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YANG-MILLS CONNECTIONS IN THE BUNDLE OF
AFFINE ORTHONORMAL FRAMES

HyuNn WoonNG KiM, JOON-SIK PARK, AND YONG-SOO Pyo*

Abstract. We get a necessary and sufficient condition for a gen-
eralized affine connection in the affine orthonormal frame bundle
over a smooth manifold (M, g) to be a Yang-Mills connection.

1. Introduction

Let (M,g) be an n-dimensional Riemannian manifold, A(M) (M,
A(n; R) := GL(n; R) x R™) the bundle of affine frames, and O(M, g) the
bundle of orthonormal frames over (M, g). Let AO(M, g) be a principal
fiber bundle over the manifold (M, g) with group AO(n; R) := O(n; R) x
R™, which is a subbundle of A(M). In this paper, we call the bundle
AO(M, g) the affine orthonormal frame bundle over (M,g). Let 7 :
AO(M,g) — O(M,g) = AO(M,g)/R" be the natural projection, and
w an arbitrarily given connection in AO(M,g). Let w (resp. ¢) be the
connection form (resp. 1-form) on O(M, g) such that 7*w = w+¢. Then
we get the following results:

(1) Assume the linear connection w (7*w = w + ¢) becomes a Yang-
Mills connection in O(M, g). Then we obtain a necessary and sufficient
condition for the generalized affine connection form w in AO(M, g) to
become a Yang-Mills connection (cf. Theorem 4.1).

(2) Assume the 1-form ¢ (7*@ = w + ¢) on O(M, g) is the canonical
1-form on O(M, g), i.e., p(X) := u (7 (X)) for X € T,(O(M,g)) (u €
(O(M,g)). And, assume the linear connection w becomes a Yang-Mills
connection. Then we obtain a necessary and sufficient condition for the
affine connection form @ in AO(M, g) to become a Yang-Mills connection
(cf. Theorem 4.2).
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(3) As an application of (1) and (2), let G = M be a compact con-
nected semisimple Lie group, g the Lie algebra of GG, and g the canonical
Riemannian metric which is defined by the Killing form of the Lie alge-
bra g of G. Then, the linear connection form in the orthonormal frame
bundle by the Levi-Civita connection for g becomes a Yang-Mills con-
nection in O(M, g), but the corresponding affine connection in AO(M, g)
does not become a Yang-Mills connection (cf. Theorem 4.4).

2. Preliminaries

In general, when we regard R" as an affine space, we denote it by A™.
The group A(n; R) of all affine transformations of A™ is represented by
the group of all matrices of the form

~ a &
= (0 1);

where a = (aé-)i,j € GL(n; R) and & = (¢%) (¢ € R") is a column vector.
The element @ maps a point n of A™ into an + £. We have the following
exact sequence:

0— R"— A(n;R) - GL(n; R) — 1.

Let (M,g) be an n-dimensional Riemannian manifold, A(M) (M,
A(n; R) =: GL(n;R) x R™) the bundle of affine frames over M, and
O(M, g) the bundle of orthonormal frames over (M, g). Let AO(M, g) be
the principal fibre bundle over (M, g) with group AO(n; R) = O(n; R) x
R™ which is a subbundle of A(M). In this paper, we call the bundle
AO(M,g) the affine orthonormal frame bundle over (M,g). Let 7 :
O(M, g) — AO(M, g) be the natural injection together with the group
homomorphism v : O(n; R) — AO(n;R), and @ an arbitrarily given
Ehresmann connection (form) in AO(M, g), i.e.

O(X*)=X (X €ao(n;R)=o0(n;R)+ R" (semidirect sum)),
Ry*w = Ad(g~)& (g € A(n; R)),

where ao(n; R) (resp. o(n;R)) is the Lie algebra of AO(n;R) (resp.
O(n; R)), X* is the fundamental vector field corresponding to X €
ao(n; R) which is defined on AO(M,g), and R,*w is the pull back of
w by the action R, on AO(M,g). Let w (resp. ) be the Ehresmann
connection form (resp. the tensorial 1-form) of type (Ad(AO(n; R)), R")
on O(M, g) such that 7*& = w + ¢ (cf. [1]).

