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STRONG CONVERGENCE OF STRICT
PSEUDO-CONTRACTIONS IN Q-UNIFORMLY SMOOTH
BANACH SPACES'
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ABSTRACT. In this paper, we introduce a general iterative algorithm for
finding a common element of the common fixed point set of an infinite
family of A;-strict pseudo-contractions and the solution set of a general
system of variational inclusions for two inverse strongly accretive opera-
tors in g-uniformly smooth Banach spaces. Then, we analyze the strong
convergence of the iterative sequence generated by the proposed iterative
algorithm under mild conditions.
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1. Introduction

Throughout this paper, we denote by F and E* a real Banach space and the
dual space of E respectively. Let C be a subset of F and T be a mapping on C'.
We use F(T) to denote the set of fixed points of T'. Let ¢ > 1 be a real number.
The (generalized) duality mapping J, : E — 2" is defined by

Jo(@) = {a* € B (z,2*) = |l2||*, 2| = o)}

for all € E, where (-,-) denotes the generalized duality pairing between E
and E*. In particular, J = Jy is called the normalized duality mapping and
Jy(x) = 2|77 Jy(z) for & # 0. If E is a Hilbert space, then .J = I where I is the
identity mapping. It is well known that if ' is smooth, then J; is single-valued,
which is denoted by j,. Among nonlinear mappings, nonexpansive mappings
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and strict pseudo-contractions are two kinds of the most important nonlinear
mappings. The study of them has a very long history (see [1-16,19-31] and the
references therein). Recall that a mapping T': C'— E is nonexpansive if

|Tx — Tyl < ||z —y| for all z,y € C.

A mapping T : C — FE is A-strict pseudo-contractive in the terminology of
Browder and Petryshyn (see [2, 3, 4]), if there exists a constant A > 0 such that

(Tz =Ty, jo(x —y)) < llz —y|" = AT =T)z = (I -T)ylI*  (1.1)

for every z,y € C' and for some j,(x —y) € Jy(x —y). It is clear that (1.1) is
equivalent to the following inequality

(I =T)x— (I =Ty, jo(z —y)) 2 M[(I = T)x — (I = T)y*. (1.2)

Remark 1.1. The class of strictly pseudo-contractive mappings has been stud-
ied by several authors (see, e.g., [2, 3, 4, 20, 22]). However, their iterative
methods are far less developed though Browder and Petryshyn [24] initiated
their work in 1967. As a matter of fact, strictly pseudo-contractive mappings
have more powerful applications in solving inverse problems (see, e.g., [32]).
Therefore it is interesting to develop the theory of iterative methods for strictly
pseudo-contractive mappings.

In the early sixties, Stampacchia [33] first introduced variational inequality
theory, which has emerged as a fascinating and interesting branch of mathe-
matical and engineering sciences with a wide range of applications in indus-
try, finance, economics, social, ecology, regional, pure and applied sciences (see
[7,8,9, 10, 11, 34] and the references therein). In 1968, Brezis [34] initiated the
study of the existence theory of a class of variational inequalities later known
as variational inclusions, using proximal-point mappings due to Moreau [35].
Variational inclusions include variational, quasi-variational, variational-like in-
equalities as special cases. It can be viewed as innovative and novel extension
of the variational principles and thus, has wide applications in the fields of opti-
mization and control, economics and transportation equilibrium and engineering
sciences. Recently, some new and interesting problems, which are called to be
system of variational inequalitys/inclusions received many attentions. System
of variational inequalitys/inclusions can be viewed as natural and innovative
generalizations of the variational inequalities/inclusions and it can provide new
insight regarding problems being studied and can stimulate new and innovative
ideas for solving problem.

Ceng et al. [26] proposed the following new system of variational inequality
problem in a Hilbert space H: find z*,y* € C such that

My + 2" —y*,x —2a") >0, Vo € C,
(uBz* +y* —x*,z —y*) >0, Vx € C, (1)
where A, u > 0 are two constants, A, B : E — FE are two nonlinear mappings.
This is called the new system of variational inequalities. If we add up the
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requirement that * = y* and A = B, then problem (1.3) reduces to the classical
variational inequality problem: find x* € C such that

(y —a*,Az™) >0, Yy € C. (1.4)

In order to find the solutions of the system of variational inequality problem (1.3),
Ceng et al. [26] studied the following approximation method. Let the mappings
A, B : C — H be inverse-strongly monotone, S : C — C be nonexpansive.
Suppose that 1 = u € C and {z,} is generated by

{ Yn = PC(mn - ,U/B-Tn)7

1.5
Tp4+1 = QU + ﬁnxn + ’YnSPC(yn - )\Ayn) ( )

They proved that the iterative sequence defined by the relaxed extragradient
method (1.5) converges strongly to a fixed point of S, which is a solution of the
system of variational inequality (1.3).

