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SUM AND PRODUCT THEOREMS OF RELATIVE
TYPE AND RELATIVE WEAK TYPE OF ENTIRE
FUNCTIONS

JUNESANG CHOI*, SANJIB KUMAR DATTA,
TANMAY BISWAS AND PULAKESH SEN

Abstract. Orders and types of entire functions have been actively
investigated by many authors. In this paper, we aim at investigat-
ing some basic properties in connection with sum and product of
relative type and relative weak type of entire functions.

1. Introduction, Definitions and Notations.

Let f be an entire function defined in the complex plane C. The
function My (1) on |z| = r is defined as follows:

My (r) :=max|f (2)],

which is known as maximum modulus function corresponding to f.

It is noted that, if f is non-constant, then My (r) is strictly increasing
and continuous, and its inverse M; =1 : (| f (0)],00) — (0,00) exists and
satisfies lim M;~! (s) = cc.

5—00

On the other hand, the Nevanlinna’s characteristic function of f de-

noted by Ty (r) is defined as

2m
_ 1 + 10
Ty (r) = 27T/1og ‘f(re )(d@,
0
where logt x = max {log z, 0} for all = > 0.

We begin by recalling the following definitions.
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Definition 1. The order p; and lower order Ay of an entire function
f are defined as

log2 Af log2 Af
pf = limsupu and Ay := liminfu .
r—00 log r r—00 log r

An entire function whose order and lower order are the same is said to
be of regular growth. Entire functions which are not of regular growth
are said to be of irregular growth.

Definition 2. The type o; and lower type o of an entire function
f are defined as

log M log M
op = lmsup B2 ) g 5 i liming 28 ()

00 rPf r—00 rP

(0 < pp < 00).

Datta and Jha [3] introduced to define weak type of an entire function
of finite positive lower order in the following way:

Definition 3. The weak type 7y and the growth indicator 7; of an
entire function f of finite positive lower order Ay are defined by

_ ) log M¢(r) . log My(r)
Ty ::lliri)sc)ng and Ty ::hgggolfT (

0<)\f<oo).

For any two given entire functions f and g, the ratio %’; E:; as r — oo

is called the growth of f with respect to g in terms of their maximum
modulii. From Definition 1, it is seen that the order of an entire function
f which is generally used for computational purpose is defined in terms
of the growth of f with respect to the exponential function as follows:

y log log My (r) y log log My (r)
:= limsu = limsup——————=.
Pr Tﬁooplog log Mesp(2) (r) oo logr

Bernal [1, 2] introduced to define relative order of an entire function g
with respect to an entire function f denoted by py (g) to avoid comparing
growth with just the exponential function exp(z) as follows:

pf(g): = inf{u>0:M,(r) < M;(r*) for all r > ro(u) > 0}
. log Mf—lMg (r)
= limsup————.
r—00 log 7

It is easy to see that the above definition coincides with the classical
one if f (2) = exp(2) (cf. [16]).
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Similarly one can define the relative lower order of g with respect to
f, denoted by Af (g), as follows:
-1
Af(g) :==lim inf—log My My (r)
r—00 log r

An entire function g is said to be of regqular relative growth with
respect to f if its relative order with respect to f coincides with its
relative lower order with respect to the same function f.

To compare the relative growth of two entire functions having same
nonzero finite relative order with respect to another entire function, Roy
[15] recently introduced the notion of relative type of two entire functions
in the following manner.

Definition 4. Let f and g be any two entire functions such that
0 < pg (f) < o0o. Then the relative type o4 (f) of f with respect to g is
defined as follows:

oq (f)
:= inf {k >0: M (r) < M, (kr”g(f)> for all sufficiently large values of r}

MMy (r)

rPg (f)
Likewise one can define the relative lower type of an entire function f
with respect to an entire function g denoted by &, (f) as follows:

Mg My (r)

J— R . g
7q (f) = liminf—""r

= lim sup
T—>00

(0< pg(f) <o0).

Analogously to determine the relative growth of two entire functions
having same nonzero finite relative lower order with respect to another
entire function, Datta and Biswas [5] introduced to define relative weak
type of an entire function f with respect to another entire function g of
finite positive relative lower order Ay (f) in the following way.

Definition 5. The relative weak type 7, (f) of an entire function f
with respect to another entire function g having finite positive relative
lower order A, (f) is defined as follows:

o MMy (r)
74 (f) = hgggolfgr/\T
Also one may define the growth indicator T, (f) of an entire function f
with respect to an entire function g in the following way:

Tq(f) = limsup%(;)() (0 < Ag(f) <00).

T—00
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Choosing g(z) = exp(z), one may easily verify that Definition 4 and
Definition 5 coincide with the classical definitions of type (lower type)
and weak type, respectively.

In this connection, the following definition is introduced (see [2]).

Definition 6. A non-constant entire function f is said to have Prop-
erty (A)
if for any o > 1 and for all large r, [M; (r)? < My (r?) holds.

For examples of functions with or without the Property (A), one may
refer to [2].

Here, in this paper, we aim at investigating some basic properties of
relative type and relative weak type of entire functions under somewhat
different conditions. Throughout this paper, for entire functions f; and
gr (i, k =1, 2), we assume that oy, (9x), 74, (9%), 7f, (9x) and Ty, (gx)
are all nonzero finite.

It is also remarked in passing that the standard definitions and nota-
tions in the theory of entire functions, for which one may refer to [17],
are not given here.

2. Some Known and New Results

Determination of the order and type of entire functions are very im-
portant to study the basic growth properties in the value distribution
theory. In this regard, during the past decades, many researchers have
made close investigations on this research subject to yield many results,
for example, some of which are recalled here.

Theorem A ([9]). Let f and g be any two entire functions of order
pf and p, respectively. Then

Pf+g = pg When py < pg and pr.y < p, when py < p, .

Theorem B ([12]). Let f and g be any two entire functions with
order pg, pg, and type oy, o4, respectively. Then

Pi+g < max{pys, pg}, prg < max{ps,pg}
and

Ofrg <max{oy,04}, 0p.g < 0p+04.
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Detailed investigations on the properties of relative order of entire
functions have been made in [2], [8], [10] and [11]. In this connection we
state the following two theorems.

Theorem C ([2]). Let f1,91 and go be any three entire functions. If
ps (9i) = max{pg, (gk) | ki =1, 2}, then

pr (g1 E92) <pp () (0=1,2)
whose equality holds when py, (g1) # pp, (92)-

Theorem D ([2, 14]). Let f1, g1 and g2 be any three entire functions.
If Pt (gZ) = max{pfl (gk) ’ kv’L = 17 2}7 then

pr(91-92) < pp(9) (i=1,2),

whose equality holds when pg, (g1) # ps, (92) -
Similar results hold for the quotient Z—; provided g—; s entire.

Datta et al. [4] proved the following two theorems for relative lower
order.

