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Abstract

Alexandrov topologies are the topologies induced by relations. This paper addresses the prop-
erties of Alexandrov topologies as the extensions of strong topologies and strong cotopologies
in complete residuated lattices. With the concepts of Zhang’s completeness, the notions are
discussed as extensions of interior and closure operators in a sense as Pawlak’s the rough set
theory. It is shown that interior operators are meet preserving maps and closure operators are

join preserving maps in the perspective of Zhang’s definition.
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1. Introduction

Pawlak [1, 2] introduced the rough set theory as a formal tool to deal with imprecision and
uncertainty in the data analysis. Hajek [3] introduced a complete residuated lattice which
is an algebraic structure for many valued logic. By using the concepts of lower and upper
approximation operators, information systems and decision rules are investigated in complete
residuated lattices [3-7]. Zhang and Fan [8] and Zhang et al. [9] introduced the fuzzy complete

lattice which is defined by join and meet on fuzzy partially ordered sets. Alexandrov topologies

[7, 10-12] were introduced the extensions of fuzzy topology and strong topology [13].

In this paper, we investigate the properties of Alexandrov topologies as the extensions of
strong topologies and strong cotopologies in complete residuated lattices. Moreover, we study

the notions as extensions of interior and closure operators. We give their examples.

Definition 1.1. [3, 4] An algebra (L, A, V,®,—, L, T) is called a complete residuated lattice

if it satisfies the following conditions:

(CH)L =(L,<,V,A, L, T)is a complete lattice with the greatest element T and the least

element 1 ;
(C2) (L,®, T) is a commutative monoid,;
CHrxoy<Lziffe <y — zforx,y,z € L.

In this paper, we assume (L, A,V,®,—,* L, T) is a complete residuated lattice with a
negation; i.e., v** = z. Fora € L, A, T, € L%, (a = A)(z) = a — A(z), (a®A)(z) =

a®A(z)and T,(z) = T, T,(x) = L, otherwise.

Lemma 1.2. [3, 4] For each z, v, 2, z;,y; € L, the following properties hold.
(OHIfy<zthenz Oy <z©O 2.
Qfy<zthenzr »y<z—zandz —x <y — =z
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Bx—y=Tiffx <y.

@Dx—>T=Tand T >z ==x.

BS)zoy<zAy.

©) 2 ® (Vier ¥i) = Vier(® © vi).

Dz — (Nier ¥i) = Nier(@ = i) and (Vi) >y =
Nier(@i = y).

@) Vier i = Vier ¥ 2 Nier(@i = yi) and Ajep i —
/\iEF Yi = /\ier(xi = Yi)-

Q) (z—=y)oz<yand (y— 2) 0 (z = y) < (z— 2).

1)z > y<(y—2) = (z—=2)andz >y < (z =
x) = (z = y).

(D Njer 27 = (Vyer @)™ and \;cp 27 = (Njep @)™

(12) (z0y) 2 z=2— (y—>2) =y — (r — z) and
(xOy) =z —y*.

(13)yz* > y*=y—zand (x = y)" =2 O y"

Dy —2<20y—>20 2.

15z »y0z>(r -y ozad (z = y) - 2z >
z0O(y — 2).

Definition 1.3. [7, 10, 12, 13] A subset 7 C L~ is called an
Alexandrov topology if it satisfies:

(T1) Lx, Tx € Twhere Tx(z) =T and Lx(z) = L for
e X.

(T2)If Ay e Tfori € I, \/;ep Aiy Njer Ai €7

(MHa®Aecrforalla € Land A € 7.

(Td) oo -+ Acrforalla € Land A € 7.

Asubset 7 C LX satisfying (T1), (T3) and (T4) is called a
strong topology if it satisfies:

ST)If A, € T fori € T,V
finite index A C T.

A subset 7 C LX satisfying (T1), (T3) and (T4) is called a
strong cotopology if it satisfies:

(SCO)If A; e Tfori e T, A\
finite index A C I.

ser Ai, NieaA; € T for each

ser Ai, VieaA; € 7 for each

Remark 1.4. Each Alexandrov topology is both strong topol-
ogy and strong cotopology.

Definition 1.5. [8, 9] Let X be aset. A functioney : X x X —
L is called:

(ED) reflexive if ex (x,2) = T forallz € X,

(E2) transitive if ex (z,y) ©® ex(y,2) < ex(z, z), for all
z,y,z € X,

(B3)ifex(z,y) = ex(y,xz) = T, thenx = y.