In this paper, we obtain the following results:

(2.1)
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(1) Assume w becomes a Yang-Mills connection in O(M, g). Then we
obtain a necessary and sufficient condition for the connection form @ in
AO(M, g) to become a Yang-Mills connection (cf. Theorem 4.1).

(2) Assume the 1-form ¢ (7*@ = w + ¢) on O(M, g) is the canonical
1-form on O(M, g), i.e., p(X) := u (7 (X)) for X € T,(O(M,g)) (u €
(O(M,g)). And, assume w becomes a Yang-Mills connection. Then we
obtain a necessary and sufficient condition for the connection form @ in
AO(M, g) to become a Yang-Mills connection (cf. Theorem 4.2).

(3) Let G = M be a compact connected semisimple Lie group, g
the Lie algebra of GG, and g, the canonical Riemannian metric which
is defined by the Killing form of the Lie algebra g of G. Then, the
linear connection form A in the orthonormal frame bundle by the Levi-
Civita connection of g, becomes a Yang-Mills connection in O(M,g),
but the corresponding affine connection A (A = A + 0) in AO(M, g)
does not become a Yang-Mills connection, where 6(X) = u~!(7m(X))
for X € T,(O(M, g)) (u € (O(M,g)) (cf. Theorem 4.4).

Traditionally, the words ‘linear connection’ and ‘affine connection’
have been used interchangeably ([1, Theorem 3.3, p.129]). But, strictly
speaking, a linear connection is a connection in L(M) (D O(M, g)), and
an affine connection is a connection in A(M) (D AO(M,g)).

By virtue of Theorem 4.4, we show the fact that there exists a Yang-
Mills linear connection in O(M,g) of which the corresponding affine
connection in AO(M, g) does not become a Yang-Mills connection.

3. Yang-Mills connections in principal fibre bundles

Let P(M,QG) be a principal fiber bundle with semisimple Lie group
G over an n-dimensional closed (compact and connected) Riemannian
manifold (M,g), and g the Lie algebra of the structure group G, and
{U,V,W,...} an open covering of M generated by local triviality of
P. Let the mappings ¢yy : U NV — G corresponding to the open
covering {U,V,W,...} of M be transition functions. If the family A =
{Ay, Ay, Aw, ...} of g-valued 1-forms which are defined on open subsets
U, V,W,... of M satisfies the following cocycle condition

(3.1) (Av)e = Loyy (@), (d(ovv))e + Ad(¢vu(2))(Av)e (€ UNV),

then A is said to be a connection (form) ([2, Definition 3.1.1, p.74]) in
P(M, Q). Let {oy,ov,ow,...} be the family of local cross sections of
the open neighborhoods U, V, W, ... into P. Let 2Ap be the space of all
connections in P, and €p the space of all Ehresmann connections in P
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which are defined as in (2.1). Then, 2p and €p are 1-1 correspondent
as follows ([2, Theorem 3.1.4, p.76)):

if we put oy*w =: Ay for a given w € €p, then the family A :=
{Ay, Ay, Aw, ...} of g—valued 1-forms defined on the open neighbor-
hoods U, V,W, ... satisfies the cocycle condition (3.1). On the other
hand, we put w" (2) := Ay(Y)+X for Z = (0u,)2(Y) + (X)) (Z €
Ty @) (P), Y € T,(M), X € g),andif Z € T,(P) (9 € G, ou(z)g =v €
P), then we put w¥(Z) := Ad(g7!) wY(Ry-1,Z). Here w¥,w" W, ...
coincide on the overlapping neighborhoods of P, and the family w :=
{wY, WY, w" ...} satisfy the conditions as in (2.1).

The curvature form F(A) ([1, 2]) of a connection A (€ Ap) in the
principal fibre bundle P(M, g) is given by

(3.2) F(A)=dA+ AN A.

We fix an Ad(G)-invariant inner product < , > on g. A Yang-Mills
connection is a critical point of the Yang-Mills functional

M) =5 [ IFAIE 0, (A€ %)

which is defined on the space 2Ap, where v, is the volume element of
(M, g) and ||[F(A)|* =< F(A),F(A) >. Let {X;}?, be a (locally de-
fined) orthonormal frame on (M, g). Then a necessary and sufficient
condition ([2, Theorem 4.1.3, p.107]) for a connection A in the principal
fibre bundle P to become a Yang-Mills connection is the fact that

53 (64F(A))(X:) = — z{(vXjF(A))(Xj’Xi)
+ [A(X])vF(A)(vaXz)]}

vanishes, where d 4 is the formal adjoint operator of the covariant exterior
differentiation d4, and V is the Levi-Civita connection on (M, g).