Theorem E ([4]). Let f1, fo and g1 be any three entire functions. If
Af, (g1) =min{Ag, (91) | k, i =1, 2}, then

)‘flifQ (gl) > )\fi (91) ('L =1, 2)7
whose equality holds when ¢, (g1) # Mg, (g1)-

Theorem F ([4]). Let f1, fo and g1 be any three entire functions. If
Af, (g1) =min{Ay, (g1) | k, i = 1, 2} and gy has the Property (A), then

Afyfo (1) = Af; (g1) (i=1,2),
whose equality holds when ¢, (g1) # Mg, (g1)-

Similar results hold for the quotient % provided % is entire.

Extending the results, Datta et al. [6] established the following the-
orems under somewhat different conditions.

Theorem G ([6]). Let fi1, fa, g1 and go be any four entire functions.

(i) If py, (91) = min{py, (91) | k, i =1, 2} and g1 is of reqular relative
growth with respect to at least any one of f1 or fo, then

prxf (91) 2 ppi(g1) (=1, 2),
whose equality holds when py, (91) # ps. (91)-
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(ii) If Ap, (95) = max{Ay, (gx) | k, i =1, 2} and at least g1 or go is of
reqular relative growth with respect to f1, then
)\fl (g1 £92) < )\fl (9:) (i=1,2),
whose equality holds when \f, (g1) # Mg, (g2)-

Theorem H ([6]). Let fi, f2,91 and g2 be any four entire functions.

(1) If Pfi (gl) = min {pfk (gl) ‘ kv i = 17 2}7 g1 has the Property (A)
and is of reqular relative growth with respect to at least any one of

f1or fo, then
Pfi-f2 (91) > Pfi (1) (i=1,2),
whose equality holds when py, (91) # ps, (91)-
Similar results hold for the quotient % provided % is entire.
(i) If Ap, (9i) = max{Ap (gx) | k, i =1, 2}, fi has the Property (A)
and at least g1 or go is of reqular relative growth with respect to
f1, then

A (g1-92) S Ap (g) (i=1,2),
whose equality holds when Ay, (g1) # Ap, (g2).
Similar results hold for the quotient g—; provided g—; is entire.

Theorem I ([6]). Let fi1, fa, g1 and g be any four entire functions.

(i) If (91) # pp. (1), P (92) # ppo (92) and g1 and g1 are both of
reqular relative growth with respect to at least any one of fi or fs,

then

Pritf (91 £ g2)
< max [min {ps, (g1),pp, (91)},min{py, (92), 0, (92)}],
whose equality holds when
min {ps, (91),ps, (91)} # min{ps (92), Py, (92)} -

(i) If Ap (91) # Mg, (91) 5 Ay (92) # Ay, (92) and at least g or go is of
reqular relative growth with respect to fi and fs, respectively, then

Aptf (91 £ g2)
> min [max {)\fl (gl) 7)‘f2 (91)} ) Inax {)\fl (92) 7)‘f2 (92)}] >

whose equality holds when

max {Ap, (1), Ap, (91)} 7 max {Ag (92), A, (92)} -

Theorem J ([6]). Let f1, f2, g1 and go be any four entire functions.
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(i) If (a) ps, (91) # P (91), (0) pry (92) # ppa (92) (€) f1- fo, g1 and
g2 have the Property (A) and (d) g1 and g1 are both of regular

relative growth with respect to at least any one of f1 or fo, then
Pfrf2 (91 G2)

< max [min {pfl (gl) ) P fa (gl)} , min {pfl (92) yPfo (92)}]
and

Pri/fs (91/92)
< max [min{pp, (91),py, (91)},min{py, (92), ps, (92)}],

whose equality holds when

min {pz, (91),pp, (91)} # min{pp (92),pp, (92)} -

(i) I (a) A (91) 7 Apy (91), (B) Ay (92) # A, (92)5 (€) 91 - g2, f1 and
f2 have the Property (A) and (d) at least g1 or gs is of regular

relative growth with respect to f1 and fa, respectively, then
Afi-fo (91 - 92)
> min [max{)‘ﬁ (91) 7)‘f2 (gl)} , Inax {)\fl (92) > )‘fz (92)}]

and

Ari/ts (91/92)
> min [max {)\fl (gl) a)‘f2 (91)} , max {)‘f1 (92) ’)‘f2 (92)}] s

whose equality holds when
max{)‘ﬁ (91) 7)‘f2 (91)} 7 max {)\fl (92) ) )‘fz (92)} :

In the cases of relative type and relative weak type, it therefore seems
natural to make parallel investigations of their basic properties. In this
connection, Roy [15] proved only the following theorem.

Theorem K ([15]). Let fi, g1 and g be any three entire functions.
If (’L) Pf (gl) = max{pﬁ (gk) ‘ k,i=1, 2} and (”) Pf1 (91) 7é Pf1 (92)7
then

op (91 %+ 92) = o, (9i) -

Here, under somewhat different conditions, we present the following
theorems related to relative type (relative lower type ) and relative weak
type that extend the previous results in some sense.

Theorem 1. Let fi, fo, g1 and go be any four entire functions such
that py, (g9i) (k =1, 2) are non-zero finite.
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(I) If (A) py, (9;) = max{py (gr) | k,i=1,2} and (B) py, (1) #
pr (g2), then

op (g1 £92) =7y (95) (i=1,2).

(I1) If (A) py, (91) = min{pg, (91) [ k=1,2}, (B) ps, (91) # ps. (91)
and (C) g1 Is of regular relative growth with respect to at least
any one of f1 or fo, then
() optp (1) =05 (1) (=1,2)
and
(ii) O fitfs (gl) =0y (91) (Z =1, 2)'

(III) Assume the functions f1, f2, g1 and gy satisfy the following condi-
tions:

A) py, (gr) = max {min{py, (91), ps. (91)}, min{py, (92),pp, (92)}};

B) o5 (91) # P (91);

C) p (92) # pr. (92);

D) min{pﬁ (91) y Pty (gl)} 7é min{pfl (92)7 Pfo (92)}7'

E) ¢1 and gy are both of regular relative growth with respect to
at least any one of f or fs.

Then we have

(1) (’L) Ofitfo (gl + 92) =0f (gk) (27 k=1, 2)

and

(i) Tptp, (91 £92) =Ty (gr) (4, k=1,2).

Theorem 2. Let f1, f2, g1 and go be any four entire functions such
that Ay, (gr) (k =1, 2) are non-zero finite.