If e satisfies (E1) and (E2), (X, ex) is a fuzzy preordered set.
If e satisfies (E1), (E2) and (E3), (X, ex) is a fuzzy partially
ordered set.
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Example 1.6. (1) We define a function e;x : LX x LX — L
aserx (A, B) = N\,cx(A(z) = B(z)). Then (LX,erx) is a
fuzzy partially ordered set from Lemma 1.2 (8).

(2) Let 7 be an Alexandrov topology. We define a function
er :TXT = Lase (A, B) = \,cx(A(x) = B(x)). Then

(1, e,) is a fuzzy partially ordered set.

Definition 1.7. [8, 9] Let (X, ex) be a fuzzy partially ordered
setand A € LX,

(1) A point xg is called a join of A, denoted by x¢y = UA, if
it satisfies

1) A(x) < ex(x,zo),

02) A,ex (A@) = ex(a,y)) < ex(w0,y).

A point z7 is called a meet of A, denoted by 1 = MA, if it
satisfies

M1) A(z) < ex(z1,x),

M2) A\, x(A(2) > ex(y.2)) < ex(y,22).

Remark 1.8. [8, 9] Let (X, ex) be a fuzzy partially ordered
setand A € LX.
(1) g is a join of A iff
Neex(A(@) = ex(z,y)) = ex (o, y).

(2) z1 is a meet of A iff A\ _\(A(x) — ex(y,z)) =
ex(y,x1).

(3) If g is a join of A, then it is unique because ex (xg,y) =
ex (yo,y) forally € X, puty =z or y = o, then ex (zo, yo)
= ex(yo,x0) = T implies zy = yo. Similarly, if a meet of A
exist, then it is unique.

Remark 1.9. [8, 9] Let (L~ e, x ) be a fuzzy partially ordered
and ® € LE°.
(1) Since

N (@A) 5 epx(A,B)) = epx(\/ (®(A) © A), B)

AeLX AcLX
=€erx (I_I<I>, B),

then P =/, ; x(®(4) © A).
(2) We have M® = A ,; x (®(A) — A) because

Aacrx (®(A) = epx (B, A)
= Nacrx erx(B, (2(A4) — A))
=epx (B, /\AeLX((I)(A) — A)).

2. Some Properties of Alexandrov Topologies

Theorem 2.1. (1) A subset 7 C L is an Alexandrov topology
on X iff foreach® : 7 — L, UP € 7and MNP € 7.



http://dx.doi.org/10.5391/1JF1S.2015.15.1.72

(2) 7 is an Alexandrov topology on X iff 7* = {A* € LX |

A € 7} is an Alexandrov topology on X.

Proof. (1) (=) For each ® : 7 — L, we define

P=\/(2(4) 0 A4)

AeT

Since 7 is an Alexandrov topology on X, (®(4A) ® A) € 7
Thus P € 7. Then P = U® from:

= er(Vae (®(A) © 4), B)
= Nae, (®(A) = e-(4, B))
= e, (UD, B).

e+ (P, B)

For each ® : 7 — L, we define Q = A ,..(®(4) — A).

Since 7 is an Alexandrov topology on X, (®(A) — A) €
Thus @ € 7. Then @ = M® from:

e-(B,Q) =eq(B, /\Aer((I)(A) — A))
= /\Aefr@)(A) — er(B, A))
= e, (B,NP).
(=) (T For ®(A) = Lforall A€ 7,Ud =\, (P(A)O

A)=1lxerandN® = A, (P(A) = A)=Tx €.
(T2) Let ®(A4;) = T forall {A; | i € T'} C 7, otherwise

®(A) = L. We have
e =\/ (@A) ed) =\ 4Aer
Aer el
ne = A\ (®4) - A)= \ dier.
Aer iel
(T3) Let ®(A) = L for A = B € 7, otherwise ®(A) = aif
A # B. We have

e =\/(®A) @A) =acBer
AeT

ne = /\(®(A) »A)=a—Ber
Aer
(2) Let A* € 7* for A € 7. Since a ® A* = (a — A)*

and v — A* = («® A)*, 7* is an Alexandrov topology on X.

Theorem 2.2. Let 7 be an Alexandrov topology on X. Define
Z.: LX — LX as follows:

Z,(A) = \/ (eLx (B, A) © B).

Bet
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Then the following properties hold.
(D) epx (A, B) < epx(Z-(A),Z-(B)), for A, B € LX.
(2)Z.(A) < Aforall A € LX.
(3)Z,(Z-(A)) = Z,(A) forall A € L¥.
DI (a—A)=a—T,(A)foralla € L,Ac L.
) Zr (Njer Ai) = Njer Z-(4;) for all A; € LX.

