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YANG-MILLS CONNECTIONS IN THE BUNDLE OF

AFFINE ORTHONORMAL FRAMES

Hyun Woong Kim, Joon-Sik Park, and Yong-Soo Pyo
∗

Abstract. We get a necessary and sufficient condition for a gen-
eralized affine connection in the affine orthonormal frame bundle
over a smooth manifold (M, g) to be a Yang-Mills connection.

1. Introduction

Let (M,g) be an n-dimensional Riemannian manifold, A(M) (M,
A(n;R) := GL(n;R)×Rn) the bundle of affine frames, and O(M,g) the
bundle of orthonormal frames over (M,g). Let AO(M,g) be a principal
fiber bundle over the manifold (M,g) with group AO(n;R) := O(n;R)×
Rn, which is a subbundle of A(M). In this paper, we call the bundle
AO(M,g) the affine orthonormal frame bundle over (M,g). Let γ̃ :
AO(M,g) → O(M,g) = AO(M,g)/Rn be the natural projection, and
ω̃ an arbitrarily given connection in AO(M,g). Let ω (resp. ϕ) be the
connection form (resp. 1-form) on O(M,g) such that γ̃⋆ω̃ = ω+ϕ. Then
we get the following results:

(1) Assume the linear connection ω (γ̃⋆ω̃ = ω + ϕ) becomes a Yang-
Mills connection in O(M,g). Then we obtain a necessary and sufficient
condition for the generalized affine connection form ω̃ in AO(M,g) to
become a Yang-Mills connection (cf. Theorem 4.1).

(2) Assume the 1-form ϕ (γ̃⋆ω̃ = ω + ϕ) on O(M,g) is the canonical
1-form on O(M,g), i.e., ϕ(X) := u−1(π⋆(X)) for X ∈ Tu(O(M,g)) (u ∈
(O(M,g)). And, assume the linear connection ω becomes a Yang-Mills
connection. Then we obtain a necessary and sufficient condition for the
affine connection form ω̃ in AO(M,g) to become a Yang-Mills connection
(cf. Theorem 4.2).
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(3) As an application of (1) and (2), let G = M be a compact con-
nected semisimple Lie group, g the Lie algebra of G, and g the canonical
Riemannian metric which is defined by the Killing form of the Lie alge-
bra g of G. Then, the linear connection form in the orthonormal frame
bundle by the Levi-Civita connection for g becomes a Yang-Mills con-
nection in O(M,g), but the corresponding affine connection in AO(M,g)
does not become a Yang-Mills connection (cf. Theorem 4.4).

2. Preliminaries

In general, when we regard Rn as an affine space, we denote it by An.
The group A(n;R) of all affine transformations of An is represented by
the group of all matrices of the form

ã =

(
a ξ
0 1

)
,

where a = (aij)i,j ∈ GL(n;R) and ξ = (ξi) (ξ ∈ Rn) is a column vector.
The element ã maps a point η of An into aη+ ξ. We have the following
exact sequence:

0 → Rn → A(n;R) → GL(n;R) → 1.

Let (M,g) be an n-dimensional Riemannian manifold, A(M) (M,
A(n;R) =: GL(n;R) × Rn) the bundle of affine frames over M , and
O(M,g) the bundle of orthonormal frames over (M,g). Let AO(M,g) be
the principal fibre bundle over (M,g) with group AO(n;R) = O(n;R)×
Rn which is a subbundle of A(M). In this paper, we call the bundle
AO(M,g) the affine orthonormal frame bundle over (M,g). Let γ̃ :
O(M,g) → AO(M,g) be the natural injection together with the group
homomorphism γ : O(n;R) →֒ AO(n;R), and ω̃ an arbitrarily given
Ehresmann connection (form) in AO(M,g), i.e.