On the other hand, in order to find the common element of the solutions set
of a variational inclusion and the set of fixed points of a nonexpansive mapping
T, Zhang et al. [6] introduced the following new iterative scheme in a Hilbert
space H. Starting with an arbitrary point 1 = « € H, define sequence {z,} by

{yn = JM,/\((En - )\A-rn)7

1.6
Tpt1 = anZ + (1 — ) Syn, (1.6)

where A : H — H is an a-cocoercive mapping, M : H — 2H is a maximal
monotone mapping, S : H — H is a nonexpansive mapping and {«,} is a
sequence in [0,1]. Under mild conditions, they obtained a strong convergence
theorem.

Motivated by Zhang et al. [6] and Zeng et al. [26], Qin et al. [8] considered
the following new system of variational inclusion problem in a uniformly convex

and 2-uniformly smooth Banach space: find (z*,y*) € E x E such that
0 €x” —y* + p1(Ay" + Miz"), 7)
0 €y® —a* + po(Bx* + May™). '

The following problems are special cases of problem (1.7).
(1) If A = B and M; = My = M, then problem (1.7) reduces to the problem:
find (z*,y*) € E x E such that

0 cax” —y" 4+ pi(Ay* + Mz"),
{ 0 €y* —a+ pa(Ax™ + My™).
(2) If * = y*, problem (1.7) reduces to the problem: find z* € E such that
0€ Ax™ 4+ Maz™.

Qin et al. [8] also introduced the following scheme for finding a common element
of the solution set of the general system (1.7) and the fixed point set of a A-
strict pseudo-contraction. Starting with an arbitrary point 1 = u € E, define
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sequences {z,} by
Zn = Iy, pp (@0 — p2Bxy),
Yn = Ity o1 (20 — p1Azn), (1.8)
Tpt1 = Qpt+ BpZn + (1 — apn — Bn)[Sxn + (1 — p)yn], n > 1.

And they proved a strong convergence theorem under mild conditions.

One question arises naturally: Can we extend Theorem 2.1 of Zhang et al. [6],
Theorem 3.1 of Qin et al. [8], Theorem 3.1 of Zeng et al. [26] from Hilbert spaces
or 2-uniformly smooth Banach spaces to more broad g-uniformly smooth Banach
spaces? We put forth another question: Can we get some more general results
even without the condition of uniform convexity of Banach spaces ? However,
the condition of uniform convexity of Banach spaces is necessary in Theorem 3.1
of Qin et al. [8], Yao et al. [36] and so on.

The purpose of this article is to give the affirmative answers to these ques-
tions mentioned above. Motivated by Zhang et al. [6], Qin et al. [8], Yao et al.
[9], Hao [10], J. C. Yao [11], and Takahashi et al. [12], we consider a relaxed
extragradient-type method for finding common elements of the solution set of
a general system of variational inclusions for inverse-strongly accretive map-
pings and the common fixed point set of an infinite family of \;-strict pseudo-
contractions. Furthermore, we obtain strong convergence theorems under mild
conditions to improve and extend the corresponding results.

2. Preliminaries
The norm of a Banach space E is said to be Gateaux differentiable if the limit

ety o]
t—0 t
exists for all x,y on the unit sphere S(E) = {z € E : ||z|| = 1}. If, for each
y € S(E), the above limit is uniformly attained for € S(E), then the norm of
FE is said to be uniformly Gateaux differentiable. The norm of E is said to be
Fréchet differentiable if, for each x € S(E), the above limit is attained uniformly
for y € S(E).
Let pg : [0,1) — [0,1) be the modulus of smoothness of E defined by

pe(t) =sup {5+ ol + o= yl) =1+ € SCE). Il < ).

A Banach space F is said to be uniformly smooth if pET(t) —0ast — 0. Let
q be a fixed real number with 1 < ¢ < 2. Then a Banach space FE is said to be
g-uniformly smooth, if there exists a fixed constant ¢ > 0 such that pg(t) < ct?.
It is well known that E is uniformly smooth if and only if the norm of E is
uniformly Fréchet differentiable. If E is g-uniformly smooth, then ¢ < 2 and F
is uniformly smooth, and hence the norm of F is uniformly Fréchet differentiable.
In particular, the norm of E is Fréchet differentiable.
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Recall that, a mapping T : C' — F is said to be L-Lipschitz if for all z,y € C,
there exists a constant L > 0 such that

|Tx —Ty|| < Lz —y| forall z,y € C.

In particular, if 0 < L < 1, then T is called contractive and if L = 1, then T
reduces to a nonexpansive mapping.

For somen > 0,7 : C — E is said to be n-strongly accretive, if for all z,y € C,
there exists n > 0, j,(z —y) € Jy(z —y) such that

(T — Ty, jo(z —y)) = nllz—yll*.

For some p > 0,7 : C — F is said to be p-inverse strongly accretive, if for

all z,y € C there exists jq(z — y) € Jy(x — y) such that
(Tz =Ty, jo(x —y)) = p| Tz = Ty||*.