(6) Z,(M®) = NZ(®) for each ® : LX — L where 7, :
L™ — L defined as 77 (®)(B) = V7. (4)—p P(A).
NI (A)=\V{BeLX|B<ABerT}

(8) Define 77, = {A| A=Z,(A)}. ThenT = 77,.

(9) There exists a fuzzy preorder ex : X x X — L such that

Z(A)(y) = N (ex(z.y) = Ax)).

xeX
Proof. (1) By Lemma 1.2 (8,10,14), we have

erx(Z;(A),Z;(B))

= NeexVoer(erx (€, A) © C(z))
= Vpe-lerx (D, B) ® D(x))

= Noex Neer((erx (C, A) © C(a))
— (erx(C,B) ® C(x))
> Neer((epx(C, A) —
Z €rx (A, B)

(erx(C, B))

(2)Since e x (C, A)©C < AfromLemma 1.2 (9),Z.(A) <
A.

(3) Since Z-(A) € 7, then

Z-(1:(A)) = epx (I-(A), I-(A)) © I+ (A) = I, (A).

By (2), Z; (I‘r (A)) =1, (A)
@) Sincea > 7, (A) <a— Aanda — I, (A) €T,
I (a— A)

>erx(a—=Z(A),a > A)
=a—7I,(A4)

® (o — I, (A))

T (a = A) = e (epx(B,a — A) © B)
—Vper((a— epx (B, A)) © B)

<a— Vg, lepx(B,A)) © B) (by Lemma 1.2 (15))
=a—Z,(4).

(5) By (1),since Z,(A) <
/\ZGF

Z.(B)for A < B,Z,(\
7(Ai). Since A\ ;e I (A

A) <

el
i) < /\ieF Ajand /\ieF
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€ 1, we have

Zr(Nier As)
Z erx (Nier Zr(Ai), Nier Ai) © Nier Z-(4i))
= /\ieFI (A )
(6) For each ® : LX — L, put Q = MZ*(®). Since

I (®) : L* — L is a map, we have
"I (@) =
CeLX

and Q = NZ7(®) = Z,(N®P) from:

erx(B,Q) = Noepx (Z7(2)(C) — erx (B, C)
=erx (B, N\oepx (Z7(2)(C) = €))

=epx (B, /\CeLX(\/I (A)=C o(4) — 0))

=erx (B, A\ yepx (B(A) = I-(4)))

= epx (B, L (A sepx (2(A) — A))) (by (4) and (5))
=erx(B,Z-(N®)).

(7) Put I(A) = \V/{B € L* | B < A,B € 7}. Since
I(A) < Aand I(A) € T, we have

T,(4) = Ve, (e0x (B, AYOB) > epx (I(4), A1 (4) =
I(A).

Since Z,(A) < Aand Z,(A) € 7, we have I(A) > I, (A).

(8) It follows from A € Tiff Z.(A) = Aiff A € 7z,.

(9) Since A = A\ x (A" — T;),by @) and (5), Z-(A)(y) =
Muex(A® = T(TDW) = Awex THTH@) — A).
Putex(x,y) = Z5(T%)(y). Then

I (A)(y) = N (ex(z,y) — Ax)).

zeX

()

Vyex(ex(@,y) ©@ex(y,2)) < ex(z,2)
iff Ve x (Z7(T7) )QI*( () < ZHT3)(2)
iff Ayex (Zr(To)(y) = Z(T)(2) = Z-(T3)(2)
iff Zo (A yex (Zr (T2)(y) = Ty)(2) = Z-(T3)(2)
iff 7o (Z-(T3))(2) = Z3(T3)(2)

| \/

6X(337l") ( ( ) T

Hence ex is a fuzzy preorder.

Theorem 2.3. Let 7 be an Alexandrov topology on X. Define
C, : LX — LX as follows:

C-(A) = A (erx(A,B) = B).

Bet

Then the following properties hold.
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(D erx(A,B) <epx(Cr(A),C(B)), forall A, B € L.

(2) A< C.(A)forall A e LX.

(3)C,(C+(A)) =C-(A) forall A € L.

@ Cra®A)=a0C(A)foralla € L, A€ LX.

(5) C+(Vier Ai) = Vier C-(A;) forall A; € X,

(6) C.(U®) = UC;* (®) for each ® : LX — L where C;” :
LY — L' defined as C;* (®)(B) = V¢_(a)—p(2(A)).

