o]H BF 08} e EHolEt
ko=
v7k FRH LW, WSS y= E(ylv) = XB+ ZvE HToE, L& ko s AFEEE e,
v Bl 00]a BAte] DSl AR ExE Wtk o] A%, oA (E32-) 7sEE v 2T

h = log f(y,v) = log f(y|v) + log f(v)

= —% log 273 — %(y —XB—2Zv)'Y Ny - XB - Zv) — %log |27 D| — %UtD_lv. (3.2)
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257} ATk @ ), hE HUNE Shs v FRFE T 2ol 22 5 Uk

b= (thflerD*l)‘lztzfl(yfxm = E(v]y). (3.3)

3.2. CIEHH 2bts) MY

&

7129 duksl AP R23 (Nelder®t Wedderburn, 1972)0l] W=k B2 713t Qulsl A8 3w
3 (Generalized linear mixed models; GLMMs)2 &= 7539 W FEo7 Ast, WEk
E3E A9t B2 E mEts 2y tE) (Breslow$} Clayton, 1993). 33, Lee2} Nelder (1996)-2
ek gie] By w3l Aesog 30 tiokA dukst A3 2 Y (Hierarchical Generalized Linear
Models; HGLMs)& Al ¢Fskar, th23 2ol g &jskqirt.

() AFET w7t FARS o, WSS o] RF o7 theS vhEsls Jduks] AP PL 7St

N

=
=

<

E(ylu)=p and var(ylu) = 6V (),

9 B4 0 =0(n)E Aok, 21 b=

N,
& r{m
>

ok
+
s
lo
=)

rok
k)

N

n=g(u) =XB+2Zv. (3-4)
olm, v = v (u)E WHEF} v G2 HEH HFEI g TFEFAE vt
(i) HFEH v B NS 7R E A4S E28 020

AL Eol, ylurt tha3} 22 Hd= A< Zoks 22 weErkal 7Hds| 2t

olal, v = loguol, u7t 7v} REE W=, v 217w E2E g2 Hu, ojel?
S-7v) ThekA Quksl AgE o S

el Aek. ] QUs HIR Y| 542 AS

2 Table 3.19} Zro] Uehd 4= ¢ A%} 3

Leesk Nelder (1996)& T3} 2:& THI7) 7% (i ikelibood)

it
o
o
rek
iV

= log fo(y|v) + log fa(v), (3.5)

AI71A log fo(ylv) & AERS 68 7HE yo] 27 248 3%
the AERF AE JHE 09 27 SEUE F5E vl
& WFES v, BT B, A B 7= (g,0) 0l

o g

tx
3.4)0ll A F7gsl oFg it

1o 1
0 o
)
—
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Table 3.1. Examples of HGLMs with distributions of y|v and u

y|v distribution g(p) u distribution v(u) Model

Normal identity Normal identity Linear mixed models
Binomial logit Beta logit beta-binomial model
Binomial logit Normal identity Binomial GLMM
Gamma log Normal identity Gamma GLMM
Gamma log Inverse-gamma reciprocal Gamma HGLM
Poisson log Normal identity Poisson GLMM
Poisson log Gamma log Poisson HGLM

T3t Lee®}l Nelder (2001)2 t23 722 $£AE o 715 % (adusted profile likelihood) S 2] 5131
o}
_ 1 D(l, @)
ol = 1= 1o P2 |
A7IA 1L 23 FH 75 EBE o BsEE gueta, D(,a) = —0%1/0adaT ol ax=
Ol/0a = 09 3ot} R Ba3t FEs FA4sH=tl UoIA Lee2t Nelder (2001)2 HZFE}
v 4 (35)9 hE Hois AFlE e, AE 24 pE 2T DE AEE p () F, B 4R

TE pos(h)E HU3 A7) oz 739t
Lee2} Nelder (1996)2 thetAl duls) A3 mgol
% (deviance) 5 A9 6]»55113]— tﬂ s ARG

A FH 23 7R IS o)83 —20&, 1 A= —21log fo(y|6) 2 AH&E A
= Atk FHEa 7l~o—¢ 17} log fo(y|B)S $+AA LR F317] olgle A, gss A T2
pu(h)9} pp.o(h)E AHEETE AR AW HE Lee 5 (2006) vhe} et

