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Abstract. In the present paper, we introduce new subclasses of harmonic univalent

functions and establish certain results concerning the convolution of functions for these

subclasses. Relevant connections of the results presented here with various known results

are briefly indicated.

1. Introduction

A continuous complex-valued function f = u + iv is said to be harmonic in
a simply connected domain D if both u and v are real harmonic in D. In any
simply connected domain we can write f = h + g , where h and g are analytic in
D. We call h the analytic part and g the co-analytic part of f . A necessary and
sufficient condition for f to be locally univalent and sense-preserving in D is that
|h′(z)| > |g′(z)|, z ∈ D, (see Clunie and Sheil-Small [4]). For more basic results on
harmonic functions one may refer to the following standard text book by Duren [8],
see also Ahuja [1] and Ponnusamy and Rasila ([14], [15]).

Denote by SH the class of functions f = h + g which are harmonic univalent
and sense-preserving in the open unit disk U = {z : |z| < 1} for which f(0) =
fz(0) − 1 = 0. Then for f = h + g ∈ SH we may express the analytic functions h
and g as
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(1.1) h(z) = z +
∞∑
k=2

akz
k, g(z) =

∞∑
k=1

bkz
k, |b1| < 1.

Note that SH reduces to the class S of normalized analytic univalent functions
if the co-analytic part of its member is zero. A function f of the form (1.1) is in
the class S∗

H , if it satisfies

∂

∂θ
{arg f(reiθ)} ≥ 0, {z = reiθ ∈ U},

and is in the class KH , if and only if

∂

∂θ

{
arg

(
∂

∂θ
f(reiθ)

)}
> 0, {z = reiθ ∈ U}.

The classes S∗
H and KH respectively consisting of functions harmonic starlike and

harmonic convex in U , have been studied by Silverman [16], Silverman and Silvia
[17], (see also Avci and Zlotkiewicz [3] and Jahangiri [11]).

Also, Öztürk and Yalcin [13] investigated two new subclasses HS(α), (0 ≤ α <
1) and HC(α), (0 ≤ α < 1) of harmonic starlike and convex functions respectively.

A function f(z) defined by (1.1) is said to be in the class HS(α), (0 ≤ α < 1)
if and only if

∞∑
k=2

(
k − α

1− α

)
(|ak|+ |bk|) ≤ (1− |b1|)

and in the class HC(α), (0 ≤ α < 1) if and only if

∞∑
k=2

k(k − α)

1− α
(|ak|+ |bk|) ≤ (1− |b1|).

Recently, Dixit and Porwal [7] generalized these classes HS(α) and HC(α) to
the class HS(m,n, α).

A function f(z) defined by (1.1) is said to be in the class HS(m,n, α), if and
only if

∞∑
k=2

km − αkn

1− α
(|ak|+ |bk|) ≤ (1− |b1|),

where m ∈ N, n ∈ N0, m > n, 0 ≤ α < 1.
It should be worthy to note that by specializing the parameter in HS(m,n, α),

we obtain the following known subclasses which have been studied by various re-
searchers.

1. The classes HS(1, 0, α) ≡ HS(α) and HS(2, 1, α) ≡ HC(α) were studied by
Öztürk and Yalcin [13].
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2. The classes HS(1, 0, 0) ≡ HS and HS(2, 1, 0) ≡ HC were studied by Avci
and Zlotkiewicz [3].

For b1 = 0, the classesHS(α),HC(α) andHS(m,n, α) are denoted byHS0(α),
HC0(α) and HS0(m,n, α) respectively.

Let ϕ(z) be a fixed function of the form

(1.2) ϕ(z) = z +

∞∑
k=2

ckz
k, (ck ≥ c2 > 0, k ≥ 2).

Now, using the function ϕ(z) we define the following new subclasses of SH .

Definition 1.1. A function f(z) ∈ M0
H(ck, δ), (ck ≥ c2 > 0; k ≥ 2) if and only if

(1.3)
∞∑
k=2

ck(|ak|+ |bk|) ≤ δ, (δ > 0).