NHC(A)=N{BeLX | A<B,Ber}.

(8) Define ¢, = {A| A=C,(A)}. Then T = 7¢,.

9) (C,(A"))* = L« (A) forall A € LX.

(10) There exists a fuzzy preorder ex : X X X — L such
that

C-(A)(y) = \/ (ex(z,y) © A(x)),
reX

L (A)(y) = N (ex(z,y) = A(x)).
rzeX

Proof. (1) By Lemma 1.2 (8,10), we have

erx(Cr(4),C-(B))

= Neex(Ncer(erx(4,C) = C(x))
= Ape-(ex(B, D) = D(x))

> Naoex Neer((ex(4,C) = C(a))
— (epx(B,C) = C(x))

> Ace-((erx(B,C) — (erx(A,C))

>erx (A4, B).

(2) Since epx (A, B) ® A< Biff A <epx(A,B) = B,
then A < C,(A).

(3)Since C-(A) € 7,thenC-(C-(A4)) < erx(C-(A),C,(A))
— C-(A) = C;(A). By (2),C;(C;(A)) = C-(A).

4 Sincea®A<a®C.(A)anda ®C-(A) €T,

Crla®A) <ex(a®A,a0C(A4) = a®C(A)

=a0C(A).

Crla®A) = Age,lepx(a® A, B) = B)
= Ape,((a = epx (A, B)) — B)

> /\BE‘r(a ©® (erx (4, B) = B))

(by Lemmma 1.2(15))

>a® /\BET(eLx (A,B) — B)
=a0C(A).

(5) By (1), since C,(A)
< Cr(V;er As). Since

i€l i€l

< C,(B)for A< B,V .Cr(4A))

el
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and
Ve (4)er
ier
we have
CT(\/ieF Ai)
<erx (Vier‘ Ai, VieF Cr (A7) — VieF Cr(A;)
= \/ier CT(AZ')-

(6) For each & : LX — L, put P =
C(®): LX — L is a map, we have

nC7(®). Since

e (@) = \/ (€7 (@)(C) 0 C)

Cer

and P = LIC (®) = C,(L®) from:

eLx (P, B) = Ncepx (€77 (P)(C) = erx (€, B)
= Neerx erx(C77(2)(C) © C, B)
=erx(Veoerx (€7 (2)(C) © C), B)

=erx(Vacrx (2(4) ©Cr(4)),B)
= erx (Cr(V 4epx (P(A) © A)), B) (by (4) and (5))
= epx(C-(U®), B)

() Put C(A) = N{B € L*X | A < B,B € 7}. Since
A< C(A)and C(A) € 7, we have

C-(A) = Ape,(erx (A, B) = B)
< epx (A, C(A)) = C(A) = C(A).

Since A < C,(A) and C,(A) € 7, we have C(A) < C-(A).
(8) It follows from A € Tiff C,(A) = Aiff A€ 7¢_.

©) (Cr(A))* = (Aper(erx (4%, B) = B))*
=V per(erx (B, 4)© BY)
= Ve, (epx (B, 4) © B
= I (A).

(10) Since A = \/, (A ® T), by (4) and (5), C-(A)(y)
= V,ex(A©C(T2)(y)). Putex(z,y) = C-(T4)(y). Then

C-(A)(y) =/ (ex(z,y) © Alx)).

rzeX

6)((33,1‘) = CT(Tx)(x) > Tx(x) =T

Vyex(ex(@,y) @ ex(y,2)) < ex(z,2)
iff Ve x (Cr(T2)(y) ©C-(Ty)(2))

i Cr (Ve (Cr(To)(y) © Ty)) (2)
iff C(C-(T4))(2) < Cr(Ta)(2)

www.ijfis.org

Hence ex is a fuzzy preorder. Since ex (z,y) = C,(T,)(y) =

Z:(T2)(y), by Theorem 2.2(9),

Z+(A)(y) = /\ (ex(z,y) — A(z)).

zeX
Example 2.4. Let (L = [0,1],®, —=,*
ated lattice with a negation defined by

) be a complete residu-

rOy = (z+y-1)V0, v »y=(1-z+y)AL 2" =1-z.