A set-valued mapping T : D(T) C E — 2F is said to be accretive if for any
x,y € D(T), there exists j(z —y) € J(x — y), such that for all v € T'(x) and
veT(y),

(u=v,j(z—y)) = 0.

A set-valued mapping 7' : D(T) C E — 2F is said to be m-accretive if T
is accretive and (I + pT)(D(T)) = FE for every (equivalently, for some scalar
p > 0), where I is the identity mapping.

Let M : D(M) — 2F be m-accretive. Denote by Jys,, the resolvent of M for
p > 0:

Jup =T +pM)~ L.
It is known that Jys,, is a single-valued and nonexpansive mapping from E to
D(M) which will be assumed convex (this is so provided E is uniformly smooth
and uniformly convex).

Let {T,} be a family of mappings from a subset C' of a Banach space FE into
itself with (2, F(T,,) # 0. We say that {7, } satisfies the AKTT-condition (see
[17]), if for each bounded subset B of C,

oo
Z sup ||Tr1w — Thw| < oo.
€B

n=1%

The following proposition supports {7} satisfying AKTT-condition.
Proposition 2.1. Let C be a nonempty convex subset of a real q-uniformly
smooth Banach space E. Assume that {S; : C — C}2, is a countable family
of A -strict pseudo-contractions with {\;} C (0,1) and inf{\; : i > 1} > 0 such
that F = ;2 F(S;) # 0. For each n € N, define T,, : C — C by

Tz =Y pBhSwx, Yz e C.
k=1

Let {8k} be a family of nonnegative numbers with k < n such that
(i) Yop_y Bk =1, foralln €N,
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(ii) lim, oo BX > 0, for every k € N,
(i) Yoo >ory |55+1 - Bﬂ < 0.
Then the following results hold:
(1) Fach T, is a A -strict pseudo-contraction.

(2) F(372 BrSkx) = F.
(3) {T} satisfies AKTT-condition.
(4) If T : C — C is defined by

To =Y B"S, Vo e C,

k=1
where f* = lim,_ o B,’j for all k € N, then Tx = lim,_ oo Tz and
F(T) = ﬂfle F<Tn) = ﬂZo:l F(Sk)~

Proof. (1) and (2) can be deduced directly from Lemma 2.11 in [20]. And the
argument of (3) and (4) is similar to the section 4 (Applications) in [17] and so
it is omitted. O

In order to prove our main results, we need the following lemmas.

Lemma 2.2 ([16]). Let C be a closed convex subset of a strictly conver Banach
space E. Let Ty and Ty be two nonexpansive mappings from C' into itself with
F(Ty) N F(Tz) # 0. Define a mapping S by

Sz =Tz + (1 —\NThz, Vo € C,
where A is a constant in (0, 1). Then S is nonexpansive and F(S) = F(1T1) ( F(13).
Lemma 2.3 ([19]). Let {an} be a sequence of nonnegative numbers satisfying
the property:
Qp41 S (1 - fYn>an + bn + YnCn, T Z 07
where {vn}, {bn}, {cn} satisfy the restrictions:
(i) X021y =00,
(ii) b, >0, 07 b, < 00,
(iii) limsup,, ., cn < 0.
Then lim,,_ s o, = 0.
Lemma 2.4 ([18]). Let ¢ > 1. Then the following inequality holds:

1 -1
abgfaq—i—q
q

q
bt

for arbitrary positive real numbers a, b.

Lemma 2.5 ([19]). Let E be a real g-uniformly smooth Banach space, then there
exists a constant Cq > 0 such that

lz + ol < 2l + a(y, Jo()) + Cq lyl*, Va,y € E.
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In particular, if E is a real 2-uniformly smooth Banach space, then there exists
a best smooth constant K > 0 such that

lz +ylI* <l + 2(y, J(@)) + 2| Ky|)*, Va,y € E.

Lemma 2.6 ([17, 23]). Suppose that {T,,} satisfy the AKTT-condition such
that

(i) {T,zx} converges strongly to some point in C for each x € C.
(ii) Furthermore, if the mapping T : C' — C' is defined by Tx = lim,, o0 T,
forallx € C.

Then limy, o0 SUp,,ep ||Tw — Thwl|| = 0 for each bounded subset B of C.

Lemma 2.7 ([22]). Let C be a nonempty convex subset of a real q-uniformly
smooth Banach space E and T : C — C be a A-strict pseudo-contraction.
For a € (0,1), we define Tox = (1 — a)x + aTx. Then, as o € (0,p],
p = min{1, {g—’:}q%l}, T, : C — C is nonexpansive such that F(T,) = F(T).

Lemma 2.8 ([23]). Let C be a nonempty, closed and convez subset of a real q-
uniformly smooth Banach space E which admits weakly sequentially continuous
generalized duality mapping j, from E into E* ( i.e., if for all {x,} C E with
T, — x, implies that jo(x,) — j,(x)). Let T : C — C be a nonexpansive
mapping. Then, for all {z,} C C, if x, — x and x, — Tz, — 0, then v = Tx.