(I) The following conditions are assumed to be satisfied:
(A) (4) Ap, (92) = max {Ag, (gi) | k=1, 2};
(B) An (91) # Ap (92);
(C) At least g1 or go is of regular relative growth with respect to

fi-

Then we have
(1) 77, (91 £ 92) = 75, (9) (i = 1, 2).
and
(ii) ?fl (91 + 92) = ?fl (gz) ('L =1, 2)-
(IT) The following two conditions are assumed to be satisfied:
(A) Agi (91) = min{Ag (g1) | k=1, 2}
and

(B) )\fl (gl) # )‘f2 (91)'
Then we have

(i) Tii£f2 (gl) =T (gl) ('L =1, 2)
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and
(i) Trep (1) =75 (1) (=1, 2).
(III) The following conditions are assumed to be satisfied:
) Ap(gr) = min { max{Az, (g1), Ap, (91)}, max{ Az, (92), Ap, (92)} };
) )\fl (91) #* )‘f2 (91);
) )\fl (92) #* )‘f2 (92);
) max{Az (91), A, (91)} # max{Ap, (92), Ap, (92)};
) At least g1 or g is of regular relative growth with respect to
f1 and fo, respectively.
Then we have
(1) Tfi£f2 (gl + 92) =Tf (gk) (Z’ k=1, 2)
and

(i) Tptp (91 £ 92) =Ty (gr) (G, k=1, 2).

Theorem 3. Let f1, fo, g1 and g2 be any four entire functions such
that py, (g9x) (k =1, 2) are non-zero finite.
(I) The following conditions are assumed to be satisfied:
(A) pp (9:) = max{pp (gx) | K, 1=1,2};
(B) pg, (91) # pp (92);
(C) fi1 has the Property (A).
Then we have
(i) of (g1-92) < o5 (9:) (¢ = 1, 2), whose equality holds only
when 2°f1(91) < 1.
(i) 7 (91-92) < Tp (9i) (i = 1, 2), whose equality holds only
when 201 (99 < 1.

(IT) The following conditions are assumed to be satisfied:

(A) ps, (g1) = min{pyp, (91) | k=1, 2};

(B) pp (91) # pra (91);

(C) g1 has the Property (A) and also gy is of regular relative growth
with respect to at least any one of fi or f.

Then we have

(i) op.f, (91) = 0y, (91) (1 = 1, 2), whose equality holds only when
2rs;(91) > 1,

and

(i) .5 (1) > Ty (1) (2 = 1,2), whose equality holds only
when 2°4:(91) > 1,

(III) The following conditions are assumed to be satisfied:

(A) Pf; (gk) = max { min{pﬁ (91)7 Pfo (91)}7 min{pfl (92)7 Pfa (92)}};
B) o1 (91) # pp. (91);
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pr (92) # pry (92);

)

) min {pg, (91), pr, (91)} # min{pys, (92), pp, (92)};
E) fi- f2, g1 and gy have the Property (A);
F)

g1 and go are both of regular relative growth with respect to
at least any one of f or fa;
(G) 2°51-52(9%) < 1 and 2°F(9%) > 1,

Then we have

() oppa (91 92) = 05, (9) (i, k=1, 2)

and

(ii) Tp.p, (91 - 92) =7 (g) (i k=1, 2).

Similar results for the above three cases hold for the quotient

% provided % is entire.

(C
(D
(
(

Theorem 4. Let f1, fo, g1 and go be any four entire functions such
that py, (gx) (k =1, 2) are non-zero finite.

(I) The following conditions are assumed to be satisfied:

(A) A (i) = max{Ap (g&) | K, 0 =1,2};

(B) Ay (1) # Ay (92);

(C) f1 has the Property (A) and at least gy or go is of regular
relative growth with respect to fi.
Then we have

(i) 74 (g1 -92) < 11, (9i) (i = 1,2), whose equality holds only
when 21 (99 <1.

and

(ii) Tf (91-92) < Tp (95) (i = 1,2), whose equality holds only
when 21 (99 <1.

(IT) The following conditions are assumed to be satisfied:

(A) Ay, (g1) = min {Ap, (92) | &k = 1, 2};

(B) A (91) # Ap, (91);

(C) g1 has the Property (A).
Then we have

(i) 745 (91) > 75, (91) (¢ = 1, 2), whose equality holds only when
oAsi(91) > 1.

(i) 741, (91) > Ty, (91) (4 = 1, 2), whose equality holds only when
Arilg) > 1.

(III) The following conditions are assumed to be satisfied:

(A) Afi(gr) = min { max{ Xz, (91), Af,(91)}, max{A, (g2), As, (g2)} }
(B) Ap (91) # Ap, (91);
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(C) Ap (92) # Ap (92);

(D) max{Ap, (91), Ap, (91)} # max{Ap, (92), A, (92)};

(E) 91 g2, f1 and fo have the Property (A);

(F) At least g1 or gy is of regular relative growth with respect to
f1 and fs, respectively;

(G) 2M1200%) < 1 and 2M6(9k) > 1,

Then we have

(1) 7 (91 92) = 75, (g8) (3, k=1, 2)
and

(i) Trfo (917 92) =Ty, (g8) (4, k=1, 2).

Similar results for the above three cases hold for the quotient
% provided % is entire.

Here we reconsider the equalities in Theorem C to Theorem H under
somewhat different conditions and give our assertions as in following
four theorems.

Theorem 5. Let f1, fo, g1 and go be any four entire functions.
(I) If either o, (g1) # 0, (g2) or G ¢, (g1) # T, (g2) holds, then

pr (91 £ 92) = ppy (91) = ppy (92) -

(IT) The following two conditions are assumed to be satisfied:

(A) Either o, (91) # 0, (91) or T, (91) # T, (91) holds;

(B) @1 is of regular relative growth with respect to at least any one
of f1 or fg.

Then we have

Pritf, (91) = pp (91) = pg, (91) -

Theorem 6. Let f1, fo, g1 and go be any four entire functions.

(I) The following conditions are assumed to be satisfied:

(A) Either ¢, (g1) # 7, (92) or T, (g1) # T £, (g2) holds;
(B) At least g1 or go is of regular relative growth with respect to

fi-

Then we have
Ap (g1 £92) = A (91) = Ap (92) -
(IX) If either 74, (g1) # Ty, (91) or T4, (91) # T4, (g1) holds, then
Apfa (91) = A (91) = Ag (91) -
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Theorem 7. Let f1, fo, g1 and go be any four entire functions.
(I) The following conditions are assumed to be satisfied:

(A) Either oy, (91) # o, (92) or s, (g1) # T4, (92) holds;
(B) f1 has the Property (A);
(C) 2°n(91) > 1,

Then we have

P (91 92) = pi (91) = Py (92) -
(IT) The following conditions are assumed to be satisfied:

(A) Either oy, (91) # 0, (91) or T, (91) # T, (91) holds;

(B) ¢1 has the Property (A) and is of regular relative growth with
respect to at least any one of f1 or fa;

(C) 205091 > 1.

Then we have

Phi-f2 (91) = pp (91) = ppy (91) -

Similar results for the above two cases hold for the quotient %
provided % is entire.