3.3. 0|5 CIEHH 2its} MRS

AN AHE, TEA Qs AYEF

Al 2 7 B2y HEFEIE 23 A7 BYo|ty. HF
H ooz BEARFor Wk giE TIAA B

I
9t Lee$}t Nelder (2006): 3

gs F4E 5
T3 Bk BF HBgEIE =St o]F tA ¥ukst AP E 3 (Double hierarchcial generalized

linear models; DHGLMs)-& 7lislach. Ha®ak olyzel Ealof] QojA AAE = ZHE Ao
o] o]dAo] BYel e ojof & uf, AHE e BIPolrk ERE oYz}, FAEAM AREE
ARCH (autoregressive conditional heteroskedasticity; Engel, 1982)1} GARCH(generalized ARCH)
5o BREL 2R, 07 AFAL Rold ol 4AE AL FAE NE AR L BES 3

22 5ol 829 BYE A7 Fgo] /hssith. BYS FEF] Jof, olF ThaA Quksl AP G
WA oz oo dusl ARG Sl AU A2 AAT 5 Ax, PolA £AT A AbsE
£ o83 QA FE WYL I 21 57] ] BAH, LA BLA uAEL A
C
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oA duieh PR g npztA 2 3 pell e Ad dISA =

n=g(u) =XB+2Zv (3.6)
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30,
O,

h =log f(y|v,b; B, ¢) + log f(v; ) + log f(b; ),

Fulo.b:8.6), f: ) f(ba)E 247 (0.b)7 FAHE W] 4o 27 ,
2 Uitk 29 RSE Lyt hE AFET 0 bol thate] AEste] et o] 2

30 18

o] 7] A4
=4
o
Ly =log [ exp(h)dvdb = log/exp Lydb = log / exp Lydv,

Ly = log [ exp(h)dv, Ly, = log [ exp =
2} 1 BHEC I AEE F2S AFSh LUQ} Lb,vﬁ]/‘“}O] —1—5‘11—123 oJHE wi=, ol 49
?:SJ.'H]'Q’]' 7E1-O] pv( )pv,b(h) %%

e

Yol G st7] AsiAE A
B2 A3 o]F thAY
TS TN, A
23 (multivariate DHGLMs; MDHGLMs) ] 2}al
%9, o4 5)8 2+ NIUSFE JAUAL
st 2 g of] ¥l dlo] BAl g 4~ 9}"/}—: o] At} (Lee} Noh, 2012; Molas 5, 2013).
MDHGLMSP/] AXZ (Price 5, 1985)2] ethylene glycol A4 2@ A5E AuHz}. o] AFo ul
8 UFE T AR S A i) B (Y U3 1Y AR DA o

o] Fof Aol wet | Eote] 7Y ool FRAL W) oS AuET] 9% AYolrh. 7|F o
o) BRA Aolol A0l EAT Holeln AAT, Tgot 2L MDHGLME +9iel, 4
A 2P & 5 O“’/} iR ojuF e jA Efore] FRAIL 71BARE vy, y2i; oF TTHE, AFEL
wi, ui 7t FARE W v 22 2AR 2P 1w g

yriglw ~ N(pij, ), iz = 14561 + w,

oy
ry

g i
=
e}
5
@
=5
t+
@
=
(R
oY ['
t,o[r _|l)l|
X
1
tlo
td
o
=2

Xl r& o

Uo[
d

{

Y2ij|u; ~ Bernoulli(p;), logit(p:;) = z2:;02 + us.
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ghek A Efofe] BRA|9} 7§t S Aeletn spgeiehd, 77t Wsle] HGLM 23S @?&‘Pﬂ
A

dch A, BRA 9} 7@ Rzte] ABAL 1edy] 93, T WFET w0 w 2l 4] (3.8)F
Zo] o] iF AFEEE 1std, T HGLM 232 A%d Fej& shte] MDHGLM Rgoz 7t
¥4 9l
. 2
(wZ>NN 0’< i pmz@))- (3.8)
Ui po102 O3

Tk TFs g o) g3te] Aze] BAEe 24 H W okge] BRH(B)9 Bo] 1ol B
o AABA (p) & SA T AT 5 Uk

4.1 BEY
H&Y (smoothing)-& H|R4 32 S Ao A Wo] 2ol= v og HF PSS AFgor A sh=
Al el e mmee g4 f(fﬂ)% o]-g-3t

E(ylz) = f(x)