Lemma 2.9 ([23]). Let C' be a nonempty, closed and conver subset of a real
q-uniformly smooth Banach space E. Let V : C — E be a k-Lipschitzian and

n-strongly accretive operator with constants k,n > 0. Let 0 < p < (&1 )ﬁ and
q

T=p(n-— M) Then for each t € (0, min{1, 1}), the mapping S: C — E
defined by S := (I —tpV) is a contraction with a constant 1 — tr.

Lemma 2.10 ([23]). Let C be a nonempty, closed and convex subset of a real
q-uniformly smooth Banach space E. Let Q¢ be a sunny nonexpansive retraction
from E onto C,V : C — FE be a k-Lipschitzian and n-strongly accretive operator
with constants k,n > 0, f : C — E be a L-Lipschitzian mapping with constant
L>0and T :C — C be a nonexpansive mapping such that F(T) # 0. Let

0<p< (szq)“%l and 0 < vL < 7, where 7 = p(n — %Akq) Then the
sequence {x;} defined by
x = Qoltyfas + (I — tuV)Tay] (2.1)

has following properties:
(i) {¢} is bounded for each t € (0, min{1,1}).
(ii) limyyo ||z: — Tat|| = 0.
(iii) {x¢} defines a continuous curve from (0,min{1, 1}) into C.

Lemma 2.11 ([1]). Let C be a closed convex subset of a smooth Banach space
E. Let C be a nonempty subset of C. Let Q : C — C be a retraction and let
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J,Jq be the normalized duality mapping and generalized duality mapping on E,
respectively. Then the following are equivalent:

(a) Q is sunny and nonexpansive.

(b) 1Qz — Qull* < (z — 5,5(Qz — Qy)), Ya,y € C.
(¢) (x—Qz,j(y—Qx)) <0, Ve e C,y e C.

(d) (& —Q=,jy(y — Qu)) <0, Ve e C,y e C.

Lemma 2.12. Let C' be a nonempty, closed and convexr subset of a real q-
uniformly smooth Banach space E which admits a weakly sequentially continuous
generalized duality mapping j, from E into E*. Let Q¢ be a sunny nonexpan-
stve retraction from E onto C, V : C' — E be a k-Lipschitzian and n-strongly
accretive operator with constants k,m > 0, f : C — E be a L-Lipschitzian map-
ping with constant L > 0 and T : C — C be a nonexpansive mapping such

that F(T) # 0. Suppose that 0 < p < (czzq)q%l and 0 < vL < 1, where

T = puln— %_lkq) Let {z} be defined by (2.1) for each t € (0,min{1,1}).
Then {xt} converges strongly to x* € F(T), which is the unique solution of the

following variational inequality:
(yfa" —pVa®, jo(p —2*)) <0, vp € F(T). (2.2)
Proof. We firstly show the uniqueness of a solution of the variational inequality

(2.2). Suppose that both z € F(T) and z* € F(T) are solutions of (2.2). It
follows that

(vfx' —pVa*, j, (2 —2*)) <0, (2.3)
(vf& = pVz, jo(z* — 1)) <0.
Adding up (2.3) and (2.4), we have
(Wf = V)T = (vf = pV)a™, jo (2" — 2)) < 0.
Notice that

(W =pV)E = (vf = V)", Jy (2" = 2)) = (7 —yL) |2 — Z[|* > 0.
Therefore £* = Z and the uniqueness is proved. We use z* to denote the unique
solution of (2.2).

Next, we prove that z; — x* as t — 0.
Since FE is reflexive and {z;} is bounded due to Lemma 2.10 (i), there exists a
subsequence {z;,} of {:} and some point Z € C such that z;, — Z. By Lemma
2.10 (ii), we have lim;_,q ||zt, — Tx¢, || = 0. Together with Lemma 2.8, we can
get that @ € F(T). Setting y, = t7fxzy + (I — tuV)Txy, where t € (0, min{1, 1}).
Then, we can rewrite (2.1) as z; = Qcy:. We claim that ||z, — | — 0.
Thanks to Lemma 2.11, we have that

(yr — Qoyt, Jg(T — Qcyr)) < 0. (2.5)
It follows from (2.5) and Lemma 2.9 that

e, — 2" = (Qoyr, = Y., Jo(@e, = T)) + (Y, — &, jq (@1, — F))
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< (U =tnr) 2o, — 2| +tn(yfae, — uVE, jo(ar, — 7))
Thus,

|20, — 2|7 < =(vfxe, — pVE, jolay, — T))

il

< —DL e, = 2"+ (VT = pVE, g e, — 2));
which implies that

(1f & = WV &, Gy (a1, — 7))

— 79 <
lar, - & < )