4. Yang-Mills connections in the affine orthonormal frame
bundle AO(M,g) over (M, g)

4.1. A generalized affine (Ehresmann) connection and an
affine (Ehresmann) connection

Let (M, g) be an n-dimensional compact connected smooth manifold.
A (Ehresmann) connection in the bundle L(M) of all linear frames on
M is called a linear connection of M. A generalized affine (Ehresmann)
connection is a (Ehresmann) connection in the affine frame bundle A(M)
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over M. Moreover, a generalized affine (Ehresmann) connection w in
A(M) is called an affine (Ehresmann) connection in A(M), if the R"-
valued 1-form ¢ (7*(w) = w + @) on L(M) is the canonical 1-form 6
O(X) = utm(X) (X € Ty(L(M))), where v : GL(n;R) — A(n; R)
and 7y : L(M) — A(M).

4.2. Generalized affine Yang-Mills connections in the affine
orthonormal frame bundle AO(M,g) over (M, g)

We get the following exact sequence:
0 B <% AO(m; R) -2 O(n; R) = AO(n; R)/R" — 1.
By the virtue of the principal fibre bundle homomorphism
B:AO(M,g) — O(M, g) = AO(M, g)/R"
associated with the group homomorphism
g :AO(n;R) — O(n; R) = AO(n; R)/R",

we obtain the fact that the set of all affine (Ehresmann) connections in
AO(M,g) (C A(M)) and the set of all linear connections in O(M, g)
(C L(M)) are 1-1 correspondent (cf. [1, Theorem 3.3, p.129]).

Let w be a generalized affine (Ehresmann) connection in AO(M, g),
and (X1, Xo, ..., X,,) an (locally defined) orthonormal frame on (M, g).
Let oy be the cross section of O(M,g) (C AO(M,g)) over U (C M)
which assigns to each x € U the linear frame ((X1)z, (X2)z, .-, (Xn)z)-

Let v : O(M,g9) — AO(M,g) be the bundle homomorphism associ-
ated with the group homomorphism v : O(n; R) — AO(n;R). Since
75 = w-+ ¢ on O(M,J),

oy (VW) =o' w+optp=w
on U (C M). Here and from now on, we put
(4.1) ot e = Ay, opFw =: Ay, oute =:puy =: @

on U (C M). Then in (4.1), the ao(n;R)-valued 1-form A and the

o(n; R)-valued 1-form A on M satisfy the cocycle condition (3.1). So, A
(resp. A) is a connection (form) in AO(M, g) (resp. O(M, g)). Similarly,
we call A (resp. A) a generalized affine connection (form) in AO(M, g)
(resp. the linear connection (form) in O(M,g) which is related to the

connection A). From the above facts, we get

(4.2) Ay =Ay+ou (A= A+, simply).
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From (3.2) and (4.2), we obtain ([1, Proposition 3.4, p.130])
(4.3) F(A)=F(A) +dp+ AN .

Let ( , ) be the inner product on o(n;R) defined by (X,Y) :=
—trace(XY) (X,Y € o(n; R), and let {e; }; be the natural basis of R".
Now, we fix an inner product < , > on ao(n; R) such that

TL27TL n
(Z3 7P 0 ey

is an orthonormal basis of ao(n; R) with respect to <, >, where {Zi}gffn)/ 2
is an orthonormal basis on (o(n; R), (, )). Then, the inner product <, >
on ao(n; R) is Ad(O(n; R))-invariant. So, < , > is Ad(¢(x))-invariant,
where x € M and ¢ are transition functions appeared by local triviality
of the principal fibre bundle O(M, g).

For convenience’ sake, for a (locally defined) orthonormal frame {X;}" ,
on (M, g), we put

ORF(A)(Xi) =t (55F)i  (BaF(A)(X) = (5aF):,

Vx, d)(Xi, Xj) =: Videpij,

Vx, ANe)(Xi, X;) = V(AN @)ij,

F(A)(Xy, Xi) =2 Fi, (X)) =95, A(Xy) =: Ag,
(AN @)X, Xj) = (AN @)ij, (dp)(Xi, Xj) = dpij.