Theorem 8. Let f1, fo, g1 and go be any four entire functions.
(I) The following conditions are assumed to be satisfied:
(A) Either ¢, (g1) # 7, (92) or T, (g1) # T, (g2) holds;
(B) f1 has the Property (A) and at least g1 or go is of regular
relative growth with respect to fi;
(C) 22 (9i) <1,
Then we have

A (91-92) = A (91) = Ap (92)
(IT) The following conditions are assumed to be satisfied:

(A) Either 4, (91) # 7y, (92) or T, (91) # T, (g2) holds;
(B) g1 has the Property (A);

(C) 2Mil91) > 1,

Then we have

Affa (91) = Mgy (91) = Mgy (91) -

Similar results for the above three cases hold for the quotient
% provided % is entire.
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3. Required Known Properties

Here we recall some known properties, which will be required in the
next section, as in the following lemmas. For Lemmas 1 and 2, see
[2]. For Lemma 3 and Lemma 4 , one may refer to [12] and [7, p.18],
respectively.

Lemma 1. Suppose f be an entire function and «, 3 be such that
a>1and0 < f < a. Then

My (ar) > BMy ().

Lemma 2. Let f be an entire function satisfying the Property (A).
Then for any positive integer n and for all sufficiently large r,

My ()" < My ()
holds for § > 1.

Lemma 3. Every entire function f satisfying the Property (A) is
transcendental.

Lemma 4. Let f be an entire function. Then, for all sufficiently
large values of r, we have

Ty (r) <log My (r) < 3T (2r).

4. Proofs

Here we prove our main results.

Proof of Theorem 1. From the definition of relative type and
relative lower type of entire function, we have for all sufficiently large
values of r that

) My, (r) < My, (o5, () + ) o090

My, (r) = My, |3, (96) — &) ro )]

e < () ™)
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and also for a sequence {r,} of values of r tending to infinity, we get

Mg, (r) > My, |:(0'fk (k) — €) ,rfok(gk)]

(4) My, (r) < My, [@5, (90) + &) ]

where € > 0 is any arbitrary positive number and k£ =1, 2.

(3) i.e., My, (r)

IN

Case I. Let pyf, (9x) < py, (gi) where k, i = 1, 2 with g # g; for
k # 1.

Now from (1) and (4) we get for a sequence {r, } of values of r tending
to infinity that
(5) Mg, 4g, (Tn) < Mg, (ry) + Mg, (ry)
which implies that

Mg, 49, (n)
< My, (o5 (o) + )] + My, (@5, (90) + ) ]

So we have

Mg, +q, (Tn)

(gx)
Mfl [(Ufl (gk) + 8) Tflfl o ]

_ (94)
Mf1 |:(Jf1 (gz) + 8) rzfl ! ]

< My, [@5 (g0) +) i) |1+

My, (o o)t ]

Since py, (gx) < ps, (9i) , one can make the term R (D)
h [(‘Tfl (9:)+€)rn }
sufficiently small by taking n sufficiently large. Therefore in view of
Lemma 1 and the above inequality, we get for a sequence {r,} of values

of r tending to infinity that

Mgligg (Tn) < Mf1 [(Eﬁ (gz) + 5) sz,fl (gi)} (1 + 61) .
That is,
M M — , pf(94)
g1%g2 (Tn) < My |« (Jfl (gz) + 5) Tn )

where a > (1 4¢1).



Relative Type and Relative Weak Type of Entire Functions 79

Now making o — 14, we obtain from Theorem C for a sequence {r,}
of values of 7 tending to infinity that

— — (9:)
MfllMgligz (rn) < (G, (95) +€) e

and so
Mf_llMgliQQ (rn)

pr (g1Eg2
rnf1 ( )

< (o5 (9:) +e).
Since € > 0 is arbitrary, we get

Uf1 (91 ig?) f (gz) :

Further without any loss of generality, let py, (g ) # (g2) and
g = g1 £ g2. Then Gy, (g9) < Tp (g92). Also let go = g1) and
in this case we obtain from Theorem C that py, (91) < pfl( ). So
o7 (92) <01 (g). Hence Ty, (9) =Ty, (92) = 0p, (91 £92) = Tp, (92) -

Thus, 7y, (91 + 92) = 77, (9:) (i = 1, 2) where py, (9:) = max{py, (gr) |
k,i=1,2} and ps, (g1) # ps, (g2) which is the first part of the theorem.

Case II. Now suppose that py, (91) < py, (91) where k, i = 1, 2 with
fi # fx (i # k) and g; is of regular relative growth with respect to at
least any one of f1 or f.

Therefore, in view of (2) and (3), we obtain for a sequence {r,} of
values of r tending to infinity that

(6) MflifQ (rn) < Mf1 (rn) + Mf2 (rn) .

Thus we have

My xp, (rn)

< My [(W)

and so

MflifQ (Tn)

< My [(W)
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1
M, - P (a1)
! (ka (91)*5)
T
- py,(91)
M n
. [((”fi(gl)_s)> :|

sufficiently small by taking n sufficiently large. Hence in view of Lemma
1 and the above inequality we get for a sequence {r,} of values of r
tending to infinity that

1
T g (1)
R (),

1
T pf(91)
<M a(i) 1
o [ 7 (91) —2)
where a > (1 4¢1).

Hence, making o — 1+, we obtain the first part of Theorem G for a
sequence {ry,} of values of r tending to infinity that

Since py, (g1) < py, (91) , we can make the term

(1 + 81)

)

ps;(g1) -
(o7, (g) =)™ < ML, My, (ra)

~1
Mf1 ifg Mgl (Tn)
Pf1£15(91)
Tn

e (o7, (1) —9) <

Since € > 0 is arbitrary, we find

Tp+f, (91) > 05, (91) -

Now without loss of generality, we may consider that py, (91) <
Pt (g1) and f = fi £ fo. Then o (g1) > oy (g1). Further let f; =
(f £ f2). Therefore in view of the first part of Theorem G, ps(g1) <
Pt (91) and accordingly oy, (91) > of(g1). Hence o7 (g1) = 04, (91) =
optfs (91) = 0p (91) - S0, o4, (91) = 05, (1) (i = 1, 2) where py, (g1)

= min{py, (1) | k, % = 1, 2} provided py, (g1) # ps, (91) and g; is of
regular relative growth with respect to at least any one of f; or fs.

Case III. In this case, one can clearly assume that py, (g1) < py, (91)
where k, i = 1, 2 with f; # fi (i # k) and g; is of regular relative growth
with respect to at least any one of f; or fs.

Then, in view of (2), we obtain for all sufficiently large values of r
that

(7) Myp, (1) < My, (r) + My, (r).
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That is, we have

My, 15, (r)
M r rf,(91) M < r > P, (91) .
= s [((Efi (91) - 5)) ] ¥ [ (Efk (91) - 5)
And so
My, 15, (r)

My, {(W)f“}

My, {(m)m}

1
pf, (91)
M, - r
- [((afkm)—s)) ]

T
, pf(91)
Yo [((Efi(gl)_6)> }

sufficiently small by taking r sufficiently large and therefore using the
similar technique for all sufficiently large values of r as executed in the
proof of Case II we get from (8) that G 15, (91) = 7, (1) (i = 1, 2)
where pg, (91) = min{pg, (91) | k, i = 1, 2} provided py, (91) # oy, (91)
and ¢; is of regular relative growth with respect to at least any one of
fior fa.