(2.6)

Using that the duality map j, is weakly sequentially continuous from E to E*
and noticing (2.6), we get that

Tim |2y, — & = 0. (2.7)

Next, we shall prove that & solves the variational inequality (2.2).
Since z; = Qcyr = Qoye — ye + tyfxy + (I — tuV)Txy, we derive that

1 1
1V =~ flae = ;(Qcyt —Y) — E(I =Ty + p(Vay — VIay).
Note that for Vz € F(T),
(I =Tz — (I =Tz, jg(we — 2)) = |lze — 2]|" = [lze — 2[|* = 0. (2.8)

It thus follows from Lemma 2.11 and (2.8) that
(V= f)we, jg(@e — 2))
1 _ 1 .
= ;<Qcyt — Yt Jq(e — 2)) — ¥<(I — T, jo(zt — 2))

+ (u(Vay — VTay), jo(xe — 2))
<oy — Ta|| M,

(2.9)

where M = sup,,-o{uk ||z: — 2||'} < co. Now replacing ¢ in (2.9) with ¢, and
letting n — oo, noticing (2.7) and Lemma 2.10 (ii), we obtain ((uV —vf)Z, j,(F—
z)) < 0. That is, Z € F(T) is a solution of (2.2); Hence & = z* by uniqueness.
Therefore x4, — x* as n — co. And consequently, z; — z* as t — 0. (|

Lemma 2.13 ([20]). Let C be a nonempty closed convex subset of a real q-
uniformly smooth Banach space E. Let A : C — FE be a a-inverse-strongly
accretive operator. Then the following inequality holds:

11 = M)z — (I = Ay |* < o — yl|’ — Aga — CAT™) || Az — Ay

In particular, if 0 < A < (%)ﬁ, then I — \A is nonexpansive.
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Lemma 2.14. Let C' be a nonempty closed conver subset of a real q-uniformly
smooth Banach space E. Let M; : D(M;) — 2F be m-accretive with D(M;) = C
for i=1,2 and p1,p2 be two arbitrary positive constants. Let A,B : C — E be
a-tnverse-strongly accretive and B-inverse-strongly accretive, respectively. Let
G : C — C be a mapping defined by

G(I) = JM17P1 [JM2,102 (I - 2B$) - plAJM2,pz (x - prI)], Vo e C.

If0<p < (qo‘)q T and 0 < py < (QB) , then G : C — C 1is nonexpansive.
Proof. We have by Lemma 2.13 that for all x,y € C,
1G — Gyll < (I = p1A)Iaty (@ — p2B) — (I = prA) gy — p2B)|
<z —yll,
which implies that G : C — C' is nonexpansive. This completes the proof. O

Lemma 2.15. Let C be a nonempty closed convex subset of a real q-uniformly
smooth Banach space E. Let M; : D(M;) — 2F be m-accretive with D(M;) = C
for i=1,2 and p1, p2 be two arbitrary positive constants. Then, (z*,y*) € C x C
is a solution of general system (1.7) if and only if x* = Ga*, where G is defined
by Lemma 2.14.

Proof. Note that

0 € x* —y* + p1(Ay* + Myz*), e L= I (y* — pr1Ay™),
0 € y* —x* + pa(Bz* + Moyx), Y* = Ity 0 (7 — p2Bx*),

and the above system is equivalent to
G(‘T*) = JMl,pl [JM2,/)2 (1‘* - p2B$*) - plAJMLPz (x* - pr:ZJ*)] ="
This completes the proof. O

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a strictly convex
and real g-uniformly smooth Banach space E, which admits a weakly sequentially
continuous generalized duality mapping j, : E — E*. Let Q¢ be a sunny nonex-
pansive retraction from E onto C. Assume A, B : C'— E are a-inverse-strongly
accretive and B-inverse-strongly accretive, respectively. Let M; : D(M;) — 2F be
m-accretive with D( i) = C fori=1,2. Suppose that V : C — E is k-Lipschitz
and n-strongly accretive with constants k,n > 0,f : C — E is L-Lipschitz
with constant L > 0. Let {S, : C — C}22, be an infinite family of A\,-strict
pseudo-contractions with {A\,} C (0,1) and inf{\, : n > 0} = X > 0, such that

F—ﬂ F(S,)NF(G) # 0. Let0<u<(c‘izq)ﬁ,o<pl <(qcc:)q1

0<p2<((‘17ﬂ)f 0<AL<7,0<0 <d, whererz,u(n—%lkq)and

d =min {1, {%& }q 1}. Define a mapping Tpx := (1 — o)z + oSpx for allz € C
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and n > 0. For arbitrarily given xo € C and § € (0,1), let {z,} be the sequence
generated iteratively by

Zn = Iy, pp (T — p2Bxy),
ky, = JMl,m (Zn - plAZn)a
Yn = 0Tpxy + (1 — 0)ky,
Tnitl = QC[O‘n'Yfzn + YnTn + ((1 - ’Yn)l - aan)yn], n > 0.