£ WEAYIE A% el f(n)e) Wnele AEE 245 A% Y RRAoR Agse At
" 3 (penalized least square) WHOZ ofgf|2] 48 H 43 3= f(z)& T3}

1‘
i)
rlo
e

2

i
b
é
]

A7 D (x)

.
-
o dukEl ~FeEl RYPoz e

ZUJ )+ e;

°olx, ¥Y FE=zE

y=Zv+e
olth. o7|M g ;Y 79 Yax 2 = Bi(x)E AR o)A R A 4l (4.1)o 4 EI
e

p/‘f(d)(x)’deEpUth,
2 Uehd 5 Q3 o714 P (4, 5) A dae

/BW@M#%@W
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lly = Zoll* + p ) 180" = ||y = Zo|[* + po' Py

4.2. HEXZ 2A0AM2| Bigiay}

REAE BANAE WFEe] Aol Assith AE A B0 A8 HEAY BYA Coxel
g 93 2o HEIINS =g dE)E 23S YA = dE 2 (frailty model)o] I HiE
Al ofolcy. 58] zaAAE) £AL Aol 2(cluster)ol &3] AEARI} Wol A cpHEAEA
F (correlated survival data)2] &4 of w9 783t}

Tij(i=1,...,q, j = 1,...,ni, n= 37, n;)E A Ao s AEAdele} sta Oy & 33t

T FE AAzbelEt skab. 28 ¥ AE57Fss EWHSE Vi = min(Tyy, )9t SEET A7

6ij = I(Ti; < Cyy)olth. w s iR AMgke] kgt shal, w7} FojRe o 237 7358 A3 &
A (tus) = Ao() exp (258) ws

o8 RYPIRItt. o7 Ao(1) & A Ex HIETH 7] (baseline) @ olth ojuf ;o] #x

T(E TR +

AZNA l1i; = €155 (B, No; yij, 0ijlus) = log fiij, b2i = £2:(&;vi) = log f2; 0] 2L,
Frig = {Mwis i)} exp{—A(yi;|u:) }

ddrk o714 A()€ FAARRToITh ool tE Hop gAE 2 9 dAle Ha 5

HHA Q] 7hs & o] BE A5t 250l X (complete) ARE 7RO dith 2y ApRo= &

A A ‘Lr%lr% 2527t EA3RE A7 25 Aok oS ZAE 2] 8 B ATE
2215 (missing data) 4 =3 7}s3lth. 2
B’?it}"’ 7P7§5“IH Y = (yzl,---fy 7)E AR A BE A5t st gy S
yo, AdZo) sgete 2L yMolgtn Ak =3 R; = (Rat,...,Ris) S 23
gl akxf. &, jAR FAE5X7F Ad50lW Ry = 00]1, F50] HH Ry = 10|tk

09:.(
)
2 5
?&9
O
H
r&
m
:i
il
o,
oo
ot
i)
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F i, Ri;0,0) = f(yi;0) f (Rily 5 M) . (4.2)
olml, A&zt yM S HAEsIA] B3 Wk, B s, oA TFsES

h=>" (i Ris0,0) = > log £ (401, Ris6, 1)
2 AlgosH, 72 A sE olgos ERRY ol TAE w4 (0,\)9 AR W
v; = yM ol i3t 20| BAI0] A5 AT

4.4. YippMEy
BYoll ARgHE AW W] £ e B2 A9, BE el AAR fofvd Aes =2tk 2
A ol MeES AEs] S8 M A 7155 (penalized likelihood; PL)®P 0] o] 13- o) &
th A JbeE W2 71E0] JFekel AEE E A3 (penalty function)E EJo2H BH Ts
=2 A3} sk R4S FASEYE Ao o) gl davh AEE s oty A 2l
A% 2¥e 7Pgste] Bt

yi=xz B+e i=1,...,n (4.3)

e " N(0, ).