Thus combining Case II and Case III we obtain the second part of
the theorem.

The third part of the theorem is a natural consequence of Theorem I
(i), Theorem K and the first part and second part of the theorem. Hence
its proof is omitted.

1+

®) <M, [(m)pﬂm

As py, (91) < py, (91) , we can make the term

Proof of Theorem 2. For any arbitrary positive number £ > 0,
we have from Definition 5 for all sufficiently large values of r that

(9) My, (1) < My, [(7p, (g0) +2) 0]

Mg, (r) = My, |:(Tfk (9k) —¢) M (gk)]

M, [(W)T] ’

(10) i.e., My, (1)

IN
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and for a sequence {r,} of values of r tending to infinity we have

My, (r) > My, [(?fk (gr) — €) rib‘fk(gk)]

R (- Al
(12) My, (r) < My, |:(7_fk (gr) +¢) r;:f’“(gk)}
where k£ =1, 2.

Case I. Let us consider Ag (gr) < Ap (9i) where k, i = 1, 2 with
gk # gi (k # 1) and at least g1 or gy is of regular relative growth with
respect to fi.

Therefore from (5), (9) and (12) we get for a sequence {r,} of values
of r tending to infinity that

Mg, 1g, (Tn)

< Mf1 |:(?f1 (gk:) + 5) Téfl (gk)]

+ My, [(r, (g0) +2) ]

That is, we have

M91i92(rn)
_ Ar (gx)
My, (T (gr) + 8)7"nf1 ]
‘ Ar (gi) h |: h
(13) < My, [(Tfl(gz) +e)rn ] L+ My (90

My, |:(Tf1(gi) +e)ry ]
M, [(?f1 (gr)+)ra’? <ak)}

Mfl (Tfl (gi)-f—e)rifl (qz)

sufficiently small by taking n sufficiently large. So with the help of
Lemma 1 and the second part of Theorem G and using the similar
technique of Case I of Theorem 1, we get from (13) that

Since Ay, (gx) < Ap, (9i), we can make the term

77 (91 £ 92) < 71 () -

Now without loss of generality, let us suppose that Ay, (g1) < Af, (g2)
and g = g1 & g2. So 77, (9) < 74, (92) - Also let go = + (9 — ¢g1) and in
this case we have from Theorem E that Af (g1) < Ap, (g9). Therefore
Tri (92) < 7r1(9) - Hence 7y, (9) = 77, (92) = 71, (91 £ g2) = 77, (92)-
Thus, Th (gl ig?) =Th (gl) (Z =1, 2) where )\fl (gz) = max{)\fl (gk) ’
k,i=1,2} and Af (1) # Af (92).-
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Case II. Let us consider that A\f, (gx) < Ay, (9;) where k =4 = 1,2
with gx # g;. Now, in view of (9), we get for all sufficiently large values
of r that

M91i92 (T) < Mgl (7“) + M92 (T)
That is, we have

MgliQQ (T)
< Mp |(Tr (gr) +2) kal(gk)} + My, [(Fﬁ (9:) + ) rAfl(g")] .

And so

Mg, 14, (7n)
My, {(?h (gr) + E)T)\fl (gk)}

My, [(75,(g1) + £y @)

(14) < My, [(7p,(90) + )0 )] 14

As Ay, (gk) < Ap, (94), by taking r sufficiently large one can make the
term

My, [ )+ 2) P 00]

My, (75, (90) +) 0]

sufficiently small and therefore for similar reasoning of Case-I we get

that 7p, (g1 £ 92) = Ty, (9i) | @ = 1,2 where Ay, (g;) = max{\y, (gr) |
k=1=1,2} and Ag, (91) # Ap, (g2) and hence details of its proof are
omitted.

Thus the first part of the theorem follows from Case I and Case 1I.

Case III. Now suppose that Af,(g1) < Ag, (g1) where k =i = 1,2
with f; £ fi.

Now in view of (7) and (10) we have for all sufficiently large values
of r that

My xp, (1)

< (rr=a) ™ ()™
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We thus have
My, 1, (1)

< M, [(W)—

w [(W

Since Ay, (91) < Af, (91) , one can make the term

v , )\fil(!n)
a (Tfi(sh)*f)

sufficiently small by taking r sufficiently large. Therefore using the simi-
lar technique as executed in the proof of Case III of Theorem 1, it follows
from above arguments and Theorem E that

Tr+f, (91) > 75, (91) -

At this time without loss of generality, we may consider that Af, (g1) <

A, (g1) and f = fi £ fo. Then 74(g91) > 7¢, (91). Further let f; =
(f £ f2). Therefore, in view of Theorem C, Af(g1) < Ay, (91) and ac-

cordingly 74, (g1) > 77 (g1) . Hence 7 (g1) = 74, (1) = Th=f (1) =
Th (91) . So, EES (91) =T (91) | i = 1,2 where )\fi (91) = mln{)\fk (91) |
k =7 = 1’2} pI'OVided )\fl (91) ?é )\fg (gl) .

Case IV. Now let us consider Ay, (g1) < Ay, (91) where k =i =1, 2
with f; # fr. Therefore in view of (6), (10) and (11) we obtain for a
sequence {r,} of values of r tending to infinity that

My xf, (n)

< M, [(W(;ﬁ) W] + Mg, [((m(;ﬁ) W] '

We thus have

My, 15,(rn)

(15) <M, Km) Ay

T >\f,1(m)
Mg, {(7@(91)6)) * }
T fil(f]l)
Mg, {((m(g—n—e)) ]

1+

>
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Since Ay, (91) < Ay, (91) , we can make the term

T
- At (a1)
o |:<(?fi('ql)_6)>

sufficiently small by taking n sufficiently large. Therefore using the sim-
ilar technique of Case II of Theorem 1, we obtain the conclusion that
Then (91) =71, (91) |1 = 1,2 where Xy, (g1) = min {Ag, (1) | k=i = 1,2}
provided Ay, (g1) # Ag, (g1) from (15).
So the second part of the theorem follows from Case I1I and Case IV.
The proof of the third part of the theorem is omitted as it can be
carried out in view of Theorem I (ii) and the above cases.

Proof of Theorem 3. Case I. By Lemma 3, f; is transcendental.
Suppose that py, (gr) < py, (gi) where k =i = 1,2 with g, # g;. Now
for any arbitrary € > 0, we have from (1) for all sufficiently large values
of r that

(16) Mgl-92 (T) < Mgl (T) : M!]Q (T) .
We thus have

My, ., (1) < My, [(Jfl (g) + %) rpfl(g’“)} My, [(Uﬁ (g:) + %) rpfl(gi)] .