(2.1)
ω̃(X⋆) = X (X ∈ ao(n;R) = o(n;R) +Rn (semidirect sum)),

Rg
⋆ω̃ = Ad(g−1)ω̃ (g ∈ A(n;R)),

where ao(n;R) (resp. o(n;R)) is the Lie algebra of AO(n;R) (resp.
O(n;R)), X⋆ is the fundamental vector field corresponding to X ∈
ao(n;R) which is defined on AO(M,g), and Rg

⋆ω̃ is the pull back of
ω̃ by the action Rg on AO(M,g). Let ω (resp. ϕ) be the Ehresmann
connection form (resp. the tensorial 1-form) of type (Ad(AO(n;R)), Rn)
on O(M,g) such that γ̃⋆ω̃ = ω + ϕ (cf. [1]).

In this paper, we obtain the following results:
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(1) Assume ω becomes a Yang-Mills connection in O(M,g). Then we
obtain a necessary and sufficient condition for the connection form ω̃ in
AO(M,g) to become a Yang-Mills connection (cf. Theorem 4.1).

(2) Assume the 1-form ϕ (γ̃⋆ω̃ = ω + ϕ) on O(M,g) is the canonical
1-form on O(M,g), i.e., ϕ(X) := u−1(π⋆(X)) for X ∈ Tu(O(M,g)) (u ∈
(O(M,g)). And, assume ω becomes a Yang-Mills connection. Then we
obtain a necessary and sufficient condition for the connection form ω̃ in
AO(M,g) to become a Yang-Mills connection (cf. Theorem 4.2).

(3) Let G = M be a compact connected semisimple Lie group, g

the Lie algebra of G, and go the canonical Riemannian metric which
is defined by the Killing form of the Lie algebra g of G. Then, the
linear connection form A in the orthonormal frame bundle by the Levi-
Civita connection of go becomes a Yang-Mills connection in O(M,g),

but the corresponding affine connection Ã (Ã = A + θ) in AO(M,g)
does not become a Yang-Mills connection, where θ(X) := u−1(π⋆(X))
for X ∈ Tu(O(M,g)) (u ∈ (O(M,g)) (cf. Theorem 4.4).

Traditionally, the words ‘linear connection’ and ‘affine connection’
have been used interchangeably ([1, Theorem 3.3, p.129]). But, strictly
speaking, a linear connection is a connection in L(M) (⊃ O(M,g)), and
an affine connection is a connection in A(M) (⊃ AO(M,g)).

By virtue of Theorem 4.4, we show the fact that there exists a Yang-
Mills linear connection in O(M,g) of which the corresponding affine
connection in AO(M,g) does not become a Yang-Mills connection.

3. Yang-Mills connections in principal fibre bundles

Let P (M,G) be a principal fiber bundle with semisimple Lie group
G over an n-dimensional closed (compact and connected) Riemannian
manifold (M,g), and g the Lie algebra of the structure group G, and
{U, V,W, . . .} an open covering of M generated by local triviality of
P . Let the mappings φUV : U ∩ V → G corresponding to the open
covering {U, V,W, . . .} of M be transition functions. If the family A =
{AU , AV , AW , . . .} of g-valued 1-forms which are defined on open subsets
U, V,W, . . . of M satisfies the following cocycle condition

(3.1) (AV )x = LφV U (x)⋆
(d(φUV ))x +Ad(φV U (x))(AU )x (x ∈ U ∩ V ),

then A is said to be a connection (form) ([2, Definition 3.1.1, p.74]) in
P (M,G). Let {σU , σV , σW , . . .} be the family of local cross sections of
the open neighborhoods U, V,W, . . . into P . Let AP be the space of all
connections in P , and CP the space of all Ehresmann connections in P
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which are defined as in (2.1). Then, AP and CP are 1-1 correspondent
as follows ([2, Theorem 3.1.4, p.76]):

if we put σU
⋆ω =: AU for a given ω ∈ CP , then the family A :=

{AU , AV , AW , . . .} of g−valued 1-forms defined on the open neighbor-
hoods U, V,W, . . . satisfies the cocycle condition (3.1). On the other
hand, we put ωU (Z) := AU (Y )+X for Z = (σU⋆)x(Y )+(X⋆)σU (x) (Z ∈
TσU (x)(P ), Y ∈ Tx(M), X ∈ g), and if Z ∈ Tv(P ) (g ∈ G, σU (x)g = v ∈

P ), then we put ωU (Z) := Ad(g−1) ωU (Rg−1
⋆
Z). Here ωU , ωV , ωW , . . .

coincide on the overlapping neighborhoods of P , and the family ω :=
{ωU , ωV , ωW , . . .} satisfy the conditions as in (2.1).