From (3.2), (3.3), (4.3), (4.4), and the properties of the inner product

<, > on ao(n; R), we obtain

(6xF)i = (0aF)i = > {Vidpri + V(AN Q)i
(4.5) &

(4.4)

A~ /N /N

—Fiion + [Ak, dori] + [Ak, (AN )il }-
By the help of (4.5), we get

Theorem 4.1. Let A be a generalized affine connection (form) in

AO(M,g), and A a linear connection in O(M, g) such that A=A+ ¢.
Assume the linear connection A in O(M, g) is a Yang-Mills connection.

Then, a necessary and sufficient condition for the connection ( form) A
to become a Yang-Mills connection is

> AVideri + Vi(A N @)k — Frign
k

+ [Ak, dogi] + [Ar, (AN ©)i]} = 0.
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4.3. Affine Yang-Mills connections in the affine orthonormal
frame bundle AO(M,g)

Assume A is an affine connection in AO(M, g). Then we get
Ay = Ay + ou = Ay +oy*0 =: Ay + 0y (Z = A+ 0, briefly),
where 6 is the canonical 1-form on O(M, g), i.e.
02) = u'm(Z) (2 € Tu(O(M, ).
Since 0; := 0(X;) := (oy*)0(X;) = e;, we have
(4.6) Xi(pi) = Xp(60;) = 0.

Let {Y*}; be the (locally defined) dual frame of the (locally defined)
orthonormal frame {X;}; on (M, g). Then we put

(4.7) YUV X)) = Ta!, (X0, X)) =) CyF X
k

Since V is the Levi-Civita connection on (M, g), we have from (4.7)
(4.8) T,* -k =ik, Tyt =10

Then, by the help of (3.2), (4.4), (4.6) and (4.7), we get

1
Vidbi; = _§{Xk(z Cri)er = > (Trw'Cri' + Thi' Creler},
I Lt

1
Vi(AN H)kz = i[Xk(Akez — Aiek)

+ > ATk (e — Ager) + Tig! (Aser — Arei)}],
l

(4.9) .
Frifp = 5{X0(Ai) — Xi(Ag) + ApAi — AiAy, — > Cril Ader,
1

1
[ Ak, dOri] = =5 > ACriler,
.

1
[Ak, (A AN H)Im] = §A/§(Ak61 — Azek)



60 Hyun Woong Kim, Joon-Sik Park, and Yong-Soo Pyo
From (4.5) and (4.9), we get

~ 1
(07F)i = (0aF)i — 5 ;{Xk(Akei — Ajey — ; Cri'er)
+ Ap(Age; — 24ie1) + Y Thi' Criler
Lt

(4.10) + 3 T (Aver — Agei + Y Cile)
t l

+ (XZ(Ak) - Xk;(Az) + AzAk;)ek;

+2) (TF + i + Tie’) Agey }.
t
By virtue of (4.10), we obtain

Theorem 4.2. Let A be an affine connection (form) in AO(M, g),
and A a linear connection in O(M,g) such that A = A+ 0. Assume
the linear connection A in O(M,g) is a Yang-Mills connection. Then,
a necessary and sufficient condition for the connection (form) A to
become a Yang-Mills connection is