Assume that {an} and {y,} are two sequences in (0,1) satisfying the following
conditions:

(3.1)

oo oo
(i)Zan:oo, lim a, =0, Z\an+1—an| < 00;
n—oo

n=0 n=1

i) lim sup v, < 1, ntl — Yn| < 00.

(i) lim sup y ;W 11— Tl
Suppose in addition that {S,}52, satisfies the AKTT-condition. Let S : C — C
be the mapping defined by Sx = lim,, oo Spx for all x € C and suppose that
F(S) = o~y F(Sn). Then {z,} converges strongly to z* € F, which is the
unique solution of the following variational inequality

(vfa* —pVa*, j,(p—2*)) <0, Vp € F. (3.2)
Proof. Step 1. We show that sequences {x,} is bounded. By condition (ii)
there is a positive number b such that limsup,,_,., v» < b < 1. Applying con-
dition (i) and (ii), we may assume, without loss of generality, that {v,} C
(0,0] and {an} C (0,(1 — b)min{1,2}). From Lemma 2.9, we deduce that
11 = 70T — @iV} — (1 = 0)] — itV )l < (1= ) — 7)o — ] for
V x,y € C. For x* € F, it follows from Lemma 2.15 that
Tt = JM1>P1 [JM27P2 (x* - pQBx*) - plAJMQ,P2 ($* - pQBx*)]

Putting y* = Jar,,p, (¥ — p2Bx*), then we can get that 2* = Jar, ,, (y* —p1 Ay*).
By Lemma 2.13, we obtain

[kn — ™| < [[(I = p1A)zn — (I = prA)yY"|| < |lzn — 27| (33)
It follows from (3.3) that
lyn — 2*|| < 6| Tnzn — 2" + (1 = 0) [|kn — 27|
<1 = 0)xn + 0Spxs] — [(1 — 0)z™ + 0Spz™]|| (3.4)
+ (1 =90) ||xn — x|

Combining Lemma 2.7 and the condition of 0 < ¢ < d = min {1, {g—i}q%l} we
can deduce that
I[(1=0)zy +0Spazn] — [(1 — o)z + 0Spz™]|| < ||zn — ¥ (3.5)

Substituting (3.5) into (3.4) and simplifying, we have that

[yn — 27| < lan — 27|
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It follows that

[2n41 — 2| = [|[Qclanyfrn + man + (1 — )] — anpV)ys] — 27|
< lanyfen +man + (1 =)l — anpV]yn — 27|
<[ —an(r =yD)]|lzn — 27| + an |7 f2" — pVa||
[, [y far — pVea| .
T—L
Hence, {x,} is bounded. {y,}, {k,} and {z,} are also bounded.

< max{||zg — =

Step 2. We shall claim that ||z,+1 — .| = 0, as n — oo. We observe that

[kn+1 = Enll = [[I01,01 (Znt1 = PrAZns1) = Iy pr (20 — p1Azn) ||
<|[[(I = p2B)xnt1 — (I — p2B)xn| (3.6)
< #ps1 =zl -
This together with Lemma 2.7 implies that
lgns1 = gnll < 8(1ns1 = @all + 0 [ Sut1n — Suzall) + (1 = 6) [ns1 — @

< wwer — ol + [Swre — Szl (30
At the same time, we observe that
[Znt2 — Tns1ll < llans1yf Tt + rr@atr + (1= Yns1)] — a1tV )yna]
= [an¥fxn + xn + (1= )l — anpuV)ys]|
< anp1vL||@ns1 — @l + s [[Bng1 — 24| (3.8)
+[(1 = ynr1) = 17 yns1 — ynll + lanss — anl v [[fon ||
+ ot — an| w[[Vynll + Ivntr = val llyn — 2l
Substituting (3.7) into (3.8), we have that
lznt2 — zns1ll < [1 = anga (7 = yD)] |2n41 — Znll + [[Snt12n — Snzal| (3.9)

+ (‘O‘n-%l - an' + [ Ynt1 — ’Yn|)Ml7

where M’ = sup,,>o {1 [[Vynll + 7 [|f2nll; [[yn — zall} < co. Thanks to {Sn}32,
satisfying the AKTT-condition, we deduce that

> ISn412n — Snwnll <Y s?p [ Sns1w — Spwl|| < 0o (3.10)
n=1 n=1%E1Tn
From (i), (ii), (3.9), (3.10) and Lemma 2.3, we deduce that
nh_}ngo |Xnt1 — znl = 0. (3.11)

Notice that

lyn — ol < [[Tns1 — Zall + |01 — Ynll
S wnyr — 2ol + an v frn — 1Vynll +vn 120 — yall,
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which implies that

1
- (len+1 = znll + an |V f2n — 1V yal)). (3.12)