olul Tt 2 QA(A)E AL E e HARAS 6

]
i
rr
of
e
o
g
e
N
o
bt
of
i)
o
v

Blu ~ N(0,ud)
a2a Bt 229 Rl S0l W us E(u) = 1, Var(u) = wE 7H& Zv BXE
ok 7t oy WA Ry /M thdA eSS ©]835te] Leedt Oh (2014)+ 4]
Z < Hrh

olelst Hpio® A WHRSE wel gl vk 1 Beke] WBEA Hr), 53] w28t} 2 4
S 00149) ghol o) Tathghe 2 Weivh Grh oled Alze BAPSE BAtY AWNA ¥
2ol AgEIL gov] 1 o2 4 Ea el LEA AL ATk B3, 4% =Y, Qs
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odth
o
o,
I3
b
o
ol
Rt

B AREA Q] 23 Qex, FAAEEA, A 4AEA, B8 AaAFHS 22 g As &
A9 ZYdE] 2, A A BH T2 AL A5 A0 Bo] S8F o] WgAg] glojA g
3t A5S Holn}l gtk (Lee®}t Oh, 2014; Lee 5, 2010, 2011; Ha 5, 2014). =3+ W4 7ke] 254
7F e S, AFFEE W dle] HeAES e B o A H o (Lee 5, 2015)

2 71e] B o3 FATo| FdAE BANAME FHMY THES SAl BBk s Dol
Hol Xt} o|#H3 tlEAA BAE dZAs7] Yok vHHOZ p-valueE ©]83F Benjamini®} Hochberg
(1995)9] 2 2-AE (False discovery rate; FDR) Ao} ¥ So] Aok gy, Wo] AMRFH T it}
224804 AFstdxol, theAaR A £ A58k Kot Wgo] By Sojglojof SRR Leeo}

e
z

S

&

g

o,
%)
(e}
&
rlr
3
i)
oX

|

)
i
i
N\
o
N
b
)
2
ot
o
2
A
o
)

it

s

d|

fo

o
yg i
N
o
B[ Yy
2
= 2
3 oo
1o ot

HEEgy R gy 228 53 g8708 248 AojEr) A3 WS ;ﬂ"]"]‘
Bjgrnstad (2013)= p-valuel} 22 QS AZS el
o AN evke SAREN &FE TFeEE F6iA s E
H;ol sk jiA A A5t skt (i = 1,... j

= g 7 dee BHAh v & iR 74
K 1
H37) w; o LA e, E THAIE AP 29

,...,TL,). 0:17]/‘17 yzjg Eﬁéii }_3_-_

N
=
Il

irls}

Yij = wi + ey, E(ei;) =0, Var(ey;) = ¢

PRt 2t HiEE, o]y W 0,8 =YUTUTE =, 0 = Lo|W A 7577 o] AR A

=, 0 = S0
A ATAALe] A A9t s ARAL EHES) w7k A9 00 Zhgeleh

ol IEL m[o
N
I
o
rlo

0, =1€9w], FE(w;) = p, Var(w;) = 72,

olmf, A& Aelstd, FAZ
Yi

0i =08wW], ¢t ~ fo, iid E(t;) =0, Var(t;) =1,
0, = 1¥wl, ¢ ~ fi;, independent E(t;) = u;, Var(t;) = i,

sle) AojAst 2ol ARAIAe) 2 AR §RE B
A 7k BAoR 0EY
o2 v 9 uARe 24T, ol ]
Bjgrnstad (2013)5 132 vlghc}. ZZol& Lee2} Bjgrnstad (2013) WS 743519 0,7} o] E
o] ohd o] FHe| e E o J %
= Y A0 g A+ Jy= 12 gl
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rlr

7]
WFEAAE ol§ el B3

=] =]
= fu = 0=
Fishers) 7Fs 55 B28 4 gl M350 ta 222 8 4 Qons b sz Bgaolol
5 o =
=

Stk ol BAY olgstel WS 7] AW, vF) olF, BF 5 olel
chere Bopolq 88 4 Utk B, o] RYEL o §3te] AT 79, Er TR
FHe B3 /1= BABY WAT Wl MR 2L ojof BTk o LEOINE BEHA ot WY
o] 23 ERRARYL AT 517, Thbd Asl AYR Y 1 $gE BYL SO 20
42 stk ol BAH BASC] A4 BhIsiAL BA Ao whek AFEAE TR B
BYE ol% A5 98 Tel JhsEel Ud d7el g B4 59 st A4 © AQ Aol
Aol BANAEE EFAHRYT FHE H5E o2 WAo| Fa% AT /2 viehEA 2
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