Definition 1.2. A function f(z) ∈ N0
H(ck, δ), (ck ≥ c2 > 0; k ≥ 2) if and only if

(1.4)

∞∑
k=2

kck(|ak|+ |bk|) ≤ δ, (δ > 0).

Definition 1.3. A function f(z) ∈ Bn
H(ck, δ), (ck ≥ c2 > 0; k ≥ 2) if and only if

(1.5)
∞∑
k=2

knck(|ak|+ |bk|) ≤ δ,

where δ > 0 and n is any fixed nonnegative real number.
It is worthy to note that if g ≡ 0 the classes M0

H(ck, δ), N
0
H(ck, δ) and B0

H(ck, δ)
reduce to the classes M0

s (ck, δ), N0
s (ck, δ) and B0

s (ck, δ), respectively, studied by
Frasin and Aouf in [10].

It is easy to see that various subclasses of harmonic univalent functions as well
as analytic univalent functions can be represented as Bn

H(ck, δ) for suitable choices
of ck, δ and n studied by various authors. For example:

1. B0
H(k, 1) ≡ S∗

H (Silverman [16])

2. B0
H(k2, 1) ≡ HC (Avci and Zlotkiweicz [3])

3. B0
H(k − α, 1− α) ≡ HS(α), (0 ≤ α < 1) (Öztürk and Yalcin [13])

4. B0
H(k(k − α), 1− α) ≡ HC(α), (0 ≤ α < 1) (Öztürk and Yalcin [13])

5. B0
H(km − αkn, 1 − α) ≡ HS(m,n, α), (m ∈ N,n ∈ N0,m > n, 0 ≤ α < 1)

(Dixit and Porwal [7])
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Evidently, B0
H(ck, δ) ≡ M0

H(ckδ) and B1
H(ck, δ) ≡ N0

H(ck, δ). Further,

Bn
H(ck, δ) ⊂ Bh

H(ck, δ), if n > h ≥ 0.

To prove our main result we need the following definition of convolution.
For harmonic functions of the form

f(z) = z +

∞∑
k=2

akz
k +

∞∑
k=1

bkzk

and

F (z) = z +
∞∑
k=2

Akz
k +

∞∑
k=1

Bkzk

we define the convolution

(f ∗ F )(z) = f(z) ∗ F (z) = z +
∞∑
k=2

akAkz
k +

∞∑
k=1

bkBkzk.

Similarly, we can define the convolution of more than two functions.
Several authors such as ([2], [5], [6], [9], [10], [12]) studied the convolution

properties of analytic univalent functions only, yet analogues results on harmonic
univalent functions have not been explored in great detail so far in the literature.
In this paper, an attempt has been made to systematically study on convolution of
functions in the classes Bn

H(ck, δ), M0
H(ck, δ) and N0

H(ck, δ).
Throughout this paper, we assume the functions f(z), g(z), fi(z)andgj(z) in the

following form

(1.6) f(z) = z +
∞∑
k=2

akz
k +

∞∑
k=1

bkzk,

(1.7) g(z) = z +
∞∑
k=2

dkz
k +

∞∑
k=1

ekzk,

(1.8) fi(z) = z +
∞∑
k=2

ak,iz
k +

∞∑
k=1

bk,izk, (i = 1, 2, ...,m)

and

(1.9) gj(z) = z +
∞∑
k=2

dk,jz
k +

∞∑
k=1

ek,jzk, (j = 1, 2, ..., q).
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2. Main Results

Theorem 2.1. Let the functions fi(z) defined by (1.8) with b1,i = 0 for every
i = 1, 2, ...m belong to the class N0

H(ck, δ) and let the functions gj(z) defined by
(1.9) with e1,j = 0 for every j = 1, 2, ..., q be in the class M0

H(ck, δ). If ck ≥ kδ, then

the convolution f1∗f2∗ ...∗fm∗g1∗g2∗ ...∗gq(z) belongs to the class B2m+q−1
H (ck, δ).