Since py, (9x) < pg (i), we get for all sufficiently large values of r
that (oy, () + €)r*19) > (o, (g) + €)r?19%). Therefore My, [(o7, (9:)
+e)rPn (9] > My, [(o4, (gi) +e)rPh (9)] and from above arguments it
follows for all sufficiently large values of r that

(17) My, ., (r) < My, [(afl (9:) + %) o (gi)r

Let us observe that
6y = O (gz) €

+
+3

>1
Of (91)

= log(oy, (gi) +¢)rPh (9i) > log (afl (gi) + %) rPr1(9:)

g (o, g1) +2) 171
log (o, (g:) + §) rPn o)

(18) = log(oy, (i) + &) P19 = 5log (O‘fl (9:) + %) P19

=0 (say) > 1
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Since f1 has the Property (A), in view of Lemma 2, Theorem D and
(18) we obtain from (17) for all sufficiently large values of r that

My, g (1) < Mg [((Jﬁ (9:) + %) rPH (9i)>5]

i Mygy (r) < My, [(0, (gi) +€)ron (@]
That is, we have
7P (92)

< (o7 (9i) +¢)

i'e" 6 (91-92) (Jfl (91) + 6)

<
(19) i.e., of (g1-92) < 9f (i) -
In order to establish the equality of (19), let us restrict the functions
f1 and g; with the property 2°1(9) <1 (1 =1, 2). Now let h, hy, he and
k be any four entire functions such that h = Z—f and pg, (h1) < pg (ha).

SoT, (r)=T,, (r) <T,, (r) +Th, (r) + O(1). Now, in view of Lemma

h
4, and as in thé line of the procedure of the above proof, it follows that
Ok (h) = O (2—?) < 2pk(h2)0k (hg) .

Further without loss of any generality, let g = g1 - g2 and pyg, (g1) <

s (92) = pr (9). Then oy, (9) < op (g2). Also let go = & and in

this case we obtain from above arguments that of (92) < o071 (9)-
Hence Of (g) =0f (92) =0 (gl : 92) =0fn (92) . Thus, Of (gl : 92) =
or (9:) | ¢ = 1,2 where py, (95) = max{ps (gr) | k=1=1,2} and
P (1) # P (92) -

Next we may suppose that g = £

g2

and also suppose that py, (g2) < pg, (91). We have g = g- g2 . Therefore
o5 (91) = 07, (9) as py, (9) > ppy (g2) and 2P (9 < 1.

with g1, g2, g are all entire functions

Case II. In view of Lemma 3, f; is transcendental. Now let py, (gx) <
ps (gi) where k, i = 1, 2 with g # g;. Therefore from (1) and (4) it
follows for a sequence {ry,} of values of r tending to infinity that

(20) My, g, (Tn) < My, (7n) - My, (7n) -
That is, we have
My, .4, (7n)
€ (9x) _ € (9i)
(21) < My, [(Ufl (gx) + 5) " ] My, [(fffl (9:) + 5) it }
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Since pg, (gr) < pp, (9i) , so for a sequence of values of r tending to
infinity

5 (3 00+ ) =0 o )
holds. Therefore, from (21), we have
(22) Mg, () < My, [(75 (00 + 5) @]

Now using the similar technique for a sequence of values of r tending
to infinity as explored in the proof of Case I, the second part of Theorem
3 I(ii) follows from (22).

Therefore the first part of theorem follows Case I and case II.

Case III. By Lemma 3, g1 is transcendental. Suppose that py, (g1) <
ps. (g1) (k, i =1,2) with f; # fi and g1 is of regular relative growth
with respect to at least any one of fi or fo.

Therefore in view of (2) and (3), we obtain for a sequence {r,} of
values of r tending to infinity that

(23) Mf1-f2 (7“”) < Mf1 (7“”) : Mf2 (7“”) :

That is, we have

Mfl'f2 (Tn)

1 1
T pg;(91) . g (91)
! <(Uf¢ (91) - %)) T\ (@5 (91) - 5)

N M - Pfi}!n) M - pfkl(gl)
oV Mo (of,(91)-3%) = Mo (@, (91)-5)

because for all sufficiently large values of n and py, (1) < pys (91),

, Pfitgl) 7“ Pfkl(91)
m > @TM hold. Therefore from above
7 2 k 2

arguments, it follows for a sequence of values of r tending to infinity
that
2

(24) My, g, (rn) < M, [n e
o () < A e——
o "1\ (os, (91) = 5)

Now we observe that

>1
o (91) —

[LIRINIIG)
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1

Tn ) Pfit’l) > 1 Tn Pfi (o)
_— Og -~
(o, (91) —¢) (o7, (91) — 5)

1 - Pfi}!n)
%8\ (orlo—)

— = (say) > 1

L 1

Tn 0y (91) Tn Pfi91)
25) = log<7> o= dlog | T .
29) (7. (o) ) (7. (o)~ 5)

Since g1 has the Property (A), in view of Lemma 2, the first part of
Theorem H and (25) we obtain from (24) for a sequence {r,} of values
of r tending to infinity that

n pfi(zsn)
Mfl'f2 (Tn) < Mgl m
i 2

< M (W)] '

That is, we have

(o7, (g1) — ) i < ML My, ()

Mf_1~1f2M91 (n)

ie., (o7,(g1) —¢) < Pf1-f2(91)
n

Since € > 0 is arbitrary, it follows from above arguments that

(26) opf(91) = 0g (91) -

In order to establish the equality of (26), let us restrict the functions
fi and g1 with the property 205 (91) > 1 (1t =1, 2). Now let h, hy, hy and
k be any four entire functions such that h = Z—; and pp, (k) < pp, (k).

SoT, (r) =T, (r)<T, (r)+Th (r)+ O(1). Now in view of Lemma
123
4 and as in tlr12e line of procedure of the above proof, it follows that

(k)
;hhll(k) <op(k)= J% (k).

Further without loss of any generality, let f = fi - fo and py, (g1) =
pf(g1) < pg,(g1). Then o (g1) > o5 (91). Also let f1 = % and in
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or(g1)
9rf(91) "

af (91) :.O-fl (91) implies that Of1-fa (91) =0f (91). Thus, O f1-fa (g1) =
of, (91) (i =1, 2), where py, (91) = min{py, (91)} (k =1,2), py, (1) #
g, (g1) and 204091 > 1 (5 = 1, 2).

Next one may suppose that f = % with f1, fa, f are all entire and

Pt (91) < ppy (91). We have fo = f - fi . Therefore oy, (91) = ¢ (g1) as
s (91) > py(g1) and 201000 > 1 (i =1, 2).

this case we obtain from above arguments that o, (g1) > Hence

Case IV. By Lemma 3, g; is transcendental. Suppose py, (91) <
ps. (91) (k, i =1, 2) where f; # fi (i # k) and g is of regular relative
growth with respect to at least any one of f; or fs.