Z{Xk(Akez — Aiek — chilel) + Ak(Akez‘ — 2Ai€k)
k l

+) Th'Criler+ Y Tuil(Aier — Aes + > Cii'ey)
I

It t
+ (XZ(Ak) — Xk(Al) + AzAk)ek

+2) (Ti* + T’ + T’ ) Arer} = 0.
t

4.4. The connection form in O(M,g) defined by the Levi-
Civita connection for the metric g of (M, g)

Let M = G be an n—dimensional closed (connected and compact)
semisimple Lie group. Let g be the canonical bi-invariant Riemannian
metric induced by the Killing form of the Lie algebra g of the group M.
Let {X;}; be an orthonormal basis on (g,( , ) := g.), where e is the
identity element of the group M. Let V be the Levi-Civita connection
on (M =G, g), and {Y*}; be the dual frame of the orthonormal frame
{X;}; on (M,g). Now, we put Yk(VXjXZ-) =: I’jik, >k ijiYk =: aé-,
and (a;'-)i,j =: A. Then, A is a linear connection (form) in O(M, g). Let
A be an affine connection in AO(M, g) such that A=A+6onO(M, 9),
where 6 is the canonical form on O(M, g).
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From these facts, we get
(4.11) Ay = A(Xg) = (Trj")ig
which belongs to o(n; R). We fix an inner product (, ) on o(n; R) such
that (X,Y) :=¢.(X,Y) (X,Y € o(n; R)). Then the inner product ( , )
is Ad(O(n; R))-invariant. So, we obtain from (4.8) and (4.11)
(412) Ty =Ty’ = —Tw?, 2Ty = Cyf, T =T =T
Since Cijk are constants, we have
(4.13) Xi(Ciy") = 2X,(T3") = 0.
From (3.2), (4.11) and (4.12), we get

(F(A)(Xk, Xi) =: F

4.14 1
(4.14) = §(Z(Fklsrijl — D®Try’ — 20%i'T05%))s 5
l

which belongs to o(n; R). From (4.4), (4.11), (4.12) and (4.14), we get
1 1
(4.15) Y [Ag, Fyl§ = Z(3ijtrkilrlts+§Fk;tsrk:ltrijl+§ijtrz‘lsrktl)
k k,lt

which is the (s, j)th component of >, [Ag, Fi;| (€ o(n; R)). From (4.12)
and (4.14), we obtain
(4.16) O ViFr); =Y (kT Trs' + Tl Tid' Ty

k k,l,t
which is the (s, j)th component of ), Vi Fy; (€ o(n; R)). We get from
(3.3), (4.4), (4.12), (4.15) and (4.16),

(0aF)i = = (AT%;'Thi'Ty® + Tpi' Tt T5°
(4.17) Rkt X X

+ §sttfktlruj + §ijtrktlflsi)-

Since [[ X, Xi], Xi] + [Xs, Xi], X;] + [ Xk, Xj], X] = 0, we have

(4.18) Y ocilont = (CrlCyt + Cplarh).
! l

From (4.12) and (4.18), we get

(4.19) Zrkitrktlrljs = 2erktrkilrlk8.
k.t k¢
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Similarly, we have from (4.12) and (4.19)

1 .
2 Z Dpe Trt'Toi? = Z ijtrkilrltsa

kLt kLt
(4.20) L o Ip i tr Ip s
3 D Tk Tr'Ti’ =) T T’ T’
kol t kLt
By virtue of (4.12), (4.17), (4.19) and (4.20), we get
(4.21) (64F); = 0.

Thus we obtain the following

Lemma 4.3. Let M be a closed semisimple Lie group, and g the
canonical bi-invariant Riemannian metric which is induced from the
Killing form of the Lie algebra g of the Lie group M. Let A be the
connection form in O(M,g) which is defined by the Levi-Civita connec-
tion on (M, qg). Then, A becomes a Yang-Mills connection.

Moreover from (4.10), (4.11), (4.13) and (4.21), we obtain

~ 1
(5ZF)Z = —5 Z{Ak(Akez — 2Aiek) + ZFMtthlel
k Lt

(4.22) + ) Tre! (Aier — Avei + ) Ciiley)
t I
+ AiArer +2> (D" + T + Twi') Aper}.
t

We get from (4.11), (4.12) and (4.22), we get

~ 1

(07F)i=—35 > D Av(Triter — 2Tiley)

(4.23) Bt

+2) (Thi + 30" Tedley )
Lt

By the help of (4.11), (4.12) and (4.23), we have
~ 1 - 1 A
(4.24) (6KF)Z == —5 Z Fktlrktlel == —g Z thZthlel.
k,lt k,lt
So, from (4.24) we get the following:
if the affine connection A (A= A+ 0) in AO(M,g) becomes a Yang-

Mills connection, then the Lie algebra g of M (= G) is abelian.
This contradicts the fact that g is semisimple.
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Combining this result with Lemma 4.3, we obtain

Theorem 4.4. Let M be a closed semisimple Lie group, and g the
canonical bi-invariant Riemannian metric which is induced from the
Killing form of the Lie algebra g of the group M. Let A be the con-
nection form in O(M, g) which is defined by the Levi-Civita connection
on (M, g), and A the affine connection in AO(M, g) such that A = A+6.
Then, A becomes a Yang-Mills connection in O(M,g), but A does not
become a Yang-Mills connection in AO(M,g).
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