Proof. Let

h(z) = f1 ∗ f2 ∗ ... ∗ fm ∗ g1 ∗ g2 ∗ ... ∗ gq(z)

= z +
∞∑
k=2

{
Πm

i=1ak,iΠ
q
j=1dk,j

}
zk +

∞∑
k=1

{
Πm

i=1bk,iΠ
q
j=1ek,j

}
zk.(2.1)

We have to show that

(2.2)

∞∑
k=2

[
k2m+q−1ck

({
Πm

i=1ak,iΠ
q
j=1dk,j

}
+

{
Πm

i=1bk,iΠ
q
j=1ek,j

})]
≤ δ.

Since fi(z) ∈ N0
H(ck, δ), we have

∞∑
k=2

kck(|ak,i|+ |bk,i|) ≤ δ

for every i = 1, 2, ...,m. Therefore

(2.3) |ak,i| ≤
δ

kck
and |bk,i| ≤

δ

kck

which implies that

(2.4) |ak,i| ≤
1

k2
and |bk,i| ≤

1

k2

for every i = 1, 2, ...,m.
Similarly, for gj(z) ∈ M0

H(ck, δ), we have

(2.5)
∞∑
k=2

ck(|dk,j |+ |ek,j |) ≤ δ,

for every j = 1, 2, ..., q. Hence we obtain

(2.6) |dk,j | ≤
1

k
and |ek,j | ≤

1

k
,

for every j = 1, 2, ..., q.
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Now, using (2.4) for i = 1, 2, ...,m, (2.6) for j = 1, 2, ..., q − 1 we obtain

∞∑
k=2

[
k2m+q−1ck

({
Πm

i=1|ak,i|Π
q
j=1|dk,j |

}
+
{
Πm

i=1|bk,i|Π
q
j=1|ek,j |

})]
≤

∞∑
k=2

[
k2m+q−1ck

(
1

k2m
1

kq−1
|dk,q|+

1

k2m
1

kq−1
|ek,q|

)]

=

∞∑
k=2

ck(|dk,q|+ |ek,q|) [Using (2.5) for j = q]

≤δ.

Therefore h(z) ∈ B2m+q−1
H (ck, δ).

Thus the proof of Theorem is established.
Taking into account the convolution of functions f1(z), f2(z), ..., fm(z) only, in

the proof of above theorem, and using (2.4) for i = 1, 2, ...,m − 1 and (2.3) for
i = m, we obtain the following corollary. 2

Corollary 2.2. Let the functions fi(z) be defined by (1.8) with b1,i = 0, (i =
1, 2, 3, ....) be in the class N0

H(ck, δ) for every i = 1, 2, ...,m. Then the convolution
f1 ∗ f2 ∗ ... ∗ fm belongs to the class B2m−1

H (ck, δ).
Next, taking into account the convolution of functions g1(z), (g2(z), ..., gq(z)

only, in the proof of the above theorem, and using (2.6) for j = 1, 2, ..., q − 1 and
(2.5) for j = q, we obtain the following corollary.

Corollary 2.3. Let the functions gj(z) be defined by (1.9) with e1,j = 0, (j =
1, 2, 3, ..., q) be in the class M0

H(ck, δ) for every j = 1, 2, ..., q. Then the convolution

g1 ∗ g2 ∗ ... ∗ gg(z) belongs to the class Bq−1
H (ck, δ).

Remark 1. If the co-analytic part of fi(z) and gj(z) are zero for every i = 1, 2, ...,m
and j = 1, 2, ..., q. Then we obtain the corresponding result given by Frasin and
Aouf in [10].

Remark 2. Taking ck = k − α and δ = 1 − α, (0 ≤ α < 1) with co-analytic part
zero in the above theorem, we obtain the main result given by Kumar in [12].

Remark 3. Taking ck = (1−β)k−αβ and δ = β(1−α), (0 ≤ α < 1, 0 ≤ β < 1/2)
with co-analytic part zero in the above theorem, we obtain the main result given
by Darwish in [5].

Remark 4. Taking ck = (k−1)+β(1+kα) and δ = β(1+α), (0 ≤ α < 1, 0 ≤ β < 1)
with co-analytic part zero in the above theorem, we obtain the main result given
by Aouf in [2].

Remark 5. Taking ck = k(1 + m) − (m + α) and δ = (1 − α), (0 ≤ α < 1, 0 ≤
m < ∞) with co-analytic part zero in the above theorem, we obtain the main result
given by Frasin in [9].
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