The curvature form F (A) ([1, 2]) of a connection A (∈ AP ) in the
principal fibre bundle P (M,g) is given by

(3.2) F (A) = dA+A ∧A.

We fix an Ad(G)-invariant inner product < , > on g. A Yang-Mills
connection is a critical point of the Yang-Mills functional

YM(A) =
1

2

∫

M
‖F (A)‖2 vg (A ∈ AP )

which is defined on the space AP , where vg is the volume element of

(M,g) and ‖F (A)‖2 =< F (A), F (A) >. Let {Xi}
n
i=1 be a (locally de-

fined) orthonormal frame on (M,g). Then a necessary and sufficient
condition ([2, Theorem 4.1.3, p.107]) for a connection A in the principal
fibre bundle P to become a Yang-Mills connection is the fact that

(3.3)
(δAF (A))(Xi) = −

∑

j

{(∇Xj
F (A))(Xj ,Xi)

+ [A(Xj), F (A)(Xj ,Xi)]}

vanishes, where δA is the formal adjoint operator of the covariant exterior
differentiation dA, and ∇ is the Levi-Civita connection on (M,g).

4. Yang-Mills connections in the affine orthonormal frame
bundle AO(M,g) over (M,g)

4.1. A generalized affine (Ehresmann) connection and an
affine (Ehresmann) connection

Let (M,g) be an n-dimensional compact connected smooth manifold.
A (Ehresmann) connection in the bundle L(M) of all linear frames on
M is called a linear connection of M . A generalized affine (Ehresmann)
connection is a (Ehresmann) connection in the affine frame bundle A(M)
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over M . Moreover, a generalized affine (Ehresmann) connection ω̃ in
A(M) is called an affine (Ehresmann) connection in A(M), if the Rn-
valued 1-form ϕ (γ̃⋆(ω̃) = ω + ϕ) on L(M) is the canonical 1-form θ
(θ(X) = u−1π⋆(X) (X ∈ Tu(L(M))), where γ : GL(n;R) →֒ A(n;R)
and γ̃ : L(M) → A(M).

4.2. Generalized affine Yang-Mills connections in the affine
orthonormal frame bundle AO(M,g) over (M,g)

We get the following exact sequence:

0 →֒ Rn α
→֒ AO(n;R)

β
−→ O(n;R) = AO(n;R)/Rn −→ 1.

By the virtue of the principal fibre bundle homomorphism

β̃ : AO(M,g) → O(M,g) = AO(M,g)/Rn

associated with the group homomorphism

β : AO(n;R) → O(n;R) = AO(n;R)/Rn,

we obtain the fact that the set of all affine (Ehresmann) connections in
AO(M,g) (⊂ A(M)) and the set of all linear connections in O(M,g)
(⊂ L(M)) are 1-1 correspondent (cf. [1, Theorem 3.3, p.129]).

Let ω̃ be a generalized affine (Ehresmann) connection in AO(M,g),
and (X1,X2, . . . ,Xn) an (locally defined) orthonormal frame on (M,g).
Let σU be the cross section of O(M,g) (⊂ AO(M,g)) over U (⊂ M)
which assigns to each x ∈ U the linear frame ((X1)x, (X2)x, . . . , (Xn)x).

Let γ̃ : O(M,g) → AO(M,g) be the bundle homomorphism associ-
ated with the group homomorphism γ : O(n;R) →֒ AO(n;R). Since
γ̃⋆ω̃ = ω + ϕ on O(M,g),