— <
I — ] < <
Combining conditions (i), (ii), (3.11) and (3.12), we deduce that
nhﬁn;o lyn — zn| = 0. (3.13)
For any bounded subset B of C, we observe that
sup || Thy1w — Thwl|| = sup [|[[(1 — 0)w + 0Sp+1w] — [(1 — 0)w + 0S|
weB weB
< sup ||Spr1w — Spw|| -
weB
Since {S,} satisfies the AKTT-condition, we have that

oo
> sup [T 1w — Thw]| < oo.

n=1%
That is, {T},} satisfies the AKTT-condition. Define a mapping T': C — C by
Tx = lim, _,o Tpx for all x € C. It follows that

Tx = lim Thz = lim [(1-0)z+0Syz] = (1 —0)x+0Sz, Ve e C. (3.14)
n—0o0

n—oo

Noticing that

< [[Sz = SylI* = AT = S)z — (I = Syl
we deduce that S : C — C is a A-strict pseudo-contraction. In view of (3.14),
Lemma 2.6 and the condition of 0 < ¢ < d, where d = min {1, {%—’{\1}@%1}, we
have that T : C — C is a nonexpansive and F(T) = F(S). Hence we have
F(T) = Nz F(Sn) = Moo F(Tn)-

n=0 n=0

Let W : C' — C be the mapping defined by
Wa =0Tz + (1 —08)Jny p, (L — p1A) s, p, (I — p2B)z. (3.15)

In view of Lemma 2.2, we see that W is nonexpansive such that

F(W) = F(T) (Y F(aty o (I = p1A) Tat o (1= p2B)) = ﬁ F(S,)(F(G) =F.

n=0
Noting that
Wan —ynll = 0| Tzn — Toanl,
we obtain
[Wan — zoll < [[Wan = yall + [lyn — @all < 6| T2n — Tozn|l + lyn — zall . (3.16)

From Lemma 2.6, we can get that

limsup [Tz, — Thzn| < lim  sup ||[Tw — Thw| = 0. (3.17)

i
n—00 =0 we{x;:i>0}
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Combing (3.13), (3.16) and (3.17), we deduce that
Wz, —x,]| =0 as n — co. (3.18)

Define x; = Qcltyfey + (I — tuV)Waxy]. From Lemma 2.11, we deduce that
{z¢} converges strongly to * € F(W) = F, which is the unique solution of the
variational inequality of (3.2).

Step 3. We show that
hmsup(’yf:z:* - va*ajq(xn - z*)> S Oa

n—oo
where 2* is the solution of the variational inequality of (3.2). To show this, we
take a subsequence {z,,} of {z,} such that

limsup(yfa™ — uVa*, jo(z, — ) = lim (yfz* — uVa*, jo(x,, —x7)).
71— 00

n— o0
Without loss of generality, we may further assume that z,,, — z for some point
z € C due to reflexivity of the Banach space E and boundness of {x,,}. It follows
from (3.18) and Lemma 2.8 that z € F(W). Since the Banach space E has a
weakly sequentially continuous generalized duality mapping j, : £ — E*, we
obtain that
limsup(yfa* — pVa*, jy(wn —2%) = lim (vfa* — gV, jy(wn, —a*))
n— 00 1—>00
= (yfa" = pVa", jo(z — 27)) < 0.
Step 4. Finally we prove that lim,, o ||z, — *||. Setting h, = a,vfx, +

YnZn + [(1 =)L — @nptV]yn, ¥ > 0. Then by (3.1) we can write x,11 = Qchy.
It follows from Lemmas 2.3 and Lemmas 2.10 that

[znt1 — 2" = (Qchn — hny jg(Tns1 — 7)) + (hn — 27, jg(Tns1 — z7))
< (hn — 37, Jo(Tng1 — 7))
<[ =) = ant] lyn — 2°|| &nsr — """
+ 9 20 — 2| |21 — 277" + an(yfon — v f2", jo(Tnt1 —27))
+an(yfr" — pVa®, jg(Tns1 — 7))

1 " —1 «
<[ —an(r- “YL)HQ ln = 2| + L= flanyr — 27|19
+an(vfa" — pVa®, jo(zni1 —27)),
which implies
1—an(r—9L)
_ ¥ 9 < - *119
lzner — ™7 < 15 (a— D(r —1L)on lzn — ™|
qin * * *
—uV R n —
T T a0 —Dyan 7 T #VE dalEne =) (3.19)
<[ —oan(r —yLD)]llzn — 2™
qan

+ 1+ (q _ 1)(7_ _ VL)CYn (’Yfa:* _ “VI*,jq(l‘n+1 _ x*)>
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Put v, = a, (7 — L) and ¢, = q[ﬁf(g;:l? (‘:fwi")fﬁt;:j L))>. Applying Lemma 2.2

to (3.19), we obtain that z, — =* € F' as n — oco. This completes the proof. O

Remark 3.1. Compared with the known results in the literature, our results
are very different from those in the following aspects:

(i) The results in this paper improve and extend corresponding results in
[7,8,9, 10, 11, 12, 13]. Especially, Our results extend their results from
2-uniformly smooth Banach spaces or Hilbert spaces to more general
g-uniformly smooth Banach spaces.