Therefore in view of (2) we obtain for all sufficiently large values of
r that

(27) Mfl'f2 (7“) < Mf1 (T) ) Mf2 (T)
That is, we have

Mfl'f2 (T)
1

1
r ps,(a1) r Pfy, 91
< M Ty - M, —_——
” <(Ufi (91) — %)) ” <(fffk (91) — %))

1 1
- py,(91) - P f (91)
Therefore Mg, [<m> ] > Mgy, [<(Efk(91)_§)> ]

as py, (91) < py, (91) and from above arguments it follows all sufficiently
large values of r that

2

@ o< | (=)

Therefore, using the similar technique as in the proof of Case III, for
all sufficiently large values of r, Theorem 3 II (ii) follows from (28).

Thus the second part of the theorem follows from Case III and Case
V.

Proof of the third part of the theorem is omitted as it can be carried
out in view of Theorem J (ii) and the above cases.

Proof of Theorem 4. Case 1. By Lemma 3, f; is transcendental.
Suppose that A\r, (gx) < Ap (9i) (k, i =1, 2) with g # g; (k # i) and
at least g1 or g is of regular relative growth with respect to fi. Now for
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any arbitrary € > 0, from (9), (12) and (20), we obtain for a sequence
{rn} of values of r tending to infinity that

My, g, (rn) < M, [(Ffl (9x) + %) ralt (gk)] My, [(Tfl (9i) + %) il (gi)] :

As Ag (gr) < Ap, (94), we get from above arguments for a sequence
{rn} of values of r tending to infinity that

(29) Mgy, (r) < My, [(Th (9:) + %> A <gi>} 2

Now using the similar technique as explored in the proof of Case II of
Theorem 3, we have from (29) and the second part of Theorem H that

(30) 7 (91 92) < 75, (9) -

In order to establish the equality of (30), let us restrict the functions
f1 and g; with the property 2M1(9) <1 (i = 1, 2). Now let h, hy, hy and
k be any four entire functions such that h = Z—f and A, (h1) < A (ha).

SoT, (r)=1T,, (r) <T,, (r)+Th (r) + O(1). Now in view of Lemma

Iy
4 and as in thle line of procedure of the above proof, it follows that
7k (h) = T (Z_f) < oy (hy).

Further without loss of generality, let g = g1 - g2 and Ag (g1) <

Af(92) = Ap (9) - Then 7y, (g9) < 74, (92) - Also let go = & and in this

case we obtain from above arguments that 7, (g2) < 2M1 974 (g) <
or1(g)- Hence 7y, (9) = 74, (92) = 75, (91 - 92) = 71, (92) - Thus, 77, (g1 -
g2) = 0, (9:) | i = 1,2 where Ay, (¢;) = max{Ay, (gx)} (k, i =1, 2),
A (g1) # Apy (g2) and 22009 <1 (i =1, 2),
Next we may suppose that g = g—; with g1, g2, g all entire functions
and also suppose that Az, (92) < Af, (g1). We have gy = g- g2. Therefore
)

A (91) = Mg, (9) as Ap, (9) > Ap, (g2) and 220000 <1,

Case II. In view of Lemma 3, f; is transcendental. Now let A¢, (gx) <
A (9i) (k, i =1, 2) with g, # g; (k # i) and at least g1 or gs is of regular
relative growth with respect to fi. Therefore from (16) and (9) it follows
for all sufficiently large values of r that

Myg,.g, ()
_ € _ 5 ,
(31) S Mfl |:<7_f1 (gk) 4 5) ,,a)\fl(gk)] . Mfl |:<Tf1 (gl) + 5) ,,a)\fl(gz)] X
Since Ay, (gx) < Ag, (i), so for all sufficiently large values of r,

My [(75 00+ 5) P09 > g, (7 (i) + 5) 009
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holds and therefore from (31) we get for all sufficiently large values of r
that

(32 My (r) < My, (75 (1) + 5) 000

Now using the similar technique of Case I of Theorem 3, Theorem 4 1
(i) follows from (32).

Therefore combining Case I and Case 11, the first part of the theorem
follows.

Case III. By Lemma 3, g; is transcendental. Suppose that Ay, (g1) <
Therefore, in view of (10), we obtain from (27) for all sufficiently
large values of r that

Mf1-f2 (T)

1 1
X7 (91) X, (91)
r fi r T
< M, -_— M S
N ((m(m)—%)) " ((m(gl)—%))

As At (g1) < Mg (91), we find from above arguments that, for all
sufficiently large values of 7,

Tn Afil(fh)
(33) My,.p, (r) < My, (m)

Further using the similar technique as explored in the proof of case
IT in Theorem 3, we have from (33) and Theorem F that

(34) Tr-f2 (91) 2> 71, (91) -

In order to establish the equality of (34), let us restrict the functions

fi and g1 with the property 2Mil91) > 1 (1 =1, 2). Now let h, hy, hy and
k be any four entire functions such that h = Z—; and Ap, (k) < Ap, (k).

SoT,(r) =T, (r)<T, (r)+Th (r)+ O(1). Now in view of Lemma

h
4 and as in tlr12e line of procedure of the above proof, it follows that
(k)
% S’Th(k) :T% (k’)
Further without loss of generality, let f = fi - fo and Ay, (g1) =
Ar(g1) < Ap, (91). Then 74 (g1) > 74, (g1). Also let fi = f—]; and in

7¢(91)
A

77 (91) = 74, (91) implies that 7¢,.r, (91) = 75, (g1) . Thus, 77,5, (1) =

Hence

this case we obtain from above arguments that 7¢, (g1) >
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7, (91) (i = 1, 2) where Ag, (1) = min{Ay, (91)} (k =1, 2), Ap, (91) #
A, (g1) and 22090 > 1 (i = 1, 2).

Next one may suppose that f = % with f1, fa, f are all entire and

At (91) < A (91). We have fo = f - f1. Therefore 74, (g1) = 77 (91) as
Ap (1) > Mg (g1) and 221090 > 1 (i =1, 2).

Case IV. By Lemma 3, g; is transcendental. Suppose s, (g1) <
Therefore, in view of (23), (10) and (11), we obtain that, for a se-
quence {r,} of values of r tending to infinity,

My,.p, (ra) < M,, _7"7716 My, 7"6 .
s (oimg) ™o (o)™

Therefore M, o ]y )
ererore g1 m > g1 m *

Af, (91) < Ay, (91) and from above arguments it follows that, for a se-
quence {r,} of values of r tending to infinity,

(35) My, g, (ra) < M, " 5
. Tn) < — /N e\
o "\ Frlo) - 3)

Therefore using the similar technique, for all sufficiently large values
of r , as in the proof of Case III , the second part of Theorem 4 IT (ii)
follows from (35).

Thus the second part of the theorem follows from Case III and Case
V.

Proof of the third part of the theorem is omitted as it can be carried
out in view of Theorem J (ii) and the above cases.