Let X = {z,y,z} be a set and A; = (1,0.8,0.6), Ay =
(0.7,1,0.7), A3 = (0.5,0.7,1).
(1) We define
T ={Vi,(a; ®A) | A= (a1,a2,a3) € L}
{ex(A)(y) = Vyex(ex(z,y) © A(z)) | A e L*}
where
1 08 0.6
ex = 0.7 1 0.7
05 07 1
(T1) For Lx € LX, ex(lx)=L1lx er. ForTx € X,

ex(Tx)=Tx €.

(T2) For ex(A;) € 7 foreachi € T, \/,.pex(Ai) =
ex(V,er Ai) € 7. Moreover, since ex (A)(z) > ex(z,z) ©
A(z) = A(z) and ex (ex (A4)) = ex(A),

N\ ex(A) <ex(/\ ex(4)) < N ex(ex(Ai)).
ier ier ier
Hence A\, ex(Ai) = ex(N\;er Ai) € 7.
(T3)Forex(A) e, a0ex(A) =ex(a@A) e
(T4) Since a @ ex (o — ex(A)) < ex(ex(A)) = ex(A),
we have

a—ex(A) <ex(a—ex(A) <a—ex(A)

Hence, forex(A) € 7, = ex(A) = ex(a = ex(A4)) € 7.
Hence 7 is an Alexandrov topology on X.

(2) For B; = (0.7,0.3,0.6), By = (0.5,0.9,0.3), we obtain
Z,(By) = (0.5,0.3,0.6), Z,(B2) = (0.5,0.6,0.3),
C(By) = (0.7,0.5,0.6),Cr(Bs2) = (0.6,0.9,0.6).

Let ® : LX — L as follows
0.9, if B=B,
®(B)={ 08, ifB =B,
0, otherwise.

Some Properties of Alexandrov Topologies | 76
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e = /\AeLX (@(A) — A)
= (0.9 = (0.7,0.3,0.6)) A (0.8 — (0.5,0.9,0.3))
= (0.7,0.4,0.5)

Nz (@) = /\AeLX(q)(A) Z-(A))

= (®(B1) = Z;(B1)) A (®(B2) — Z-(B2))

= (0.9 = (0.5,0.3,0.6)) A (0.8 = (0.5,0.6,0.3))
= (0.6,0.4,0.5)

Thus, Z(N®) = NZ7 (D).

P =V 4erx (2(A) © A)

= (®(B1) © B1) V (®(B2) ©® Ba)

— (0.9 (0.7,0.3,0.6)) V (0.8 ® (0.5,0.9,0.3))
— (0.6,0.7,0.5)

LCT(®) =V 4enx (P(4) ©C-(4))
= (®(B1) ©C-(B1)) V (®(B2) © C+(Bs))
— (0.9 (0.7,0.5,0.6)) V (0.8 ® (0.6,0.9, 0.6))
— (0.6,0.7,0.5)
Thus, C,(LU®) = LIC,7 (D).

(3) We define

™ ={ANL (0 — A7) | A= (a1, a2,a3) € L}
={N\yex(Aly) = ex(—y)) | A L*}
={N\yex(ex(—y) = B(y)) | Be L*}.

For By, By and ® in (2), we obtain

I.+(Bs) = C*(B3) = (0.5,0.6,0.3),

C,-(B1) = (0.7,0.4,0.6),C,- (B,) = (0.7,0.9,0.6).

Since M® = (0.7,0.4,0.5) and

NZ2(®) = Auerx (®(4) = I+ (A))
= (®(B1) = Zr+(B1)) A (®(B2) = I+ (B2))
= (0.9 — (0.6,0.3,0.6)) A (0.8 — (0.5,0.6,0.3))
=(0.7,0.4,0.5)

we have Z,«(M®) = NZ2 (D).
Since U® = (0.6,0.7,0.5) and
LCZ (D) =V 4erx (2(A) © C+(A))
= (®(B1) ©Cr+(B1)) V (®(B2) © Cr-(Bz))
Vv

= (0.9 (0.7,0.4,0.6)) V (0.8 ® (0.7,0.9, 0.6))
= (0.6,0.7,0.5),
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then C,« (L®) = LICZ (D).

3. Conclusions

The fuzzy complete lattice is defined with join and meet opera-
tors on fuzzy partially ordered sets. Alexandrov topologies are
the extensions of fuzzy topology and strong topology.

Several properties of join and meet operators induced by
Alexandrov topologies in complete residuated lattices have
been elicited and proved. In addition, with the concepts of
Zhang’s completeness, some extensions of interior and closure
operators are investigated in the sense of Pawlak’s rough set
theory on complete residuated lattices. It is expected to find
some interesting functorial relationships between Alexandrov
topologies and two operators.
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