σU
⋆(γ̃⋆ω̃) = σU

⋆ω + σU
⋆ϕ ≡ ω̃

on U (⊂ M). Here and from now on, we put

(4.1) σU
⋆ω̃ =: ÃU , σU

⋆ω =: AU , σU
⋆ϕ =: ϕU =: ϕ

on U (⊂ M). Then in (4.1), the ao(n;R)-valued 1-form Ã and the

o(n;R)-valued 1-form A on M satisfy the cocycle condition (3.1). So, Ã
(resp. A) is a connection (form) in AO(M,g) (resp. O(M,g)). Similarly,

we call Ã (resp. A) a generalized affine connection (form) in AO(M,g)
(resp. the linear connection (form) in O(M,g) which is related to the

connection Ã). From the above facts, we get

(4.2) ÃU = AU + ϕU (Ã = A+ ϕ, simply).
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From (3.2) and (4.2), we obtain ([1, Proposition 3.4, p.130])

(4.3) F (Ã) = F (A) + dϕ+A ∧ ϕ.

Let ( , ) be the inner product on o(n;R) defined by (X,Y ) :=
−trace(XY ) (X,Y ∈ o(n;R), and let {ei}i be the natural basis of Rn.

Now, we fix an inner product < , > on ao(n;R) such that

{Zi}
(n2

−n)/2
i=1 ∪ {ej}

n
j=1

is an orthonormal basis of ao(n;R) with respect to< , >, where {Zi}
(n2

−n)/2
i=1

is an orthonormal basis on (o(n;R), ( , )). Then, the inner product< , >
on ao(n;R) is Ad(O(n;R))-invariant. So, < , > is Ad(φ(x))-invariant,
where x ∈ M and φ are transition functions appeared by local triviality
of the principal fibre bundle O(M,g).

For convenience’ sake, for a (locally defined) orthonormal frame {Xi}
n
i=1

on (M,g), we put

(4.4)

(δ
Ã
F (Ã))(Xi) =: (δ

Ã
F̃ )i, (δAF (A))(Xi) =: (δAF )i,

(∇Xk
dϕ)(Xi,Xj) =: ∇kdϕij ,

(∇Xk
A ∧ ϕ)(Xi,Xj) =: ∇k(A ∧ ϕ)ij ,

(F (A))(Xk ,Xi) =: Fki, ϕ(Xj) =: ϕj , A(Xk) =: Ak,

(A ∧ ϕ)(Xi,Xj) =: (A ∧ ϕ)ij , (dϕ)(Xi,Xj) =: dϕij .

From (3.2), (3.3), (4.3), (4.4), and the properties of the inner product
< , > on ao(n;R), we obtain

(4.5)
(δÃF̃ )i = (δAF )i −

∑

k

{∇kdϕki +∇k(A ∧ ϕ)ki

−Fkiϕk + [Ak, dϕki] + [Ak, (A ∧ ϕ)ki]}.

By the help of (4.5), we get

Theorem 4.1. Let Ã be a generalized affine connection (form) in

AO(M,g), and A a linear connection in O(M,g) such that Ã = A+ ϕ.
Assume the linear connection A in O(M,g) is a Yang-Mills connection.

Then, a necessary and sufficient condition for the connection (form) Ã
to become a Yang-Mills connection is

∑

k

{∇kdϕki +∇k(A ∧ ϕ)ki − Fkiϕk

+ [Ak, dϕki] + [Ak, (A ∧ ϕ)ki]} = 0.
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4.3. Affine Yang-Mills connections in the affine orthonormal
frame bundle AO(M,g)

Assume Ã is an affine connection in AO(M,g). Then we get

ÃU = AU + ϕU = AU + σU
⋆θ =: AU + θU (Ã = A+ θ, briefly),

where θ is the canonical 1-form on O(M,g), i.e.

θ(Z) := u−1π⋆(Z) (Z ∈ Tu(O(M,g)).

Since θi := θ(Xi) := (σU
⋆)θ(Xi) = ei, we have

(4.6) Xk(ϕi) = Xk(θi) = 0.

Let {Y i}i be the (locally defined) dual frame of the (locally defined)
orthonormal frame {Xi}i on (M,g). Then we put

(4.7) Y t(∇Xi
Xk) =: Γik

t, [Xi,Xj ] =:
∑

k

Cij
kXk.

Since ∇ is the Levi-Civita connection on (M,g), we have from (4.7)

(4.8) Γij
k − Γji

k = Cij
k, Γij

k = −Γji
k.