(ii) Our Theorem 3.1 extends one nonexpansive mapping in Theorem 2.1
in [6] or one A-strict pseudo-contraction in Theorem 3.1 in [8] and an
infinitely family of nonexpansive mappings in Theorem 3.1 in [10] to
an infinite family of A;-strict pseudo-contractions. And our Theorem 3.1
gets a common element of the common fixed point set of an infinite family
of \;-strict pseudo-contractions and the solution set of general system
of variational inclusions for two inverse strongly accretive mappings in
a g-uniformly smooth Banach space.

(iii) We by f(z,) replace the v which is a fixed element in iterative scheme
(1.8), where f is a L-Lipschitzian operator. And we also add a Lips-
chitzian and strong accretive operator V' in our scheme (3.1). In partic-
ular, whenever C = E, f =,V = I,{T,,}32, = {T'}, our scheme (3.1)
reduces to (1.8).

(iv) Tt is worth noting that, the Banach space E does not have to be uniformly
convex in our Theorem 3.1. However, it is very necessary in Theorem
3.1 of Qin et al. [8] and many other literatures.

Remark 3.2. The variational inequality problem in a g-uniformly smooth Ba-
nach space E: finding x* such that

(vfx* —pVa*, ju(p— ")) <0, Vpe M (3.20)

is also very interesting and important. As we can see that:

(i) If M := C, then it follows from Lemma 2.11 that the variational inequal-
ity problem (3.20) is equivalent to a fixed point problem: find 2* € C
such that it satisfies the following equation:

" =Qclz” —s(uV —~f)a*],

where ¢ > 0 is a constant.
(i) When F := H which is a real Hilbert space, M := F(T) and p = 1,
problem (3.20) reduces to finding z* € C such that

(vfr* =Va*,p—2a*) <0, Vpe F(T),

which is the optimality condition for the minimization problem:

o1
min §<Vx, x) — h(z),
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where F(T) is the fixed point set of a nonexpansive mapping T and h is a
potential function for v f (i.e.,h'(z) = vf(x) for all z € H). Furthermore,
ity=1,V=1TIand f(z) =wu for all x € C, then problem (3.20) reduces
to finding z* € F(T) such that

(u—a",p—2") <0, Vpe F(T),
which is equivalent to finding «* € F(T) such that
1
z* = Pp(ryu = arg xg%) ) l[u— IHQ
Corollary 3.2. Let C be a nonempty closed convexr subset of a strictly con-
vexr and 2-uniformly smooth Banach space which admits a weakly sequentially
continuous normalized duality mapping j : E — E*. Let Q¢ be a sunny non-
expansive retraction from E onto C. Assume the mappings A,B : C — E
are a-inverse-strongly accretive and [-inverse-strongly accretive, respectively. Let
M; : D(M;) — 2F be m-accretive with D(M;) = C for i=1,2. Suppose V :
C — F is a k-Lipschitzian and n-strongly accretive operator with constants
k,n >0, f:C — E is a L-Lipschitzian with constant L > 0. Let 0 < p < 2z,
0<p1 < 52, 0< p2 < % and 0 < yL < 7 where 7 = u(n — K2uk?). Let
T :C — C be a nonexpansive with F = F(T)(F(G) # 0. For arbitrarily given
0 €(0,1) and xp € C , let {xz,} be the sequence generated iteratively by

Zn = Iy, py (Tn, — p2Bxy,),
kn = Jry pr (20 — p1AZy),
Yn = 0Txy, + (1 — 0)ky,
Tnt1 = Qclanyfen + Yntn + (1 — )T — anpuV)yn], n > 0.

(3.21)

Assume that {a,} and {v,} are two sequences in (0, 1) satisfying the following
conditions:

o0 (o)
(7) Zan = 00, nlLII;OOln =0, Z |1 — Q| < 00;
n=0 n=0

(o]
(i) imsup v, < 1, Y 1 — Y| < 0.
n—oo n=0
Then {x,} defined by (3.21) converges strongly to x* € F, which is the unique
solution of the following variational inequality:

(vfz" —pVa,j(p—x*)) <0, Vpe F.

4. Conclusion

In this research, a general iterative algorithm is proposed for finding a common
element of the common fixed point set of an infinite family of \;-strict pesudo-
contractions and the solution set of a general system of variational inclusions for
two inverse strongly accretive operators in g-uniformly smooth Banach spaces.
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Then we analyzed the strong convergence of the iterative sequence generated
by the proposed iterative algorithm under very mild conditions. The methods
in the paper are different from those in the early and recent literature. Our
results can be viewed as the improvement, supplementation, and extension of
the corresponding results in some references.
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