Proof of Theorem 5. Case I. Suppose that py (g1) = pys, (92)
(0 < pg, (91) 5 pf (g2) < 00). Now in view of Theorem C it is easy to see

that py, (91 = 92) < pg, (91) = pg, (g2) - If possible let

(36) Pfi (g1 £ g2) < Ph (1) = Pf (g2) -

Let oy, (91) # oy (92). Then in view of Theorem K and (36) we
obtain that oy (g1) = oy, (91 £92 F g2) = 0y, (92) which is a contra-
diction. Hence pyg, (g1 = g2) = ps (91) = pp (92) - Similarly with the
help of the first part of Theorem 1, one can obtain the same conclusion
under the hypothesis ¢, (g1) # @, (g2) . This proves the first part of
the theorem.
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Case II. Let us consider that pr, (g1) = p£,(91) (0 < pg(91), ppo(91) <
o0) and ¢y is of regular relative growth with respect to at least any one
of f1 or fo. Therefore in view of the first part of Theorem G, it follows

that pras, (91) > pp (91) = Py, (91) and if possible let

(37) Prtfs (91) > pp (91) = pry (91) -

Let us consider that oy, (g1) # oy, (91) - Then. in view of the Theorem
1 II (i) and (37) we obtain that of (91) = ofi4frp (91) = o (91)
which is a contradiction. Hence pg,+y, (91) = pp, (91) = py, (91) - Also
in view of Theorem 1 II (ii) one can derive the same conclusion for
the condition @y, (g1) # T, (91) and therefore the second part of the
theorem is established.

Proof of Theorem 6. Case I. Let Af, (g1) = Ap,(92) (0 < Af, (1),
A (g2) < oo) and at least gy or go is of regular relative growth with
respect to f1. Now, in view of Theorem Gf(ii), it is easy to see that

A (g1 £92) < Af (g1) = Apy (92) - If possible let
(38) )\fl (91 + 92) < )\fl (91) = )\fl (92)'

Let 77, (g1) # 7, (92) - Then in view of Theorem 2 I (i) and (38) we
obtain that 74 (91) = 74, (91 = g2 F g2) = 74, (g2) which is a contradic-
tion. Hence Ap, (91 & g2) = Ap, (91) = Ay, (92) - Similarly with the help
of Theorem 2 I (ii) , one can establish the same conclusion under the
hypothesis ¢, (91) # T, (g2) . This prove the first part of the theorem.

Case II. Let us consider that Af (g1) = Ap (g1) (0 < Ap (1),
Af, (91) < 00). Therefore in view of Theorem E it follows that

A (91) 2 Ap(91) = Ap(91)
and if possible let

(39) Anixfo (91) > A (91) = Aps (91) -

Suppose 7, (91) # Tf, (1) . Then in view of Theorem 2 II (i) and
(39) we obtain that 77 (91) = T4 foxf (91) = Tf, (91) which is a con-
tradiction. Hence Ay 44, (91) = Af, (91) = Ap, (91) - Analogously with
the help of Theorem 2 II (ii), the same conclusion can also be derived
under the condition 7y, (g1) # 7, (g1) and therefore the second part of
the theorem is established.

Proof of Theorem 7. Case I. Suppose that ps, (91) = pys, (92)
(0 < pg, (91) 5 pf (g2) < 00). Now in view of Theorem D it is easy to see
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that py, (91 - 92) < pg, (91) = ps, (g2) . If possible let
(40) P (91-92) < ppi(91) = pp (92)-

Let oy, (91) # o, (92) - Now in view of Theorem 3 I (i) and (40) we
91-92
92
Hence py, (91 92) = pf, (91) = pp, (g2) . Similarly with the help of The-
orem 3 I (ii), one can obtain the same conclusion under the hypothesis

G, (g1) # T, (g2) - This proves the first part of the theorem.

obtain that of (g1) = op ( ) = 0y, (g2) which is a contradiction.

Case II. Let us consider that pf, (g1) = py, (91) (0 < pr,(91), ppo(91) <
o0) and g is of regular relative growth with respect to at least any one
of fi or fa. Therefore in view of the first part of Theorem H, it follows

that pyr,.1, (91) > pg (91) = py, (91) and if possible let

(41) Phf2 (91) > pp (91) = pr, (1) -

Further suppose that o (g91) # o, (91) . Therefore in view of the first
part of Theorem 3 I1(i) and (37), we obtain that oy, (g1) = 0.5 (g1) =
7

2
o, (g1) which is a contradiction. Hence py,.4, (91) = pg, (91) = ps, (91) -
Likewise with the help of Theorem 3 II (ii), one can obtain the same
conclusion under the hypothesis ¢ (g1) # @, (91). This proves the
second part of the theorem.
We omit the proof for quotient as it is an easy consequence of the
above two cases.

Proof of Theorem 8. Case I. Let Af (91) = Ap, (92) (0 < Ap, (1),
Af(g2) < oo) and at least gy or go is of regular relative growth with
respect to fi. Now in view of Theorem H (ii) it is easy to see that

A (g1 - 92) < A (91) = Mg, (g2) - If possible let
(42) A (g1 -92) < Ap(91) = Ap (92)-

Also let 7y, (g1) # 71, (92) - Then in view of Theorem 4 I (i) and (42) ,
9192
92
Hence Ay, (g1 - 92) = Af, (91) = Ap, (92) - Analogously with the help of
Theorem 4 I (ii), the same conclusion can also be derived under the
condition T, (g91) # Ty, (g92). Hence the first part of the theorem is

established.

we obtain that 74 (1) = 7, ( = 7¢, (92) which is a contradiction.

Case II. Let us consider that Ay, (g1) = Af,(g1) (0 < Ap(91), App(g1) <
00). Therefore in view of Theorem F it follows that Af,.1, (91) > A, (g1) =
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Af, (g1) and if possible let

(43) Affa (91) > Mg (91) = Mgy (91) -

Further let 74 (91) # 74, (91) . Then in view of the second part of
Theorem 4 II (i) and (43) we obtain that 7¢, (g1) = 75,1, (91) = 75, (91)
7

which is a contradiction. Hence Af,.p, (91) = Ap, (g1) = Ap, (g1) . Simi-
larly by Theorem 4 II (ii), we get the same conclusion when 7y, (g1) #
T f, (91) and therefore the second part of the theorem follows.

We omit the proof for quotient as it is an easy consequence of the
above two cases.

5. Concluding Remarks

In this paper, we investigate certain properties of relative type (rel-
ative lower type) and relative weak type of entire functions. Here we
actually prove Theorem 1 to Theorem 4 under some different conditions
stated in Theorem A to Theorem J, respectively. Moreover, the treat-
ment of these notions may also be extended for meromorphic functions,
in the field of slowly changing functions and also in case of entire or mero-
morphic functions of several complex variables. Further some natural
questions may arise about the sum and product properties for relative
type (relative lower type) and relative weak type of entire functions when
the conditions of Theorem 5 to Theorem 8 are, respectively, provided.
Answers of these last questions are left to the interested readers or the
involved authors for future study in this research subject.
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