Then, by the help of (3.2), (4.4), (4.6) and (4.7), we get

(4.9)

∇kdθki = −
1

2
{Xk(

∑

l

Cki
l)el −

∑

l,t

(Γkk
tCti

l + Γki
tCkt

l)el},

∇k(A ∧ θ)ki =
1

2
[Xk(Akei −Aiek)

+
∑

l

{Γki
l(Alek −Akel) + Γkk

l(Aiel −Alei)}],

Fkiθk =
1

2
{Xk(Ai)−Xi(Ak) +AkAi −AiAk −

∑

l

Cki
lAl}ek,

[Ak, dθki] = −
1

2

∑

l

AkCki
lel,

[Ak, (A ∧ θ)ki] =
1

2
Ak(Akei −Aiek).



60 Hyun Woong Kim, Joon-Sik Park, and Yong-Soo Pyo

From (4.5) and (4.9), we get

(4.10)

(δÃF̃ )i = (δAF )i −
1

2

∑

k

{Xk(Akei −Aiek −
∑

l

Cki
lel)

+Ak(Akei − 2Aiek) +
∑

l,t

Γki
tCkt

lel

+
∑

t

Γkk
t(Aiet −Atei +

∑

l

Cti
lel)

+ (Xi(Ak)−Xk(Ai) +AiAk)ek

+ 2
∑

t

(Γti
k + Γik

t + Γkt
i)Aket}.

By virtue of (4.10), we obtain

Theorem 4.2. Let Ã be an affine connection (form) in AO(M,g),

and A a linear connection in O(M,g) such that Ã = A + θ. Assume

the linear connection A in O(M,g) is a Yang-Mills connection. Then,

a necessary and sufficient condition for the connection (form) Ã to

become a Yang-Mills connection is
∑

k

{Xk(Akei −Aiek −
∑

l

Cki
lel) +Ak(Akei − 2Aiek)

+
∑

l,t

Γki
tCkt

lel +
∑

t

Γkk
t(Aiet −Atei +

∑

l

Cti
lel)

+ (Xi(Ak)−Xk(Ai) +AiAk)ek

+ 2
∑

t

(Γti
k + Γik

t + Γkt
i)Aket} = 0.

4.4. The connection form in O(M,g) defined by the Levi-
Civita connection for the metric g of (M,g)

Let M = G be an n−dimensional closed (connected and compact)
semisimple Lie group. Let g be the canonical bi-invariant Riemannian
metric induced by the Killing form of the Lie algebra g of the group M .
Let {Xi}i be an orthonormal basis on (g, ( , ) := ge), where e is the
identity element of the group M . Let ∇ be the Levi-Civita connection
on (M = G, g), and {Y k}k be the dual frame of the orthonormal frame
{Xi}i on (M,g). Now, we put Y k(∇Xj

Xi) =: Γji
k,

∑
k Γkj

iY k =: aij,

and (aij)i,j =: A. Then, A is a linear connection (form) in O(M,g). Let

Ã be an affine connection in AO(M,g) such that Ã = A+θ on O(M,g),
where θ is the canonical form on O(M,g).
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From these facts, we get

(4.11) Ak = A(Xk) = (Γkj
i)i,j

which belongs to o(n;R). We fix an inner product ( , ) on o(n;R) such
that (X,Y ) := ge(X,Y ) (X,Y ∈ o(n;R)). Then the inner product ( , )
is Ad(O(n;R))-invariant. So, we obtain from (4.8) and (4.11)

(4.12) Γkj
i = −Γjk

i = −Γki
j, 2Γkj

i = Ckj
i, Γkj

i = Γji
k = Γik

j.

Since Cij
k are constants, we have

(4.13) Xk(Cij
k) = 2Xk(Γij

k) = 0.

From (3.2), (4.11) and (4.12), we get

(4.14)

(F (A))(Xk ,Xi) =: Fki

=
1

2
(
∑

l

(Γkl
sΓij

l − Γil
sΓkj

l − 2Γki
lΓlj

s))s,j

which belongs to o(n;R). From (4.4), (4.11), (4.12) and (4.14), we get

(4.15)
∑

k

[Ak, Fki]
s
j =

∑

k,l,t

(3Γkj
tΓki

lΓlt
s+

1

2
Γkt

sΓkl
tΓij

l+
1

2
Γkj

tΓil
sΓkt

l)

which is the (s, j)th component of
∑

k[Ak, Fki] (∈ o(n;R)). From (4.12)
and (4.14), we obtain

(4.16) (
∑

k

∇kFki)
s
j =

∑

k,l,t

(Γki
tΓtl

sΓkj
l + Γki

tΓkt
lΓlj

s)

which is the (s, j)th component of
∑

k ∇kFki (∈ o(n;R)). We get from
(3.3), (4.4), (4.12), (4.15) and (4.16),

(4.17)

(δAF )i = −
∑

k,l,t

(4Γkj
tΓki

lΓlt
s + Γki

tΓkt
lΓlj

s

+
1

2
Γks

tΓkt
lΓli

j +
1

2
Γkj

tΓkt
lΓls

i).

Since [[Xj ,Xs],Xk] + [[Xs,Xk],Xj ] + [[Xk,Xj ],Xs] = 0, we have

(4.18)
∑

l

Cjs
lClk

t =
∑

l

(Cks
lClj

t + Cjk
lCls

t).

From (4.12) and (4.18), we get

(4.19)
∑

k,l,t

Γki
tΓkt

lΓlj
s = 2

∑

k,l,t

Γjk
tΓki

lΓlk
s.
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Similarly, we have from (4.12) and (4.19)

(4.20)

1

2

∑

k,l,t

Γks
tΓkt

lΓli
j =

∑

k,l,t

Γjk
tΓki

lΓlt
s,

1

2

∑

k,l,t

Γkj
tΓkt

lΓls
i =

∑

k,l,t

Γjk
tΓki

lΓlt
s.

By virtue of (4.12), (4.17), (4.19) and (4.20), we get

(4.21) (δAF )i = 0.

Thus we obtain the following

Lemma 4.3. Let M be a closed semisimple Lie group, and g the

canonical bi-invariant Riemannian metric which is induced from the

Killing form of the Lie algebra g of the Lie group M . Let A be the

connection form in O(M,g) which is defined by the Levi-Civita connec-

tion on (M,g). Then, A becomes a Yang-Mills connection.

Moreover from (4.10), (4.11), (4.13) and (4.21), we obtain

(4.22)

(δÃF̃ )i = −
1

2

∑

k

{Ak(Akei − 2Aiek) +
∑

l,t

Γki
tCkt

lel

+
∑

t

Γkk
t(Aiet −Atei +

∑

l

Cti
lel)

+AiAkek + 2
∑

t

(Γti
k + Γik

t + Γkt
i)Aket}.

We get from (4.11), (4.12) and (4.22), we get

(4.23)

(δ
Ã
F̃ )i = −

1

2

∑

k

{
∑

t

Ak(Γki
tet − 2Γik

tet)

+ 2
∑

l,t

(Γki
t + 3Γti

k)Γkt
lel}.

By the help of (4.11), (4.12) and (4.23), we have

(4.24) (δ
Ã
F̃ )i = −

1

2

∑

k,l,t

Γkt
iΓkt

lel = −
1

8

∑

k,l,t

Ckt
iCkt

lel.

So, from (4.24) we get the following:

if the affine connection Ã (Ã = A+ θ) in AO(M,g) becomes a Yang-

Mills connection, then the Lie algebra g of M (= G) is abelian.
This contradicts the fact that g is semisimple.
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Combining this result with Lemma 4.3, we obtain

Theorem 4.4. Let M be a closed semisimple Lie group, and g the

canonical bi-invariant Riemannian metric which is induced from the

Killing form of the Lie algebra g of the group M . Let A be the con-

nection form in O(M,g) which is defined by the Levi-Civita connection

on (M,g), and Ã the affine connection in AO(M,g) such that Ã = A+θ.

Then, A becomes a Yang-Mills connection in O(M,g), but Ã does not

become a Yang-Mills connection in AO(M,g).
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